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THE BIREFRINGENT FILTER 
AND ITS APPLICATIONS IN SOLAR PHYSICS 

By 

Bernard Lyot 


SUMMARY. Observation of the corona by the light of 
its emission lines requires the use of a very luminous, highly 
monochromatic filter with a wide field. None of the instruments 
in use twenty years ago fulfilled these three conditions simul- 
taneously, and this led the author to conceive and construct a 
new one, the birefrmgent filter. The history of this filter is 
given. 


The Theory of the Birefringent Filter. 


A description of the principle of the instrument and its 
operation for rays normal to the entry and exit faces is presented. 
Variations of the transmitted wavelength as a function of tem- 
perature and two methods for varying this wavelength are studied. 
Variations pf the transmitted wavelength as a function of the rays 1 
obliquity and three methods for increasing the field of the instru- 
ment are considered. 

First Filter. The first variable wavelength filter is 
described, together with its thick and thin crystalline plates, 
its general arrangement and its adjustment. 

Second Filter. A second filter which isolates six fixed 
radiations belonging to the chromosphere and to the corona is 
also described. Its characteristics and mounting are discussed 
as is the thermostat which adjusts the transmitted wavelengths 
and insures their constancy. First observations of the corona 
and prominences are discussed. 

Replacement of the filter's polaroids by calcite polarizers, 
the advantages of this modification and the new results obtained 
thereby are explained. Details of the corona are studied and the 
red and green coronas are compared. 

Three-Color Cine Photography. A method for separating 
four radiations transmitted by the filter and for recording three 
of them on motion picture film is described. A description is 
also given of the three-color camera for simultaneous photography 
of the corona with the red line, of prominences with the H line 
and the corona with the green line. Films obtained in this manner 
are discussed. Changes in the corona and their interpretation 
through relative variations of intensity are examined. 
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Study of the Chromosphere . The addition of a plate to 
the filter to enhance its monochromatic quality is explained as 
is the addition of a compensator for varying the transmitted 
wavelengths to observe radial velocities. Observation of the 
chromosphere at the solar limb and motion pictures of the boil- 
ing of the chromospheric surface are discussed. The observa- 
tion of the chromosphere on the solar disk and motion pictures 
of flares are also treated. 


INTRODUCTION 

There are certain heavenly bodies whose observation 
requires that their image be formed, not by using all their light 
as is generally done, but by using only one 'of the radiations they 
emit to the exclusion of the rest of the spectrum. This is the 
case, for example, when one wishes to study the chromosphere 
against the solar disk, prominences through a clear sky or the 
corona by the light of its bright lines. 

The problem consists therefore in observing an extended 
object while allowing only a more or less narrow region of its 
spectrum containing a given radiation to be transmitted. Any 
device which solves this problem is a filter; the narrower the 
portion of the spectrum transmitted, the more monochromatic 
such a filter is. 

The transparency of such a filter varies rapidly as a func- 
tion of wavelength and the curve representing its variations 
passes through a maximum for a given wavelength. 

The filter's properties may be summed up by three quan- 
tities: 

1. Its maximum transparancy. 

2. The corresponding wavelength. 

3. Its equivalent width, i. e. , the width of a rectangle 
which has the same area and same height as the curve. This 
third quantity indicates to what degree the filter is monochro- 
matic. It defines the purity of the transmitted light and allows 
calculation of the proportion of stray radiations that it transmits. 
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The First Monochromatic Filters . Three types of filters 
were in use about twenty years ago: 

1. Glass or gelatine filters tinted with mineral salts or 
with organic coloring. 

These filters, long known and convenient to use, are only 

very slightly monochromatic. Their equivalent width rarely 
o 1 

drops below 300 A for a transparency of 10%; it can be reduced 

i 

slightly by increasing the filter thickness, but at the same time 
transparency rapidly falls below tolerable values. 

For some spectral regions, the salts of rare earths, 
mainly those of neodymium, improve these filters and reduce 
their equivalent width to about 100 A [ 1] ; however, such widths 
are still at least 10 times too large to allow detection of the 
chromosphere against the solar disk or to consider observation 
of the corona with the light of its bright lines. 

2. A second type of filter, more monochromatic, was 
devised by Christiansen. 

It is made of powdered glass impregnated with a much 
more dispersive liquid. For a certain wavelength, the index of 
the liquid equals that of the glass and the mixture is transparent, 
like a homogeneous body. When the wavelength varies, the two 
indices differ more and more, and the mixture diffuses the light 
at increasingly large angies. 

This very luminous filter transmits a band whose equiva- 
lent width can drop to a few 1 angstroms; the band can be shifted 
by temperature variation. Unfortunately, the radiations of other 
wavelengths are not absorbed, but are diffused and mask the 
image of the source as soon as the latter's apparent diameter 
ceases to be very small. This serious drawback makes the 
Christiansen filter almost useless for solar study. 

3. A third type of filter, the most monochromatic of all, 
is the spectroheliograph invented by Deslandres and by Hale in 
1905. 



This spectroscope images the spectrum on the jaws of a 
second slit located where the radiation to be isolated is projected. 
Both the image of the sun before the first slit and the photographic 
plate behind the second are displaced simultaneously and continu- 
ously by a special mechanism. Thus the instrument records pro- 
gressively, line by line but without discontinuity, a monochromatic 
image of the entire sun. 


This apparatus may be considered a very monochromatic 
filter. Its equivalent width depends on the widths of the two slits 
and on the dispersion and resolving power of the spectrograph. 

The instrument in the Meudon Observatory for continuous chromo- 
spheric observation has an equivalent width of about 2/10 A in the 
violet and 4/10 A in the red, i. e.-, a thousand times lower than 
that of the best colored filters. The wavelength of the spectro- 
heiiograph is adjustable, but its light yield is very weak because 
it photographs the sun’s different linear regions successively; 
this reduces the light transmitted by the spectrograph in the rela- 
tion of the width of the first slit to that of the solar image. Thus 
the light yield of the spectroheliograph falls to a few ten-thou- 
sandths. 

On the chromosphere, which is very bright, this instru- 
ment has long given excellent results. However, it is not suffic- 
iently luminous for study of the corona, whose brightness is 
several hundred thousand times weaker. ^ 


History of the Birefringsnt Filter . These considerations 
led me, in 1920, to search for a new type of filter which would be 
__ " 

'I verified this fact in 1931 at the Pic du Midi, using a corono- 
graph with 8 cm aperture followed by a spectroheliograph having 
two large 60° prisms with bases of 160 mm and wide slits isola- 
ting the coronal green line in an equivalent band width of 2 A, 

The image of the sun on the plate was reduced to 16 mm to increase 
its brightness. A 90-minute exposure gave a weak image of the 
corona on which a single coronal jet is visible; moreover, the 
diffusion caused by atmospheric dust varied during the exposure, 
and the variable illumination of the second slit gave a streaked 
plate [ 2] . 
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highly monochromatic and very luminous. After trying to utilize 

the interference given by a series of half-silvered plates and 

finding that the images obtained were not sufficiently bright, I 

studied the interference produced by a series of crystalline 
1 

plates in polarized light and, in 1927, established the principle 
of the filter considered in this paper, 'in 1933 I published a brief 
note [8] stating this principle, describing the properties of the 
composite crystalline plates and giving the data needed to calcu- 
late and construct a filter which, in a very wide field, would 
isolate a spectral band, variable in wavelength, with an equiva- 
lent width of 1 A in the green. The filter's main plates, 25 mm 
in diameter, were cut in 1933 and tested in the laboratory. The 
instrument was to contain 10 large Glazebrook-type polarizers, 
but I could not obtain the required calcite, and thus my research 
was halted temporarily. 

In 1937, having the advantage of Polaroid polarizing films 
then newly offered on the market, Ohman (who was unaware of 
my work on this subject although, shortly afterward, he acknow- 
ledged its precedence in. point of time [9] ) was able to build in a 
short time a much more elementary filter based on the same 

principle [10]. His filter isolated a spectral band with an equiva- 
o 

lent width of 40 A and at a fixed wavelength equal to that of 
chromospheric radiation H^; this instrument enabled its author 
to observe and photograph the brightest prominences with a sim- 
ple telescope. 

In 1938, I procured sheets of sufficiently transparent 
Polaroid and built a second monochromatic filter, 36 mm in 
diameter, which made temporary use of this new type of polarizer 

__ 

Several physicists had used the band spectra given by a single 
crystalline plate: some, like Mascart [3], Fabry and’ Perot [4], 
R. W. Wood [5] , used them to eliminate one of the two sodium 
D-lines ; other s , like O, Wiener [6], Berek-Rinne, I. G. Priest 
[7], used them to make complementary colored filters; but they 
had not studied sets of plates and none of them had produced a 
monochromatic filter. 
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and allowed me to isolate at will 4 chromospheric and 2 coronal 
radiations. It transmits bands with a mean width of 2 A in the 
green and 3 X in the red. Its transparency is 10% in the green 
and 25% in the red. In July and August 193.9 at the Pic du Midi, 
using this filter, whose wavelength is "tuned" and stabilized by 
a thermostat, I photographed the chromosphere at the solar limb 
as well as prominences against a very dark background, using 
H a rac * iation > and > employing radiations 5, 303 and 6, 374 A, I 
obtained good monochromatic photographs of the corona, the 
first of their kind. Publication of these results was delayed by 
the course of events [11]. 

Since then, several physicists have constructed filters 
like that of Ohman; these are increasingly selective but do not 
achieve the selectivity of the one mentioned above; moreover, 
they all isolate only H radiation. 

In 1939 the Zeiss Company of Jena built two filters: the 
first, 13 mm in diameter, transmits a band of 43 A mean width 
with a maximum transparency of 21% [12] ; the second, 30 mm 
in diameter, transmits a band 20 A wide with a transparency of 
30% [12, 13]. 

In the United States, John Evans constructed a filter 

20 mm in diameter which transmits a band with a mean width 
o 

of 5 A. This instrument, equipped with a heater, was adapted 
to a refracting apparatus with an optical system like that of the 
Lyot coronograph and, since June 1940, has enabled its builder 
to photograph prominences against a dark background [14] . 

Edison Pettit then constructed a similar filter provided 
with a thermostat and has filmed prominences with it since May 
1941 [15]. 

In 1940 and 1941 I obtained two fine samples of calcite and 
replaced the polaroids temporarily mounted in the 1938 filter by 
calcite -polarizers of the proper type; this increased the instru- 
ment's luminosity, doubled its selectivity in the red and reduced 
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the diffused light, and I could observe the chromosphere against 
the solar disk and see the corona simultaneously with its green 
and red radiations. Using this instrument, provided with a radia- 
tion separator, I could take three motion picture films simultane- 
ously: the first showing the prominences with the line, the 
second showing the corona with the 6, 374 A line and the third show- 
ing the corona with the 5, 303 A line. 

In 1942, I added another calcite plate to the filter, which 

o 

reduced the width of the transmitted bands to 1 A in the green 
o 

and to 1. 5 A in the red. With this improvement I could observe 

and film, with H radiation, the movements of the chromosphere 
a 

at the limb, the movements of the filaments on the solar disk, 
and the evolution of numerous chromospheric flares, and I could 
bring out their radial velocities with an elliptical polarization 
analyzer. 


My two filters of 1933 and 1938 were described in two very 
brief notes which seem generally to have escaped the attention of 
readers; moreover, the other publications cited present the theory 
of these filters in an incomplete or an inaccurate manner. There- 
fore, I feel it may be useful to restate in greater detail their prin- 
ciple, their respective properties, construction and the main 
results which they made possible. 

A description of the various solutions tried since 1927 
may aid physicists to construct filters suitable for different pur- 
poses. 


THEORY OF THE BIREFRINGENT FILTER 

The Principle. This device makes the light to be filtered 
pass successively through a series of polarizers P^, P^, etc. 
(fig. 1} whose planes of polarization are parallel. A crystalline 
plate 1, 2, etc. , for example, of quartz, cut parallel to the opti- 
cal axis of the crystal, is placed between each polarizer and the 
next,. one.. The faces of these plates are parallel to each other 
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and perpendicular to the light rays; their optical axes are 
parallel and form angles of 45 with the planes of polarization 
of the polarizers. Each plate is twice as thick as the preced- 
ing one. 


i* l*. I*. i> )■ 



Figure 1 

Diagram and principle of the 
polarizing monochromatic filter. 

Light Transmitted in a Normal Direction. Let us calcu- 
late the light intensity transmitted by the filter as a function of 
wavelength, assuming that the incident beam is perpendicular to 
the plane of the plates and disregarding light losses. 

Let A be the amplitude of the light wave which leaves the 
first polarizer, and let X. be its wavelength, n the number of 
plates, e the thickness of the thinnest plate, and jjl the difference 
between the ordinary and extraordinary indices of the plates. 
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Wave A Ls broken up by the thinnest plate into two 
vibrations of amplitude A/a/2, showing a phase difference of 


<P 


- 


The second polarizer makes these two waves 


parallel and reduces their amplitude to A/2, 


We can recombine these two parallel waves at the exit 

from the second polarizer; the resulting amplitude is A cos y 

or A cos ■ TT ^ 6 ; the resulting intensity is A^cos^' . 

a. x 


Let us do the same for each plate; the intensity trans- 
mitted by the filter equals the product of the intensities trans - 
mitted by each plate, or: 


\ / » * V <1 ^ ~ 

4 - A- co*- -P- cos- 


I 4— [j.c 
- — cos' — 

}- A 


. . . CO*' 


( 1 ) 


Figure 1 shows how a six-plate filter works. The fac- 
tors of the product, i. e. , the transparencies of the six plates 
for the various values of X, are represented by the ordinates 
of curves 1, 2, 3, 4, 5 and 6. These curves may be likened 
to sine curves whose abscissae scale slowly expands when 
wavelength increases; each has its maxima twice as close 
together as the preceding one. 

The transparency of the filter is represented by the 
lower curve, which has, as its ordinate at each point, the 
product of the corresponding ordinates of the 6 other curves. 

It passes through some principal maxima equal to unity which 
are narrow and flanked by some weak secondary maxima 
whose intensity tends rapidly toward 0. These principal max- 
ima are few in number; indeed the figure shows that the filter 
transmits one maximum of plate 6 out of 32. Only those max- 
ima common to all plates are transmitted, the others being 
absorbed by one of the first five plates. 

Figure 2 (on Plate I) shows a photo taken between 
5, 770 A and 6, 68 0 A which gives the band spectra of six quartz 
plates whose thicknesses are proportional to successive powers 
of 2. The wavelengths increase from left to right. 

Reproduced from 
r best available -copy. 
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' Figure 3 (on Plate I) shows the spectra of the light 
which has passed through plate 6, through plates 6 and 5, 
through plates 6, 5 and 4, etc. Each plate added to the pre- 
ceding ones divides the number of bands by two. 

The light intensity transmitted by the filter can be 
calculated numerically by using formula (1), and the calcu- 

V 

lation can be facilitated by using a second expression, which 
can be obtained directly by combining the elementary waves 
at the filter exit only. 

After the first plate and the second polarizer, we 
have two parallel vibrations of amplitude A/2 with a phase 
difference <p . By the same mechanism, after the second plate 
and the third polarizer, we have four parallel waves of ampli- 
tude A/4 and of phases 0, <p , 2<p , 3 <p , 

At the filter exit, we have 2 n parallel vibrations of 
amplitude A/2 and of phases 0, ip , 2(p. . , (2 n - 1 )cp . 

Their resulting amplitude is given, as in the conven- 
tional case of a grating with 2 n grooves, by the formula 



The intensity at the filter exit equals the square of 


this amplitude, or: 



( 2 ) 


According to formulas (1) and (2), the filter trans- 
mission passes through a maximum equal to unity for each 
of the values of X which make the factor ^ an integer, while 

it is canceled for the other values of X. which make the factor 

2 n qe . ^ 

— r — an integer. 

A. 
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PLAf'K ! 



Figure Z Spectra of tin- r> plate - :n the \ellow and red 

Figure* 3. Co r re s poiuii rig speitr.i of plat.* o. of plates c and 
5. plates 6. S and 4. t*U . 

Figure ll. Spectra of the filter :! e.rtfereiit operating tem- 
peratures: agreement of trie transmitted bands 
v ith si'l .r line- 
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For the intermediate wavelengths, the transmission 
passes through a series of secondary maxima, which amount 
to (2 - 2) between two principal maxima, but when n is large 

(e, g. , greater than 4), their intensities tend rapidly toward 0 
whenever one moves away from a principal maximum. They 
occur for values of near an integer of the numbers: 1. 5/2 n , 
2. 5/2 n , etc. , for which the numerator in formula (2) is equal 
to unity. 

In the vicinity of a principal maximum, since pe/X is 
close to an integer, sin in the denominator of formula (2) 
can be replaced by the smallest corresponding arc; thus, for 
the intensities of the successive secondary maxima, we get the 
approximate value s : 

l 1 l i i 

(YT 7-Fi ' 2uo ' ^ ‘‘ u - . 

With increasing distance from the principal maxima, 

the ratio of the arc to the sine increases and the intensities 

diminish a little less rapidly; the figures of this series must 

be multiplied by a factor which is equal to unity near the princi- 

2 

pal maxima but which reaches the value (~) , or 2. 47 in the 
middle of the intervals. 


1 



Thus, the spectrum of the light transmitted by the filter 
is composed chiefly of a small number of bright, narrow bands. 
The total width of each of these bands is twice the interval 
between two consecutive zeros, i. e. , twice the wavelength 
variation AX, which increases or diminishes the quantity 
by an integer. The exact calculation can be made with the aid 
of the dispersion curve of the crystal by deducing from it the 
curve which gives p/X as a function of X. 


Writing that the increase of p/X is equal to 


•5 n 

2 e 


AX =, 


1 

-'RP i _XSp“ 
;a ?X 


, we get: 
(3) 


Reproduced from 
best available 


copy. 
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The first factor contains thickness e of the thinnest 
plate and the difference- p of its principal indices. The second 
factor takes into account the dispersion In the case of 

OA 

quartz it is 0. 923 for line C and 0. 90 for line F. For calcite, 
it is 0. 91 for line C and 0. 85 for line F. 

The spacing of the principal bands is Z n Ak; it must be 
calculated by taking the mean values of X, p, Sp/ax for the 
spectral region considered. 

Formula (3) permits calculation of a filter which iso- 
lates a radiation of any given wavelength X in the center of a 
band whose mean width differs little from a given value, AX. 

The smallest of the integers for which the closest bands, Z n AX 
away, can be absorbed with ordinary colored filters will be 
chosen for n; the multiple of nearest the value given by for- 
mula (3) will be chosen for the thickness e of the thinnest plate. 

An identical result may be obtained by giving the thin- 
nest plate a thickness e which is an uneven multiple of X/Zp, 
but this plate, which contains an odd number of half-wave- 
lengths, must be placed between crossed polarizers. The 
other plates, which contain even numbers of half -wavelengths, 
must remain between parallel polarizers. 

The equivalent width of the filter can be derived directly 
from formula (1). Let us take a band transmitted by the filter 
for whose center pe/X equals an integer K. The interval 
between K - l/2 and K t l/Z corresponds to the separation- of /' 
the two principal bands; it contains the band K and : a'fl the corres- 
ponding secondary maxima. Moreover, this inte'r-val contains 

/ *" 7 

a whole number of periods for each of the. n factors' in cos of 
formula (1). It can easily be shown that in this interval the 
mean value of the product of these n, factors is l/Z n . 

If, therefore, the K band and its secondary maxima are 
isolated, the- equivalent width of the filter, in accordance with 
the definition given at the beginning of this paper, is equal to 
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the interval K - 1/2 K 4- 1/2 divided by 2 n , or to the half-width 
AX of the isolated K band. 

If the polarizers are polaroids which do not polarize 
the light completely, they transmit stray radiations which 
increase the filter's equivalent width. 

Influence of Temperature. Temperature changes cause 
both the thickness e and difference p of its indices to vary for 
each plate; this modifies the resulting phase difference <p = 
by the quantity A <p . For a temperature variation At, and assum- 
ing X constant, we have: 

4 9 _ (]_ I <k-'\ v, 

? \u ' e dl ' (4) 

a quantity having the form A At and which is the same for all 
plates. 


This causes a shift in the spectrum of the transmitted 
bands; their wavelengths vary, causing an additional variation 
of index p so that phase difference cp remains constant. There- 
fore let us write: 


*2 = o = (l hf- -i- i 4?'. A* -i- 

9 \p 7>t e, tU 


111 1 
p >a 



whence we get: 


A a , I 3 £jl , ! / l \ , 

X \ p Di 1 e d/ • [ a <>p j 1 (5 ) 

\ i 

a quantity having the form A B At. 

The first factor. A, introduces index p and its tempera- 
ture coefficient as well as the coefficient of expansion of the 
crystal perpendicular to, the plane of the plates. The second 
factor, B, is the dispersion factor of formula (3); we have 
already given its value. 


The calculation made for the D line and for a 1° C rise 
in temperature gives A = -10~ 4 for quartz and A = -0. 62 x 10 
for calcite. 
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Measurements made on the green line of mercury at 
5, 461 A with a quartz plate 60. 7 mm thick, between 20° and 
71. 5°, gave for a 1° temperature increase the more exact 
value : 

Ac 

— =A — — 1,14 . 10 
? 

whence one derives 

AX 

— = AB = — 1,04. 10- 1 . 

Measurements made with the green line of mercury on 
a calcite plate 6. 625 mm thick between 16. 8° and 46. 2° gave: 

AX 

— = A = 0,G4C. !0- : , 


whence we derive 


AX 

A 


= AB = 0..3G. 10— h 


All these values are negative, because the relative 
reduction of index p exceeds the relative increase of thickness 

e. 


Variable Wavelength Filter . Thus, the wavelength of 
the filter can be varied merely by changing the temperature of 
the filter. By this method one of the transmitted bands can be 
made to coincide exactly with the radiation to be isolated, but 
the filter cannot be used in a wide spectral region, e. g. , 
between 10° and 60° the bands transmitted by a quartz filter 
move only 32 S. in the red and 22 il in the blue. 

To explore the whole spectrum, we must change the 
thicknesses of the plates; we shall see that a "slight 'variation 
of thickness is enough to give this result. 

Let us take a filter, for example, of quartz, which has 
been built for a wavelength X q and which we want to use for 
another wavelength X-^. To obtain a transmission maximum of 
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wavelength X^ for each plate, it is sufficient'to increase or 
decrease the plate thickness by an amount less than or equal 
to X^/2p, thus producing a half-wave phase shift; about 40 p 
suffice for the whole visible spectrum. 


This alteration modifies very slightly the closeness of 
the bands; in the vicinity of X^, the spectrum of the transmitted 
light is the same as if the filter had been calculated for this 
wavelength, but as one departs from X^, the transmission max- 
ima of the various plates are progressively displaced with 
respect to each other. - The spectrum changes slightly and the 
intensity of the principal maxima diminishes while new, increas- 
ingly intense secondary maxima appear. 

Thus, the filter transmits stray radiations whose mean 
intensity increases more and more rapidly as one departs from 
X^ We shall calculate the -approximate values of their intensi- 
ties in a .particularly unfavorable case. 


Consider a six-plate filter whose thicknesses are exactly 
proportional to successive powers of 2; let X^ and X^ be the 
wavelengths of two consecutive bands transmitted by this filter. 
For these bands the thinnest plate produces phase shifts <p'^=2ttK 
and cp ‘^ = 2tt(K- 1), 'K being an integer. Let us suppose that, with- 
out changing its temperature, we wish to set it for another wave- 
length X^ so that X^ - X^ = 3‘(^3 “ For this wavelength X^, 

filter plates 1, 2, 3, 4, etc..., whose dispersion we assume to 
be constant in the interval considered, will produce phase shifts: 


9l = 2.Iv-iV 
\ >*/ 

9, - W4K — | ■ = 2- 


o 2 = 2n\ 2K — ~ ■ = 2-^2lv _ I 


1\ 

3 


I.! - 2*(4K -1 -i). 9i = 2-^SK - 2n(sK -3 -f- |) 


etc. 


We want cos <p/2 to be unity for all plates; for this, we 

alternately reduce and increase phase shifts cp p cp 2 , etc. , by 

2ir/3 and, thus, alternately reduce and increase the thickness 

\± 2& e 2 l 

of plates 1, 2, etc. by Ae 2 so " 


that- 


3* 
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Lst X^ be tiie wavelength of one oi the two bands close 
to X z transmitted by the filter thus modified. This band does 
not have a transparency equal to unity; in fact, this would 

require the variation in the thickness of the plates to be J-Ae 

^ 4 Ae 4 1 4 ’ 

so that — r — . 


zero but 


The phase shifts introduced by the six plates are not 


“ — Acj) = h —Li'' == htl 

L 3 a,' u, fi 4 ;; a 4 u._. 


Let us assume, for example, that X_ 2 = 5, 300 A and 
= 3, 900 A. For quartz, we have p 2 = 0. 00920, |j. = 0. 00911. 

For wavelength X^, the phase shifts are ±~ x 0.108 = 13° 

The corresponding band has a transparency (cos 2 13°/2)^ 

= 0. 925. The missing light must be in the secondary maxima, 
part of which lie between X. 2 and 

For any wavelength whatever, the phase shifts differ by 
a quantity A tp from those one would have with a perfect filter; 

£<p is canceled out for X^, for it varies almost linearly- and 
reaches a value of ±13°. 


Let us consider successively plates 1, 2, 3, 4, 5 (fig. 1). 
Each of their minima must eliminate one of the sixth plate's 
maxima, which is weakened by the preceding plates and is freely 
transmitted by the following ones. This absorption is no longer 
total; in the place of a zero of wavelength X' z> the plate consid- *- 
ered has a transmission equal to 


2 2 2 

a quantity of the form A P with A = 0. 0128. • • 

Thus, for plate 1, there is a single secondary maximum 
located in the middle of the interval for which P = -i-; its intensity 
in relation to that of the principal maximum X^ is I = A 2 p^ = 

0. 25A 2 = 0. 0032. 
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For plate 2 we find, two maxima partially absorbed by 
plate 1, located at 1/4 and 3/4 of the interval: 

P l/t 1 -= A-P- cos- -/i -= o.o.-JKi A 5 ---- O.lHMUDl.. 

P = 3/4 I A-P- cos- 3tt/ 4 . 0.2S1 A- -- 0,003fi. 

For plate 3, there are four maxima partly absorbed by 
plates 1 and 2: 

p. = i/s • 1 =. A-P" coh- -/S cos- -/l --= O.OOG6 A- - 0,0000X4, 

p « 3/S 1 - A-P- cos- 3k/S c-o.^ ;j -/4 = 0,0104 A- - 0,000133, 

P •= o AS 1 = A-P- cos 2 r>iz/S cos 2 0-/4 - 0,02X0 A 2 = 0,000360, 

p =s 7/8 I •-•= A 2 P 2 cos ' 2 7 jt/8 co- 2 Tit '4 = 0,327 A 2 = 0,0042. 

For plate 4, we find eight maxima partially absorbed 

by plates 1, 2 and 3, for which P = l/lo, 3/16, . . . 15/16. The 

2 

corresponding coefficients of A are: 0. 0016, 0.0018, 0. 0071, 
0.0008, 0. 0052, 0.0132, 0. 0317, 0.360. 

A plate of n order thus gives rise to 2 n ^ secondary 
maxima whose intensities increase, on the average, when one 
departs from wavelength A ^ isolated by the filter. Only the one 
farthest removed, i. e. , that closest to A^, is intense. For 
plates 1, 2, 3, 4 and 5, the respective values of its coefficient 
are: 0. 250, 0. 281, 0.327, 0.360, 0. 381. 

2 

The sum of the coefficients of A for each plate is 
respectively: 0.25, 0. 312, 0.372, 0.420, 0.449; when n is 
large, it tends toward the value 1/2. For all plates, this sum 
is 1. 76; its product times A gives the total light of the second- 
ary maxima, or 0, 022. This figure is only an order of magni- 
tude; we have not taken into account the secondary effects, the 
chief of which is that the bands of the sixth plate shift in a direc- 
tion opposite those of the fifth; the relative displacement is thus 

multiplied by 1. 5. Allowance can be made for this by multiply- 

2 

ing the coefficient of the fifth plate by 1. 5 , which gives the 
figure of 3% for the global intensity of the secondary maxima. 
The bands transmitted by plates 5 and 6 together undergo almost 
no displacement and there is no need to modify the coefficients 
of the other plates. 
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Therefore, if we use colored filters to eliminate the 
two maxima located on either side of the isolated radiation X^ 
as well as the radiations located beyond them, the stray light 
due to modification of the filter will not exceed 6% of that of 
the principal maximum. Actually, it is reduced much more, 
because the colored filters do not have distinct absorption 
limits; they weaken the secondary maxima farthest from X,, 

w 

which are, at the same time, the most intense. 

•Light Transmitted in an Oblique Direction. The phase 
shifts produced by the filter's crystalline plates vary whenever 
the incident light beam deviates from the normal to their faces. 
First, let us calculate these variations in the general case of a 
biaxial crystal, from which we can easily deduce the case of a 
uniaxial crystal. 

Let n^, n^, n^ be the smallest, intermediate and great- 
est principal indices of a plate of thickness e, assumed to be 
cut perpendicularly to the principal direction fox which the 
waves have index n^; since n, represents the intermediate 
index, the faces of the plate are parallel to the crystal's opti- 
cal axes. 

First case . The plane of incidence is parallel to the 
principal directions of indices n^ and n^. Let XX' and YY* 

(fig. 4) be the faces of the plate; the section of the wave sur- 
face in the crystal through the plane of incidence is represented 
by a circle of radius OA^ — l/n^ vibrations normal to this 
plane and by an ellipse with semi-axes OA ? = l/n- and OA 1 = l/n. 
for vibrations parallel to it, while the section ox the wave sur- 
face in air is a circle of radius OB = 1. 

Let OD be the normal to the plate at point O and i the 
angle of incidence; the Huygens construction gives the two 
rays refracted in the plate, OE 3 and OE^ Let EjH be the per- 
pendicular dropped in air from the one ray's point of emergence 
to the other. The birefringence introduced by the plate is: 
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= optical path OE 3 + length E^H — optical path OE r The 
vibrations normal to the plane of incidence are refracted along 
OE^ with path OE 3 = n^e/cos r^ and sin i = n^ sin r^. 



Figure 4 

Birefringence of a biaxial plate 
as a function of angle of incidence. 


The vibrations contained in the plane of incidence are 
refracted along OE^. If the plate were isotropic with index n^, 
the vibrations would be refracted along OE ? , with OE = n_e/ 
cos r 2 an< i sin i i = n^ sin r^. The ellipse is a projection of the 
circle of radius -.l/n^ expanded perpendicularly to the plane of 
the plate in the ratio n^/n^; hence, in the real case the velocity 
component perpendicular to the plane of the plate is greater m 
the ratio n^/n^, which gives: 


optical path OEj = JUL h 
co sr_, n 2 


n-fi 
COs r« 


sin i. 


We have, moreover, E^H = E^^ sin i = e(tan r^ - tan r^) 
A process like this gives 


ts ri n \ l 'S r 2> vf nance E 3 H = tg — tg r 3 j sin i. 
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and the birefringence in plane 1-2 is: 




w.t , f n i \ "j 

f- — • tg r 2 — t.g r., sm i 1— • 

cos r 3 \n 2 ~ J j cos r .J 


Introduction of the relations sin i = n 7 sin r-, = n, sin r 

2 2 3 3 

simplifies the formula and yields: 

3 1 = e(?t 3 cos r z — . Ul cos r 2 ). 


( 6 ) 


Second case. The plane of incidence is parallel to the 
principal directions of indices n and n_. 

J ^ 

The calculation can be made as above: the result may 
be obtained directly by transposing indices 1 and 3 in the pre- 
ceding formula and by changing the sign of the result, which 
give s : 

Prs ~ cos t 2 — 7ij cos rj. 

( 7 ) 


if the incident beam diverges only slightly from the 
normal to the plate, the cosines can be replaced by the first 
two terms of their series expansions and we obtain: 




It is also possible to equate the arc with its sine and 
write i s* nr, which gives us: 


2 


\“2 


or: 


Px = ‘(#3 ( l+S r 71 ^ V. ^ 


2 { 71 3 71^)71 


(8) 


a quantity having the form 

e(7i. 3 — n J (1 -f- Kji 2 ). 


The first two factors represent the birefringence of 
the plate for normal incidence; the third factor gives its rela- 
tive variation. Analogously we have: 


— ? i 3 ) / j _ K , 7 , \ 7 h. — nr 

\ 2. (/(j — • /( 3 ) 


(9) 
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a quantity with the form 

;< t ) {1 + K,^). 

Coefficients and are opposite in sign, with 
V k 3 — - n ^/ n 2 - The variations of the birefringence are 
maxima and have opposite directions in the two rectan- 
gular planes containing, respectively, the vibrations of 
indices n^ and n^, Examined in the focal plane of a lens, 
the isochromatic lines of the second degree are hyperbolas 
whose asymptotes form an angle a with plane 1 so that 

^ K j 77 ^ 

lV;j 

The case of quartz. Let us say that n. = m = n 
— 1 2 o 

(ordinary index) and n^ = n g (extraordinary index). Formu- 
las (8) and (9) give us: 

K. = + l/2n n and K = -l/2n 2 

The birefringence diminishes in the plane containing 
the optical axis and increases in the perpendicular plane. 

For the D line, we have 

n = 1. 54424 n = 1. 55335 

o e 

whence: 

Kj = +0. 20844 K 3 = -0. 20967 

The case of calcite. For the D line, n, = n = 1.48643; 

- 1 e 2 

= n-j = n Q = 1. 65837. In the same way we find = ~l/2n — 

-0.18180; K. = +l/2n n =-0. 20283. 

3 o e 

As in the case of quartz, the birefringence decreases 
in the plane which contains the optical axis and increases in the 
perpendicular plane. 

The relative wavelength variation corresponding to an 
angle of incidence i is obtained by multiplying the relative 



birefringence variation by the dispersion factor of formula 
(3). We get: 


AX 


== Kr 



( 10 ) 


Usable field. Let us assume, for example, that the 
maximum admissible relative wavelength variation is il/lO, 000 ; 
we will have the inequality: 


10 000 



which, for quartz, gives i < 2 . 29 x ltT". The field is limited 
by a nearly equilateral hyperbola in which a 2°38' square can 
be inscribed. 


For calcite, we find 2.50 x 10" 2 and i < 2,37 x 10 -2 , 
giving a field limited by a hyperbola in which a rectangle 2°52' 
by 2°43 s can be inscribed. 


A wider field could be obtained by choosing a biaxial 
crystal in which the quantity (n^n^ - n^) is as low as possible. 

Tartaric acid, for example, has indices of n^ = l. 495, 
n 2 ~ 1 * 535 » n 3 = 1 * 604 and coefficients of = +0. 055 and 
^3 — the field would be limited by a hyperbola in which 

a rectangle of about 5°10‘ x 5° could be inscribed. 

Composite plates . A very wide field can be obtained 
by means of the following three arrangements : 

1. The first of these arrangements consists in replac- 
ing one crystalline plate of thickness e by two identical plates 
of thicknesses e/ 2 , superposed and oriented in their plane so 
that their principal directions of the same index are perpendic- 
ular. In this relative position, their birefringences would be 
subtracted if no particular precaution were taken. To cause 
them to be added, a half-wave plate whose axis is at 45 ° to the 
principal directions of the two plates is inserted between them. 
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This half-wave plate gives a 90° rotation to the planes of the 
two vibrations transmitted by the first plate; thus, each of 
them passes through the second plate with the same index as 
the first. Thus, the birefringences are added, while their 
variations, which have opposite signs, are largely compen- ' 
sated. In the two principal planes of indices 1 and 3, the rela- 
tive variation of the birefringence is the same and we have 
P = p (l + Ki 2 }, with 

K = ~ ^ — n " i " i nn 

and, in the case of a uniaxial crystal: 


K = %a ~ n ‘ : 
4 ne/ig 1 


(12) 


The isochromatic surfaces, being second-degree 
curves, are circles and these circles have much larger diam- 
eters than the axes of the hyperbolas given by a simple plate 
of the same crystal. 


For quartz, for example, which has a weak birefring- 
ence, K= -0. 0006; for a relative wavelength variation of • 
-rl/l0, 000 in the center and -1/10, 000 at the edge, this would 
give a circular field 68° in diameter, if the approximations 
which we have made were still valid for angles of 34°. The 
field is 26 times larger than that of a simple plate. 

For calcite, which is much more birefringent than 
quartz, K = +0. 0105; the circular field is 17° in diameter, or 
6 times larger than the field of a simple plate. 


This arrangement has the drawback of being applicable 
only in a restricted spectral region. Indeed, if the wavelength 
varies by diverging from the value for which the half-wave 
plate has been calculated, the system of circular fringes pro- 
duced at infinity by the composite plate is weakened; while its 
minima cease to be zero, the intensity of its maxima decreases. 
The transmission of the filter decreases, while it passes an 
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increasingly large quantity of light outside of the principal 
maxima; also, the hyperbolic. fringes given by a simple plate 
of thickness e appear at infinity. These fringes, much more 
closely packed, furrow the field and may make it hard to see 
details clearly. 

. Let ir±a be the phase shift introduced by the half-wave 
plate. If the plate is placed in parallel light, the contrast of 
these fringes, in the middle of the field, is tan 2 (a/2); a rela- 
tive wavelength variation of 6% is therefore enoughdo give 
them a contrast of 1%. 

If the plate is placed, not in parallel light, but suffi- 
ciently close to the image of the object to be observed, these 
parasitic fringes are not in focus; they remain invisible and 
a greater wavelength 'variation can be tolerated; on the other 
hand, plate defects may interfere with visibility of details' if 
they are too near the image. 

2 . The second arrangement consists in replacing the 
simple crystalline plate by two plates cut from different crys- 
tals whose coefficients K have opposite signs, e. g. , a positive 
uniaxial crystal like quartz and a negative uniaxial one like 
calcite. 


These two plates are simply superposed in such a way 
that their directions corrsponding to the lowest index are par- 
allel; the optical axes of quartz and calcite, for example, 
must be perpendicular. The birefringences of the two plates 
are added without the insertion of the half-wave plate. 

Let ( 3 ^ be the birefringence of the first plate under nor- 
mal incidence and and Its coefficients of variation: let 
PV ^1 an< ^ ^*3 the corresponding quantities of the second 
plate. 

The birefringence of the double plate, in the incidence 
plane of the low indices, is: 
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n a 1 

— *-> i 


J'o(I -T K \i-) -r ?"„|l K',;-*) » (V 0 - r„)( 1 j- ^ ,|K '’ + ?Vi", i i'\ 

■ i U/ I I u , _j_ u „ <■ , , 

a quantity with the form 


h o 


?-> = “,(1 K t i -} : 

and, in the incidence plane of the high indices: 


G r Tv / l V" \ 

®.„ — l r jJ 0 " l • J I-' fl lV T -O \ 

13 o * 1 J W 1 1 -• *“ 

\ 0 — c' t 

a quantity having the form 

? « P«(l ~ K 3 r). 


For the isochromatic lines to be circular, it is neces- 
sary (and sufficient) that = K (coefficient of the com- 

posite plate). 


The preceding formulas give us 


O" 

\ J o 
?'o 


and 


-Kt ; ) — X',(X\ _iC" 


■Tvh 


-iy'„ 


(K'. 


K'jj — {iv"i — X" 3 ) 


(13) 


iv'i Iv% — K\ K\ 

; — K' # — £*! -s- K',' ( 14) 


The thicknesses e 1 and e" of the two component plates 
are related by the two equations (15) and (16). The first is 
obtained directly: 


_ r^_l> tf; 

tJ' ,, 

, J 0 f* 


K\ — K' 3 u' 
— lv" 3 ’ 


(15) 


Furthermore, let A\ be the spacing desired for the 
bands of the double plate. Spacings A'X and A"\ of the bands 
of the component plates are related by the expressions 


A'X = 


i - 


and A"x = 


X 2 


0 [L \ 


[i. I) A 


j'u'f 1 

1 A n' axj 


, ill 

We have, moreover: — = — — -- — — 

AX A a A X 


whence 


\ P J>A/ ’ - \ ;F SX • Ax 


( 16 ) 
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Relations (m) and (16) enable us to calculate thicknesses 
e' and e"» ior a double plate of calcite and quartz ar.d for the 
D line, we find: 

K --= -f 0,0032 =-• I 00. - = 0.0577 ‘ 

*' 0 t' 

The spacing of the bands of the composite plate is equal 
to that oi the bands of a quartz plate 2. 10 e 1 thick near 7, 000 A, 
2. 14 e 1 thick near the D line and 2. 21 e 1 thick near 4, 000 A. 

Accepting a relative wavelength variation of il/10, 000, 
the field is circular and has a diameter of 25°; it is 9 times as 
large as that of a simple quartz plate. 

This composite plate gives a field that is net so large 
as tuat of the double quartz plate, but it is twice as thin and 
can be used in a very wide spectral region. 

3. .ri. tmrd arrangement consists in superposing a plate 
cut from one crystal and two plates with crossed axes cut from 
another crystal whose coefficient K is opposite in sign to that 
of the first. A quartz plate and two calcite plates cut parallel 
to the optical axis might be superposed, for example; the twe 
calcite plates would be oriented so that the axis of one would 
be parallel to that of the quartz and the axis of the other psr- 
penaicular to it. 

By varying the thicknesses of the three plates, the 
desired birefringence can be given to the composite plate and 
its two variation coefficients canceled out. 

Bet us make the following assumptions: 

F 0 * s birefringence ol the first plate under normal 
incidence and K| and are its '•'a elation coefficients; 

Pq, K- and K” are the corresponding quantities of the 
second plate; 



-29- 


K n | andK"^ are the corresponding quantities of 
the third plate. 

A calculation like the foregoing gives us the two varia- 
tion coefficients and of the composite plate: 


K t 


K. = 


ft'r.K'i — -f S'"rJvh 

ft'o ~ ft'o 4- P’"o 

v* 0 IV 3 P 0 iV 1 t r* 0 iV 1 
p' Oz* 1 out 

P 0 P 0 j y 0 


By canceling out the two numerators, we obtain a sys- 
tem of two equations which gives us 


PjO Iv^lv";; — Iv' 


and 


ft'o 


IvV — KV 


3"' 0 _ K' a Kh — K',K", 

ft'o KV— KV • 

As before, we can calculate the thicknesses of each of 
the two plates of the second crystal in relation to that of the 
plate of the first, as well as the spacing of the spectral bands 
of a given composite plate; for the thickness of the second crys- 
tal,' we must take the difference of the thicknesses of the two 
plates cut from it. 

In the case of quartz and calcite, we find, for the 
birefringences of the calcite plates in relation to that of the 
quartz plate: 


ft 'n 

ft'o 


= 0..1H 


and 


d-2 =•= 0.573, 


ft'o 


which enables us to calculate their thicknesses: 

77 = 0,0272, £ = 0,0310. 

e q * 

The spacing of the bands of the composite plate. is equal 
to that of a quartz plate 1. 089 e ! thick near 7, 000 A, 1. 091 e 1 
thick near the D line and 1. 097 e 1 thick near 4, 000 A. This 
composite plate is as thick as the double quartz plate, but it 
can-be used in a much wider spectral region and it gives even 
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lower birefringence variations as a function of incidence since 
such variations are reduced to fourth-order terms near the 
wavelength for which the plate is calculated. 

FIRST FITTER 


The preceding calculations were worked out and checked 
on crystalline plates between 1927 and 1933. They were pre- 
sented in a sealed letter delivered to the Academy of Science on 
29 May 1933. Shortly thereafter, the principal results of those 
calculations were published in the note already cited [8] . 

Construction of a first filter based oh these results was 
begun in 1933. This instrument was to have a wide field and 
was to make possible isolation of a narrow spectral band; its 
wavelength was to be adjustable from the start of the ultraviolet 
to the near infrared. In the green, near line 5, 3 03 A, this band 
was to have a mean width of LA and was to be located about 500 A 
from nearby bands which a colored filter would easily isolate. 

To produce this result, the filter was to comprise 10 
polarizers and 9 crystalline plates with sides 25 mm long; their 
birefringences could be varied according to the principle given 
on page 16 of this paper since the three thickest plates were to 
be formed of two different crystals. 

Thick crystalline plates . Certain crystals in combina- 
tion with calcite will give a high, constant birefringence in a 
very wide field and can be very thin. Unfortunately I was unable 
to obtain sufficiently large homogeneous samples of such crystal. 
Consequently, I adopted for the three most strongly birefringent 
plates the calcite -and-auartz combination; this is thick but can 
be made easily and is perfectly transparent in the whole spectral 
range considered. 

Three composite plates were cut in 1934; they are shown 
in figure 5. 
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The three composite plates of the first filter. 


The thickest is formed of a calcite plate S, 3. 635 mm thick, 
and two slightly prismatic quartz plates and Q^. Together 
they form a plate with parallel faces, variable in thickness 
between 63. 46 and 63. 76 mm. The next plate, No. 8, less 
birefringent by a factor of 2. is formed of a calcite plate 1. 818 
mm thick and a quartz plate for a total variable thickness of 
31. 66 to 31. 96 mm. Plate No. 7 likewise consists of an 0. 9 09- 
mm calcite plate and a quartz plate; this composite plate is 
variable from 15, 75 to 16. 054 mm. The prisms are identi- 
cal for the three plates. * 

The relative orientation of the S and Q plates requires 

exact adjustment; this can be effected easily by watching the 
appearance of the isochromatic lines at infinity given by the 
ensemble, with the green line of mercury, for example. One 
rotation of plate S around its optical axis or around an axis 
normal to the latter and parallel to its plane displaces the 
fringe system without modifying its general form and allows 
its center to be brought into the longitudinal axis of plate Q. 

One rotation of plate S around the longitudinal axis of plate Q, 
on the other hand, modifies the form of the fringe system with- 
out displacing its - center of symmetry. 

When the angle of the optical axes of the calcite and 
quartz approach 90°, the fringes, which are hyperbolas at 
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first, are enlarged and changed into a system of parallel 

straight lines, then into ellipses whose axes are parallel to 

the bisectrices of the optical axes. The eccentricity of the 

ellipses decreases, and when the optical axes are rectangular, 

it is canceled, providing the quartz and calcite thickness ratio 

has exactly the value desired, otherwise it passes through a 

! 

minimum and the long axis of the ellipse is then parallel to 
the optical axis of the plate that is too thick. 

Figure 6 shows a photo, reduced 2x, of the isochro- 
matic lines given by the quartz of the thickest plate (63. 6 mm 
thick). They were photographed with the green line of mercury, 
\ - 5 , 460 A, in the focal plane of a lens with a focal length of 
115 mm. The optical axis of the quartz is vertical; the lowest 
index corresponds to the horizontal direction. The lines are 
nearly equilateral hyperbolas. The degrees marked at the 
bottom permit an evaluation of the usable field, about 2. 5°. 

Figure 7 shows the isochromatic lines of the corres- 
ponding calcite plate, which is 3. 63 mm thick. They were 
photographed to the same scale with the green line of mercury. 
The optical axis is horizontal; as for the quartz, the lowest 
index corresponds to the horizontal vibrations. The hyperbolas 
are no longer equilateral; their asymptotes form, with this 

direction, a angles such as tan^a = n./n_ = n /n , whence 
° 1 o e o 

a = 43 25'. Also, the differences of coefficients and 
may be seen. 

Figure 8 shows, on the same scale, the isochromatic 
lines obtained with the green line of mercury by superposing 
the quartz and calcite, oriented as in figures 6 and 7. The 
birefringence is greater than twice that of the quartz alone, 
yet the diameter of the isochromatic lines is four times as 
large. They are slightly elliptic and the long axis of the 
ellipses is parallel to the optical axis of the quartz. 

If the wavelength is changed, the ellipticity varies 
because the dispersion of the calcite is greater than that of 
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the quartz. When the wavelength diminishes, the ellipses are 
shortened along the axis of the quartz, as shown in figure 9, 
which was taken under the same conditions with the blue line of 
mercury, X = 4, 358 A. 



Figures 6 and 7. 

Isochromatic lines of the quartz plate 
and the calcite plate (thicknesses 65. 8 
and 3. 63 mm; mercury line 5,460). 

Figures 8 and 9 

Isochromatic lines of the 2 plates 
superposed (mercury lines 5,460 and 
4,358). 

Thin crystalline plates . To give a very wide field, the 
next plate (No. 6) should consist of a 0. 455-mm calcite and a 
quartz of 7. 802 to 8. 102 mm. The cutting of very thin calcite 
plates presents difficulties which complicate thd production of 
pl^te No. 6 and those that follow. These plates 'can be made 
only of two slightly prismatic quartz elements. 

The total thickness of plate No, 6 can be calculated by 
replacing the 0. 455-mm calcite by the quartz thickness which 
gives a band spectrum with the same spacing. This thickness 
is greater in a ratio which varies with the spectral region 
considered; this ratio equals 18. 9 in the infrared from 14, 000 
to 10, 000 A, 19 to 19. 5 in the red, 19. 8 in the green and 20 to 
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20. 9 in the ultraviolet. By adopting the extreme figures 18. 9 
and 20. 9, we find minimum and maximum thicknesses of 16. 402 
and 17. 611 mm for plate No. 6; the thicknesses of plates 5, 4, 
etc. . . can easily be derived from these thicknesses. 

\ 

The field of the filter is limited chiefly by plate 6. 

For 5,303 A, this plate contains 296 wavelengths; a relative 

birefringence variation of 1/2,960 causes the transmission of 

this plate to pass from unity to cos 2 ir/lO, or 90.5%. Similarly, 

2 

plate 5 transmits cos ir/20, or 97. 5%, etc. It finally passes 
87%.- 


This weakening corresponds to an angle of incidence i 
so that K^i 2 = 1/2,960, whence i = 0. 04 radian, or a field with 
a diameter of 4 36 1 . Plates 9, 8 and 7 together would give a 
larger field in the relation \JK^/8K = 2. 2, or 10° of diameter. 

In order to have the maximum field, I studied another 
solution for plates 6, 5, and 4, viz. , to take a calcite thick 
enough so that it could be cut easily and to combine it with 
two quartz plates, one of which has its axis parallel to that of 
the calcite and the other with its axis perpendicular to it. The 
thicknesses of the two quartz elements were figured in such a 
way that the fringes would be circular and that these plates 
together would give a band spectrum whose maxima would have 
the desired spacing. The sum of their thicknesses would have 
to be almost the same as if they had parallel axes; the dimen- 
sions of the isochromatic lines would remain the same, and 
only the birefringence would decrease. 

Unfortunately, the dispersion of such a combination 
differs greatly from that of double quartz-and-calcite plates. 
This increases the stray light as soon as one departs from the 
wavelength for which the filter is set. To use this arrangement 
in widely different spectral regions, the thickness of one of the 
q_uartz plates would have to be made variable by as much as 
twice the thickness of the calcite, depending on the spectral 
region used. 
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General arrangement of the instrument . The filter was 
to comprise 10 Glazebrook-type polarizers, measuring 20 mm 
to a side and 40 mm thick, 3 calcite-and-quartz plates with 
total thicknesses of 67. 3, 33. 2 and 16. 9 mm, variable by ±0. 15 
mm, and 6 quartz plates 17, 8. 5, 4. 25, 2. 125, 1. 062 and 0, 531 
mm thick and variable by ±3% ±120 ^ (the thickness which corres 
ponds to a half-wave for the 2p radiation), or ±0. 63 mm for the 
thickest and±0. 15 mm for the thinnest plate. 

The total length of the polarizers was therefore to be 
400 mm; that of the’plates about 153 mm; consequently, the 
total thickness of all the optical components was to be about 
553 mm. 

The following arrangement was adopted to keep this 
great thickness from reducing the field of the instrument; 

The optical components are divided into 3 groups (fig. 10).' 



Figure 10 

Diagram of the first filter. 
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The first group includes 4 polarizers P^, P^, p^ 

and plates 9, 2, and 1; its overall length is 235 mm; 

The second group includes 2 polarizers P_, P, and 

5 o 

plates 6, 5, and 4; total length: 111mm; 

The third group includes 4 polarizers p„ , p , p 

V 8‘ 9 10 

and plates 8, 7, and 3; its overall length: 217 mm. 

Each of these' groups is contained in a glass tube closed 
by two end glasses Li^ and and filled with a liquid whose index 
is close to 1. 5. This liquid almost entirely eliminates light 
losses by reflection; moreover, it improves the images by 
nullifying the wave surface alterations produced by surface 
defects of the optical components. If a liquid such as carbon 
tetrachloride, which has no absorption band in the near infrared, 
is chosen, the filter can be used to 2 microns. 


An even number of polarizers is used in each group; 
they are crossed two by two to avoid the astigmatism which 
they would otherwise introduce on non-parallel light beams. 

The three tubes are placed end to end behind a tele- 
scope. The first tube's entry face, located behind focal plane 
Fj of the telescope, is a plano-convex lens with a focal 
length of about 220 mm in air which images the telescope lens 
in plane M, near the middle of the second tube. 

Between the first and second tube is a lens with a 
focal length of about 180 mm in air which forms, at infinity, 
an image of focal plane F^ of the telescope. Between tubes 2 
and 3 is an identical lens which forms, outside the instru- 
ment in F^, 17 mm from the exit face, a second image of the 
telescope's focal plane; this is the final monochromatic image. 

The lenses can be worked out so that they correct the 
curvature of the field introduced by plano-convex lens 
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The beam opening is limited by the polarizers, whereas 
the field is limited chiefly by the birefringence variations of 
the thickest quartz plates (nos. 6,. 5, and 4) as a function of 
the inclination of the rays. 

The rays which are parallel to the filter's axis and 
which pass through the edges of the polarizers of the first tube 
are generatrices of a cylinder with a square base, ZO mm x 
20 mm. Lens changes this cylinder into a cone whose ver- 
tex is 265 mm from this lens. The section of this cone through 
plane M, located in the middle of the second tube, 73 mm from 
O r is a square 14. 5 mm x 14. 5 mm. If we circumscribe this 
section by a diaphragm with 14. 5 mm sides, the field of full 
light covers the whole entry face of the first polarizer. If we 
increase this diaphragm up to 20 mm, the field of full light 
decreases and is finally reduced to the central point. 

As we saw on page 34, the angular field of plates 6, 5, 
and 4 together is a square with sides of 0. 08 radian in air, or 
0. 053 radian in liquid. On the entry face of the first polarizer, 
it corresponds to a square of 0. 053 x 265 = 14 mm per side; 
hence this face does not limit the field. The same argument 
is applicable to the exit face of the last polarizer. 

. Under these conditions, it is advantageous to increase 
the focal lengths of lenses and by a few centimeters. 

Then the spots can be avoided which would be produced by 
defects of the optical components located near the entry and 
exit focal planes; at the same time, the useful aperture of the 
instrument is increased slightly. 

Observed from the entry face of the first polarizer, the 
14. 5 mm diaphragm which would be placed in the center of the 
filter would subtend an angle of 14. 5/265 = 0. 055 radian. In 
air, this angle becomes 0. 055 x 1. 5, or 0. 082 radian. 

The filter, placed behind a telescope with a 12 -cm aper- 
ture and a 1. 50-m focal length, would give a field of 0. 0097 
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radian, or 33' and would permit observation of the whole 
sun. 


Adjustments . In order to isolate a radiation of any- 
given wavelength X , it is necessary to: 

1. Give each filter plate a thickness for which one of 
its transmission maxima has X q as its wavelength; 

2. Choose for each of the plates 8, 7, etc. , of decreas- 
ing thickness, that value for which, near X , the quotient of the 

spacing of its maxima divided by the spacing of the maxima of 

2 3 

plate 9 (the thickest) is closest to 2, 2 , 2 , etc. 

This result could be obtained by trial-and-error , but it 
is much better to prepare a table which gives, for a given tem- 
perature and for each wavelength, the thickness which must be 
given to each o'f the 9 plates. This thickness is shown by a 
scale marked on the edge of plate Q-,; it can be varied by slid- 
ing this plate in its plane with the aid of a ratchet. The ratchets 
can be actuated from outside by metal rods which traverse the 
end faces through ground joints. 

The three tubes are enclosed in a thermostat which 
keeps temperature constant to within one -tenth of a degree. 

SECOND FILTER 


Construction of the first filter was interrupted in 1934 
because of lack of the calcite needed for cutting the polarizers. 
Some years later, polaroid sheets appeared and quickly became 
a commercial product. 

With this new, very thin type of polarizer I could reduce 
the filter length considerably and thus simplify its optical sys- 
tem while preserving an adequate, although weaker, field. 

Furthermore, to study the sun, I did not have to isolate 
every wavelength (as could be done with the first filter), but 
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°nly the principal radiations of the chromosphere and corona; 
however, in certain cases it was useful to isolate them simul- 
taneously. 


These conditions induced me to apply the same principle 
to a second, simplified filter; its characteristics are as follows 


Characteristics of the second filter. The principal part 
of this instrument, shown in fig. 1, consists of six quartz plates 
1, 2, 3, 4, 5, and 6, each with parallel faces 36 mm square. 
The optical axes of these plates are parallel to the entry and 
exit faces and to one of their sides. They are superposed, as 
their optical axes are parallel; each of them is twice as thick 
as the preceding one. Polaroid sheets P^, etc. . . . are 
placed between these plates, before the first one and after the 
last one; their planes of polarization are parallel to each other 
and are oriented at 45° to the optical axes of the quartz. 

As we have seen, the spectrum of the light transmitted 
by this ensemble consists of a small number of narrow, regu- 
larly distributed bands, whose positions and spacing are deter- 
mined by the thickness of the thinnest plate; the thickness of 
all the other plates may be derived from this one by doubling. 


I tried to give this thinnest plate a thickness such that 
few radiations would be transmitted, and that six of them 
should have wavelengths as close as possible to those of the 
four main chromospheric, and two main coronal, radiations of 
the visible spectrum, viz. : for hydrogen: H q and H^; for 
helium: D^; for magnesium: b^, and for the corona: the green 
and red lines 5, '302. 8 and 6, 374. 5 A. 


Fortunately, the distribution of these six radiations and 
the dispersion law of quartz agree so well that these six condi- 
tions are fulfilled satisfactorily for a thickness of 2. 22 mm. 

With this thickness as a design constant, and knowing that wave- 

-4 

lengths decrease by 1. 04 x 10 per degree of temperature 
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increase, the temperature of the filter need be varied only 
slightly to make one of its transmitted radiations coincide 
exactly with the radiation to be isolated. 

The first column of Table I shows the six radiations 
chosen. Column 2 gives their wavelengths X., The third col- 
umn gives the retardation S/\ introduced by the thinnest plate 
at a temperature of 3 0° for each of the six radiations. This 
retardation, expressed in wavelengths, is almost equal to an 
integer plus 1/2; perfect 'equality occurs at a temperature T 
different from 30°, as given in the fourth column. At this 
temperature the filter isolates exactly the corresponding radi- 
ation, if care is taken to place the thinnest plate (with an uneven 
number of. half -wavelengths ) between crossed polarizers. The 
other plates, double, quadruple, etc. the thickness of the 
thinnest plate, contain whole numbers of waves and must stay 
between parallel polarizers. 

It can be seen from the Table that the coronal red and 
green lines 6, 374. 5 and 5, 302. 8 A are isolated at very similar 
temperatures: 38.6° and 40.2°; indeed,, the retardations they 
experience in quartz at 30° are in a ratio almost equal to 38. 5/ 
31. 5, or ll/9. I measured this ratio; it varies very slightly 
with temperature; ll/9 + 2/10, 000 at 49° 11/9 -r l/lO, 000 at 0°. 
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This peculiar property of quartz enabled me to isolate 
simultaneously the two principal coronal radiations by slightly 
modifying the thickness of the two thickest plates of the filter. 

I reduced the sixth plate, 71. 144. mm thick, by a thickness 
corresponding to a yellow wavelength, or 64 p; the fifth plate, 

35. 572 mm, by a thickness corresponding to a yellow half-wave, 
or 32p and placed it between crossed polarizers. This slight 
modification did not cause any appreciable change of the filter’s 
properties in the visible spectrum. 

The last column of the Table gives the T T temperature , 
at which the filter, thus modified, functions. T 1 is equal to T 
in the yellow, is a little higher in the red, a little lower in the 
blue, so that the two coronal lines are isolated at exactly the 
same temperature 39. 4°. In addition, chromospheric D 3 and 
Hp radiations are isolated at closer temperatures than before: 
14. 9° and 19. 6°. 


Figure 11 (Plate I) shows five spectra of the light trans- 
mitted by the filter at the different T' given in Table I, in the 
red and yellow at the top, in the green and blue at the bottom. 
Comparison solar spectra taken with the same slit are inserted 
between these spectra. On them we recognize the principal 
solar lines: at the top from right to left, H q and the two D lines 
of sodium; at the bottom from right to left, the triplet of mag- 
nesium and the line. 

Between 6, 600 and 4, 800 A, the filter transmits 13 
narrow bands; the sixth principal radiation from the right is 
not visible on the figure. 

At 15°, the 5th band’, of 34. 5 order, coincides exactly 
with the line of helium (invisible in the solar spectrum). 

At 19. 6°, the 13th band, of 42. 5 order, falls exactly on 
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At 35. 1 , the 10th band, of 39. 5 order, coincides with 
one of the lines of magnesium, b^. 

At 39.4°, it can be seen that the 2nd and 9th bands, of 
31. 5 and 38. 5 orders, coincide simultaneously with the red and 
green lines of the corona (invisible in the solar spectrum). 

Lastly, at 47.5 , the first band, of 30. 5 order, coincides 

with the H line, 
a 


One of the radiations transmitted by the filter can be 
separated at will by adding, after the filter, a group of three 
thin quartz plates, whose retardations for the line are: 17, 
8. 5 and 4. 5 waves. The first plate must be placed between 
parallel polarizers, the second between crossed polarizers. 

If the third is between crossed polarizers, the ensemble trans- 
mits only bands and Hpj if it is between parallel polarizers, 

the ensemble transmits bands H and 5, 302. 8 A of the corona. 

a 

Gelatine or 1 colored filters can be used to separate the remain- 
ing radiations, if desired. 


Another group of three plates, producing retardations 
of 18,' 9 and 4. 5 waves for line 6, 374 A, transmit the two cor- 
onal lines simultaneously, excluding the other radiations. 

It is surprising to see the same instrument satisfy 
such a large number of independent conditions. Indeed, the 
probability that it would be possible to isolate six radiations 
in this way in the interval of 15° to 48° without having the total 
number of bands transmitted between 6, 600 and 4, 800 A exceed 
13, was about 1/400, and the probability that the temperatures 
relative to the two coronal lines would not differ by more than 
2° was about l/4, 000, If one takes into account the filter's 
other properties, such as the small temperature deviation 
between and and the regular distribution of' the H , D^, 

5, 3 03 corona and bands which makes it possible to separate 
them at will with a single group of three plates, the probabilities 
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are^of the order of l/lOO, 000. The simultaneous realization of 
such a large number of conditions is therefore partly the result 
of chance. 

The filter also has' other properties for which it had not 
been calculated: e. g. , with it one can make the bands of 35. 5 
and 36. 5 orders coincide with coronal line 5, 694 and line 5, 577 
of the night sky and polar aurora. 

Construction of the filter . The six plates were cut from 
the most homogeneous parts of some fine quartz samples. The 
sixth and fifth, 71. 08 0 and 35. 540 mm thick, were formed by 
two plates superposed of half-thickness: hence, if necessary, 
their field could be increased by inserting a half-wave plate as 
explained on pages 24-25. 

The birefringence of the plates was then compared 
directly two by two by an interference method by which the 
difference in index between the samples and between parts of 
the same sample could be corrected by retouching the faces 
of the plates. This brought their thicknesses to the desired 
va ^ u ’ es points with a tolerance of better than one micron 

and, thus, the phase shifts introduced by the various plates 
were accurate to a value of less than 2/100 of a wavelength. 

The six quartz plates and the seven polaroids were 
stacked and cemented with Canada balsam between two end 
glasses to avoid light losses by reflection and to improve the 
images. 

The ensemble formed a square-based parallelepiped, 

150 mm long and 36 mm per side. This parallelepiped was 
placed in a tube of thick aluminum whose cylindrical outer sur- 
face was 64 mm in diameter; its conical inner surface measured 
48 mm and 52 mm at the ends. 

The space between this tube wall and the optical compo- 
nents was filled completely by four aluminum blocks having one 
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plane side, facing the optical components, and one conical side, 
facing the tube's inner surface. By pushing slightly on these 
blocks, one could reduce the play as desired and insure a good 
thermal contact between the quartz elements and their mounting. 

An even layer of silk-insulated copper wire, bakelite- 
bonded and covered with an insulating sheath of wool 2 mm thick, 
was wound around the entire cylindrical outer surface of the tube. 

This winding, shown schematically as A in fig. 12, had a 
resistance of 60 ohms and constituted one of the arms ox Wheat- 
stone bridge ABCD. The comparison resistance, B, also 60 
ohms, made of manganin, was entirely independent of the tem- 
perature. Arms C and D, also of 60 ohms, were identical and 
were made of constantan. 



Figure 12 

Diagram of Wheatstone bridge and thermostat. 
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A potentiometer E of 5 ohms and 800 turns of manganin 
was used to balance the bridge. When this balance was achieved, 
microammeter F with a range of ±100 pa, connected diagonally, 
acted as a null detector. A temperature variation of a few hun- 
dredths of a degree produced an observable deflection. 

The position of the sliding contact which produced the 
balance depended solely on the resistance of the winding of the 
filter, hence on its temperature. This sliding contact had a 
needle which moved over a scale giving the filter temperature 
to a tenth of a degree, between 0° and 55°. 

The mounting had a longitudinal hole in which a ther- 
mometer could be placed to calibrate the bridge; it followed 
the temperature variations of the winding very rapidly. The 
balancing of the quartz elements, which was checked optically, 
took longer; for example, if the temperature of the winding 
were adjusted to 47. 5° with the bridge, prominences would 
appear in 1 minute and shine with full brightness in 3 minutes. 

The instrument was provided with a very simple tem- 
perature regulator, consisting of three cascade relays. The 
first relay G had a rotating loop connected to the two terminals 
of microammeter F located m the diagonal of the bridge; a 
current of 1 pa sufficed to operate it because it cut off a current 
of 100 pa only. The current was sent in turn into the rotating 
loop of a second'similar relay H, which sent a current of 0. 1 a 
into the electro -magnet of a third vane -type relay I. The latter 
short-circuited an adjustable resistor J, cut in on the current 
feeding the bridge; this current was taken off from a 110- volt 
d-c line through a resistor K. The auxiliary current of the 
relays was provided by a battery. 

If the temperature was higher than that indicated by the 
potentiometer needle, the first relay shifted in such a way that 
contacts were not made; the power current was too weak and 
temperature decreased. As soon as the latter fell below the 
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figure shown by the needle, the first relay reversed, all contacts 
were established and resistor J was short-circuited; this 
increased the current and raised the temperature. 

Thus, the temperature of the winding oscillated from one 
side to the other of the value indicated by potentiometer E with a 
period of the order of one second and an amplitude less than one- 
tenth of a degree. The temperature of the mounting and the 
quartz elements did not experience these oscillations, but 
remained remarkably constant during a whole day. 

The power consumption of the bridge was always less 
than 1. 5 a. 

Figure 13 (Plate II) shows the Wheatstone bridge built in 
the form of a panel 5 0 cm square and 16 cm thick. At the bottom 
is the annular coil of the potentiometer, surrounded by its scale; 
to the right and left of the needle's axis are the two arms of the 
bridge; at the top, arranged horizontally-, the balance resistor 
and the two-contact power resistor. To the right is the zero 
microammeter; to the left, an ammeter which shows power con- 
sumption. At the bottom, to the left, the lead-in of the 110-volt 
supply; at the right, the leads to the filter. Behind the panel are 
the three relays of the thermostat as well as a fourth relay 
designed to shunt both the microammeter and the first relay to 
protect them from surges that might break a conductor in the 
filter circuit; the rotating loop of this relay is connected to the 
microammeter terminals. 

This thermostatic system is very convenient; the filter, 
which is not very bulky, can easily be placed behind a corono- 
graph or telescope; a flexwire, 1. 2 mm, links it with the Wheat- 
stone bridge; the latter is more bulky but can be placed on the 
ground or on the observation ladder. 

First observations. The filter, completed in June 1939, 
was adjusted the following month at the Pic du Midi and installed 
on the coronograph eyepiece tube behind the instrument's lens. 
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It was preceded by- a divergent lens which returned, at infinity, 
the image of the coronograph's occulting disk and was followed 
by a lens which formed, in an eyepiece or on a photographic 
plate, the monochromatic image of this disk surrounded by the 
corona and the prominences. 


The filter was placed in parallel light and each point of 
the final image was formed by a beam of parallel rays through 
the filter. Under these conditions, the transmitted wavelengths 
were the same for all the rays of a beam;, on the other hand, 
the wavelengths varied according to the angle these rays made 
with that normal to the filter plates, hence from one point of 
the field to another. 

As we have seen, an inclination of 1°19‘ produced, in 
the most unfavorable directions, a relative wavelength varia- 
tion of 1/10, 000, which is admissible; therefore, a field of 
2°38' could be used. The free aperture of the coronograph was 
usually 120 mm; the corresponding diameter of the beam through 
the filter was 20 mm; consequently one could observe, without 
troublesome change of wavelength, a field of 2° 38 1 x 20/120 =25', 
or 5/6 of the solar diameter. 


Observation through the eyepiece disclosed the following 
phenomena: When all the bands transmitted by the filter were 
allowed to pass, the sky around the sun showed a dark brown 
tint, which was due to the polaroids. By increasing the tempera- 
ture progressively, at 15° the prominences were seen to appear 
brightly against a dark background in yellow with the helium 
radiation; then, at 19. 6°, they were illuminated in blue with 

hydrogen H R ; near 17° they showed an intermediate coloration, 

P 

greenish in cast which turned to blue or yellow on the points 
which move with positive or negative radial velocities. Near 
21° they disappeared. 


At 35 the most intense prominences again appeared, in 
green, with magnesium 5,183 A. 



-48- 


At 39,4° the corona appeared again, simultaneously 
with its radiations 6, 734 and 5, 303 A; the latter was dominant 
and gave the corona a vivid green color; numerous details 
were visible. Simultaneously, the prominences were already 
showing in dark red through the polaroids because of the great 
intensity of H . 

At 47. 5°, finally, the prominences shone bright red 

with H . 
a 

When the band corresponding to was isolated, the 
solar limb could be allowed to exceed the coronograph occulting 
disk without dazzling the observer; the chromosphere appeared, 
adding to this edge a multitude of little jets. 

The prominences could be photographed even under poor 
atmospheric conditions, e.g. , through cirrus; two good films 
were obtained thus, on 11 August 1939 from 0836 to 1803 and on 
12 August 1939 from 0737 to 1205. Figure 14 (Plate II) shows a 
picture from the second film: the sun's rim slightly exceeds 
that of the coronograph 1 s black disk and is fringed by the chromo- 
sphere’. The watch dial photographed at the left of the film frame 
gives the time of the view, 1126. 

On the other hand, by isolating the bands corresponding 
to the green or red line, we could photograph the corona with 
its monochromatic radiations. Figure 15 (Plate II) shows the 

first monochromatic photograph of the corona thus obtained with 
the green line on 10 August 1939 at 0920 on the west solar limb. 
The sun measures 60 mm in diameter on the negative; exposure 
time was 10 minutes. This image is very different from an 
ordinary photograph taken in total light; the jets have much 
greater contrast and appear against a dark background; they 
show more numerous details, and one of them may be followed 
up to a height of 8 ! , more than half of the solar radius. The 
same image, taken shortly after with the red line, shows very 
different details. 
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New calcite polarizers . Despite these highly encouraging 
results, the filter had several drawbacks, attributable to the 
polaroids. 

1. In the green, the polaroids strongly absorbed the 
light and reduced the filter transparency to 13%; in the blue, they 
absorbed even more. 

2. In the red they were less absorbent and the filter 
transmitted 21%, but they did not polarize the light completely, 
and the non-polarized radiations, of various wavelengths, had 
a -higher total intensity than that of the transmitted bands. 
Therefore, the equivalent width of the filter, which should have 
been appreciably equal to the half-width of one of these bands, 
i. e. , 3 A, reached 7 A for H . The chromosphere was visible 
on the disk, but could be seen only with difficulty; only the most 
intense filaments could be observed. 

3. Furthermore, the polaroids diffused the light strongly; 
they did so to such a degree that in order to see the prominences 
.or the chromosphere at the limb well, almost the whole solar 
disk had to be masked. 

4. The thickness of the polaroid sheets was irregular, 
which usually produced streaks. These defects were lessened 
considerably by immersing the sheets in Canada balsam of 
similar index, but they did not disappear entirely and interfered 
somewhat with the sharpness of the pictures. 

In view of all these drawbacks, I decided to return partly 
to the original project and to replace the polaroids with calcite 
polarizers as soon as I could obtain the necessary material from 
which to cut them. Fortunately, in the fall of 1939 the Societe 
l'Optique Scientifique processed a fine rhombohedron of Iceland 
spar and production of the polarizers was begun at once. 

In order to reduce both their thickness and the amount of 
material needed, these polarizers were composed of birefringent 
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prisms, one of calcite and one of glass, of the same angle; 
these were joined by one face with their bases opposed so that 
their edges and exterior faces were parallel. 

The angle of the prisms was 16°40' and their exterior 
faces were 36 mm square. Thus the combination formed a 
parallelepiped 14 mm thick. The optical axis of the calcite 
was parallel to the exterior faces of the polarizer and to one 
of their diagonals. The glass prism was cut from crown fluor 
whose index for the D line, 1.4895, was chosen as close as 
possible to the extraordinary index of calcite, 1. 4864. 

We caused a ray of natural light to fall on the polarizer 
approximately normal to its faces; at the exit we obtained an 
extraordinary ray which passed through the ensemble almost 
without deviation, and an ordinary ray, for which the calcite 
has an index of 1. 6583, which was deflected 3°7 l toward the 
base of the calcite prism. 

This arrangement offers two advantages: it is suffi- 
cient to substitute the birefringent prism for one of the polar - 
oids of the filter; the undeflected ray vibrates at 45° from the 
sides of the quartz plates, hence along one of the bisectrices 
of their optical axes. Also, this plane can be rotated 90° 
without changing the direction in which the ordinary ray is 
deflected, simply by turning the polarizer around an axis 
perpendicular to its edges, thus reversing its faces. . 

Figure 16 shows the assembly diagram of the filter 
with the birefringent polarizers: the sign -r indicates on which 
side the optical axis of each of them is ahead of the image 
plane. The seventh polarizer, placed outside the mounting, 
is not shown. The filter is operated in the same manner as with 
the polaroids, except that a diaphragm whose image at infinity 
circumscribes the field is added in the focal plane of the lens 
which precedes the filter. Several images of this diaphragm 
can, in fact, be observed in the focal plane of the lens which 
follows the filter: 
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1. A direct, undeflected image, A, which is the one. 
that will be used; 

2. Below, in B, 7 superposed images, formed by the 
rays deflected once by each of the 7 prisms; 

3. Below, in C, 21 superposed images, deflected twice 
by each of the double combinations of the 7 prisms; 

4. Also below, in D, 35 superposed images deflected 
three times by each triple combination of the 7 prisms; 

5. In E, 35 superposed images, deflected four times; 

6. 21 superposed images, deflected five times; 

7. 7 superposed images, deflected 6 times; 

8. 1 image, deflected 7 times,, 

The last images cannot be detected under normal condi- 
tions, for their rays do not leave the filter. 

The diaphragm which limits the field is given a height 
which leaves the first image completely separated from the 
others. This height, which must not exceed 3°7 ! , is more than 
sufficient to allow the use of all" the field in which the wavelength 
is practically constant. In the eyepiece one observes only the 
direct image A; contrary to what one might expect, the 127 
unused images do not represent any loss of light; as a matter-of 
fact, the wavelengths are not the same as that qf the radiation 
isolated in the direct image; none of them contains this radiation. 

The transparency of the filter is no longer limited except 
by the need for polarizing the light; it is much greater than with 
the polaroids, reaching 40% in the entire visible spectrum. 

Polarization is complete for all radiations. There is no 

longer any stray radiation, and the equivalent width of the filter 
becomes equal to that of a band, i. e. , 3 A in the red. 
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One would expect the 127 unused images to produce a 
strong diffused light, but this is not the case; the diffused 
light is much lower than with the polaroids. 



Figure 16 

Diagram of the second filter with 
birefringent polarizers and arrange- 
ment of the images given by this instru- 
ment. 


Lastly, the faces of the calcite prisms are much more 
regular than those of the polaroids and, cemented with Canada 
balsam, they make it possible to obtain perfect images, pro- 
vided the beams passing through them are sufficiently parallel, 
i. e. , that they do not converge at less than 3 meters distance. 

The index and especially the dispersion of the crown 
fluor are not at all the same as those of the calcite for the extra- 
ordinary ray; this gives rise to a slight deflection of the direct 
beam and a dispersion which is troublesome when observations 
with several radiations are made simultaneously. This disper- 
sion is compensated, for the green and the red, by adding a 
small-angie direct- vis ion prism to the left end of the filter. 
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New coronal observations. The monochromatic filter 
with its calcite polarizers, mounted behind the coronograph 
of the Pic du Midi, gave brighter and sharper images in 1941 
than in 1939, when it had polaroids. 

When was isolated, the chromosphere appeared at 
the solar limb without any need to mask the rest of the disk; 
filaments and some flares in sunspot groups were seen simul- 
taneously. 

When the red and green coronal radiations were allowed 
to pass at the same time, the corona appeared with a vivid green 
hue because the eye is more sensitive to this color, but certain 
parts were seen to be strongly shaded with red; some of the jets 
which do not emit green radiation were even distinctly red. In 
the red, the instrument gave more sharply contrasted photo- 
graphs than in 1939; exposure times were shorter, especially in 
the green. 

Figure 17 (Plate III) shows the green corona of 3 Septem- 
ber 1941 at 0805, recorded at the west limb, with a 6-minute 
exposure. On the negative the solar image measures 70 mm 
in diameter; the corona has a very complex structure, seem- 
ingly formed of entangled arches, fine jets and small bright 
clouds. 


Below, we see the red corona photographed at the same 
place 15 minutes later, with a 7-minute exposure. Its structure 
is much simpler and the arches stand out better. The large jet ' 
of the red image, to the left at the bottom, is weak and short on 
the green image; farther to the left, a parallel jet, more intense 
in the green, is invisible in the red. The most intense jet of the 
green image, in the upper right, is very weak on the red image, 
where only its outline is seen. In the center, the same arches 
appear on both images, in the green with a knotty structure, 
and sharp and regular in the red. 
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Generally speaking, the green and red coronas differ 
from each other as much as the chromosphere photographed 
with hydrogen and calcium; these two kinds of images also 
differ greatly from that obtained without a filter with the con- 
tinuous spectrum. 

Figure 18 (Plate III) shows the green corona of 15 Sep- 
tember at 1125, on the east limb. The jets, generally double, 
seem to fold back toward the interior of the luminous mass, 
like the petals of a rose. 

Figure 19 (Plate III) represents the green corona of 
14 September at 0900, to the west. The concentration of light 
at the equator is much less marked and a very dark interval 
may even be seen in the center. These is no arch but only 
incurved jets. 

THREE -GQDOR CINE PHOTOGRAPHY 

Radiation separator . During 1940 and 1941 I studied 
and adapted for use with the monochromatic filter a radiation 
separator and a cine camera which allowed Three different 
radiations to be filmed simultaneously; green coronal line 
5, 302. 8 A, red coronal line 6 , 374. 5 A and the H^ line of 
prominences 6,562.8 A. The first two radiations were iso- 
lated at 39.4°, but the third was isolated at 47. 5° whereas at 
4 0 i.t was strongly absorbed by the fifth plate of the filter, 

36 mm thick, the wavelength of the nearest filter band being 
6, 562. 8 +• 5. 6 = 6, 568. 4. I employed the following method to 

avoid this; 

Since the plates of the filter can be placed in any order, 
I placed the 36 mm plate (A in figure 2 0) last. I replaced the 
exit polarizer by a double -image caicite-and-glass prism B, 
which separated the rays in a plane perpendicular to that of 
the other polarizers; the sign ~ indicates on what side the 
optical axis of the calcite is ahead of the image plane. 



-55- 


PLATE III 



Figure 17. Green corona and red corona at the west limb, 
3 September 1941, 0810. 

Figure 18. Green corona at the east limb, 15 September 
1941, 1125. 

Figure 19. Green corona at the west limb, 14 September 
1941, 0900. 
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PLATE IV 



Figure 23. Portion of 3 simultaneous films oi 1U August 
1941 (0822 and 0824) red line, K line, green 
line. 

Figure 24. Portion of 2 simultaneous films of 1 September 
1941 (1225 and 1226), red line and line. 
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Figure 20 

Diagram of the radiation separator 
placed after the filter. Arrangement 
of the images. 


I obtained two series of pictures, F and G, in this way. 
Series F was produced by the extraordinary ray of prism B; 
the upper picture contained the normal radiations of the filter, 
each consisting, as shown by the curve beneath it, of a princi- 
pal maximum and weak secondary maxima. At 39. 4° one of 

the transmitted radiations coincided with the green coronal 
line; another coincided with the red line. 

Picture series G was produced by the ordinary ray of 
prism B; the upper picture of this series contained double 
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radiations; in fact, for this ray, the 36-mm plate absorbed the 

center of the radiation transmitted by the rest of the filter; it 

passed, on each side, two bands with an intensity of 0. 44. The 

band of wavelength 6, 568. 4 A was split into two components 

11. 6 A apart, the weaker of which, wavelength component 6, 562. 6 

A, practically coincided with H . 

a 

In the next position I added a quartz plate E, 1. 0966 mm 
thick, and a Wollaston-type birefringent prism CD whose split- 
ting effect was twice that of the preceding one. This combination 
separated the whole bands from the split bands and finally obtained 
the following result: 

There were 4 series of pictures, H, I, J, K; only the first 
picture of each series was of interest. 

Image H, which was formed by an extraordinary ray in 
prism B and an ordinary ray in prism C and will be termed "odd, " 
contains the whole bands, one of which coincides with the red 
coronal line. 

Image I, which was formed by an ordinary ray in prisms B 
and C and will be termed "even, " contains the split bands, one of 
which, of wavelengths 6, 562. 6 and 6, 574. 2 A, has its short wave- 
length component on H . 

a 

Image J, which was formed by an extraordinary ray in 
prisms B and C and will also be called "even, " contains the whole 
bands, one of which coincides with the green coronal line. 

lhe fourth image, K, which was formed by an ordinary 

ray in prism B and by an extraordinary ray in prism C, contains 
no interesting radiation. 

the first image passed through a suitable red filter to a 
panchromatic film which recorded only the corona with its red 
radiation 6, 374. 5 A. 
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The second image passed through a darker red filter to 

a second panchromatic film which recorded only the prominences 

with the red H radiation, 
a 

The third image passed through a suitable green filter to 
an orthochromatic film which recorded only the corona with its 
green radiation 5, 302. 8 A. 

The fourth image was seen in an eyepiece and was used to 
keep the disk of the coronograph centered on the sun throughout 
the whole time of filming. 

Thus, the principal radiations were separated almost 
without loss of light. 

Camera. Like the mounting for the monochromatic filter, 
the three-color movie camera was built entirely by A. Martin, 
who was then the machinist at the Meudon Observatory. 

Figure 21 shows a view of the camera attached by clamp 
A to the end of tube B. 



Figure 21 

The three-color camera attached 
to the coronog rapii. 
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This tube, carried by the coronograph, contains the mono- 
chromatic filter, the radiation separator and a lens with an 
800-mm focal length which forms the monochromatic images 
on the three films and in the eyepiece. In order to install the 
complete unit in the dome of the Pic du Midi Observatory, we 
had to bend the light beams back, reflecting them from a mirror 
at the bottom of the apparatus. The mirror is supported by 
three set screws, C, D, E, which regulate its orientation. 

Each of the four reflected light beams goes through an 
appropriate filter set in plane AF and reaches the movie films 
contained in box G, at the top. Eyepiece H permits observation 
of the fourth image in a fixed mirror and, if need be, the other 
three in a movable mirror attached to the shutter and operated 
by a lever; for this purpose it is provided with a slide I. A 
box containing a watch may be attached to the end of tube F. 

The watch is then photographed automatically on each frame of 
one of the films. 

Figure 22 shows the inside of the film box: to the left 
are the three feeder spools, to the right the three take-up 

i 

spools, and in the middle, the three film channels. Slightly to 
the right we see the three sprockets which move the film. They 
are operated by a lever, at the top, by which they can be made 
to rotate exactly one-half turn, thanks to a ratchet wheel. A 
chain, located at the bottom, transmits the movement to the 
take-up reels. At the bottom right, attached to its lens (which 
has a focal length of 80 cm), is the radiation separator. 

Motion picture films . Figure 23 (Plate IV) shows, by 
way of example, a portion of three simultaneous films taken at 
the west limb on 10 August 1941; at the top are two successive 
pictures of the red corona on which the watch dial indicates the 
hours (0822 at the right and 0824 at the left); in the middle are 
the corresponding pictures of the prominences with H^; and at 
the bottom, those of the green corona. 


- h ' 



Figure 22 

Three-color camera and radiation separator. 

These films were taken <it the rate of 1 picture every 
two minutes with an exposure of about l minute 50 seconds. 

With this exposure time. th« rod corona is overexposed about 
3 times; the green corona, on tin contrary, is slightly under- 
exposed because of the lower sensitivity of the best emulsions 
in this region. The prominences of normal intensity are a 
hundred times overexposed whi n recorded with the same emul- 
sion as the red corona, but the H film -r ! Q August was taken 
with an emulsion ten times faster. I";. r< xposure destroys 

the relief but shows very weak prominences which would other- 
wise remain invisible. 

These simultaneous pictures confirm the dissimilarity 
of the green and red coronas and tlu v show that the corona and 
the prominences are almost completely independent. 
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In the film of 10 August, for example, the arched 
prominence located at the left does not correspond to any 
coronal detail; it appears lightly on the picture of the red 
corona, but only because of its very great brightness. The 
hook-shaped prominence located more to the right also does 
not correspond to any definite coronal detail. In contrast 
with this, the most intense coronal jets coincide only with 
the smallest and weakest prominences. 

On the three-color films, the black disk which masks 
the sun appears edged with a double fringe, because the main 
lens of the coronograph is not achromatic; the image of the 
sun was not in focus on the disk for all radiations at one time; 
this focusing, carried out in the yellow, was mediocre in the 
green and red. 

To avoid this, in certain cases I neglected the green 
corona and took only the red corona and the prominences, 
which allowed me to place the disk at the focal point, reduce 
the exposure time to 50 seconds, and take one shot per minute. 

Figure 24 (Plate IV) shows 2 successive pictures from 

a film obtained under these conditions at the west limb on 

1 September 1941 at the hours indicated by the watch: 1225 at 

the right and 1226 at the left; at the top is the red corona, and 

at the bottom, the prominences with H . These pictures still 

a 

show the complete lack of similarity between the prominences 
and the corona. 

On all films, each picture of the red corona is accom- 
panied by a picture of the watch dial. Some of them, like this 
one, ran for 12 consecutive hours without interruption, thanks 
to the marvelous atmospheric conditions so frequently to be 
found at the Pic du Midi. 

All pictures, of Leica format 24 x 37 mm, were later 
reproduced on a positive with a printer which reduced them and 


r 
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corrected for opacity differences due to the variations of 
atmospheric diffusion, according to the readings of a galva- 
nometer connected to a photoelectric cell. 

Movements of the corona . These cine films allow 
solution of an important problem: Are there movements in 
the corona? 

Observers of eclipses had tried. to show movements 
in the corona; unfortunately, total solar eclipses are short; 
they never last more than seven minutes and the coronal 
details, which do not have definite outlines and which are often 
projected in front of each other, do not lend themselves to 
settings exact enough so that their displacements can be recog- 
nized with certainty in such short intervals of time. 

Indeed, Perrine, comparing photographs of the 1901 
eclipse and Hansky, studying those of the 1905 eclipse, found 
that the speeds of the movements should not exceed about 25 
km/sec [ 16] , 

Other observers have compared photographs taken at 
different stations which were crossed successively by the lunar 
shadow cone. 

The photographs of the Lick Observatory, for example, 
taken during the 1905 eclipse. in Spain and in Egypt at an inter- 
val of 70 minutes, show well-defined condensations in which 
structural details seemed to change but with speeds of less 
than 1. 6 km/sec [ 17] . 

On the other hand, the photographs of the Lick and 
Sproul Observatories, taken during the 1918 eclipse in the 
United States in Washington and Kansas, showed coronal arches 
which surrounded prominences and which seemed to have moved 

f i\* 

in 26 minutes with speeds opabout 16 km/sec [18]. 
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Furthermore, m i Q 26. Horn d’Arturo compared the 
pnotog raphs of the Italian expedition m East Africa with those 
of Sumatra and found movements of coronal domes which con- 
firmed the preceding results [19j. 

Lastly, during the eclipse of 19 June 1936, which 
crossed all of Siberia, photographs were taken at six stations 
with standard instruments at times spaced out over an interval 
of 2 hours 13 minutes. Four stations had fine weather; the 
photos show very small displacements of jets, while small 
coronal clouds reportedly moved more rapidly, at about 4 or 
5 km/sec [ 20] . 

Apart from eclipses, Waldmeier [21]. during the morn- 
ing of 16 February 1939, with the coronograph of the Arosa 
Observatory equipped with a wide-slit spectroscope isolating 
the green line, saw two coronal arches which rose with mean 
speeds of 7. 25 and II, 6 km/sec. This observation would seem 
to prove the existence of quite rapid movements in the corona. 

However, in 1936 19 37. and 1938. years of great solar 

activity, in my coronal observations I frequently applied the 
wide-slit method with the Pic du Midi coronograph, which is 
more powerful than that of Arosa and which has a more disper- 
sive spectroscope [22], without obtaining satisfactory results. 
The images lacked sharpness because of the great width of the 
green line. With a fine slit, the forms could not be seen well 
because the field was too limited; with a wider slit, the continu- 
ous spectrum weakened the contrasts and caused the faint details 
.to disappear. Consequently, the method would not seem to give 

sufficiently clear results to allow definite conclusions about the 
movements of the corona. 

Several hundred photographs of the coronal spectrum 
were taken at the Pic du Midi. In these photos, the lines of the 
prominences do show considerable movements at certain points, 
due to high radial- velocities . but the lines of the corona show 
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only very slight dissymmetries and only very rarely experience 
observable deviations. Hence it seems improbable that these 
are rapid movements in the corona. To settle this question, 
one must obtain numerous good coronal images, spread, as far 
as possible, over a whole day. 

In 1938 I took a series of direct photographs of the corona 
in total light [23]; they depicted very substantial changes in the 
space of a few hours, but were too widely-spaced in time to show 
the evolution of a particular detail and to indicate whether the 
changes observed were really due to movements. 

The photographs of the green line and the red line taken 
in 1941 with the polarizing filter in monochromatic light show 
clearer details and more evident changes. Among the most 

interesting series, we see (fig. 25, Plate V) 8 photos of the 
green corona, at the east limb, taken on 30 July 1941. 

Between 075 0 and 0905 a small cloud was illuminated in 
the main group, to the right; at 1216 it reached maximum bright- 
ness, and at 1230 disappeared completely. The arches surround- 
ing this cloud also underwent considerable brightness variations; 
at 1555 the right side of two of them became bright. At 0905, 
slightly more to the right, a new arch appeared; at 1116 it was 
no longer visible, but at 1330 a larger arch, concave toward the 
left, rose from the same place, by 1555 it had developed in length 
and at 1720 it surrounded the group of preceding arches. 

Figure 26 (Plate V) shows 5 photos of the red corona of 
2 September 1941, at the west limb. These images show, to the 
left of center, a large bright jet which remained practically 
constant; by the end of the day, its upper half had weakened. To 
its right is a group of arches, of which the two main ones, ellip- 
tical in form, have their long axis vertical and are almost con- 
centric. The outer arch reached a maximum brightness and 
sharpness at 1150; the inner arch was very distinct at 1050 and at 
1150; then its right side disappeared and its broadened left side 
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coincided with the left side of a larger, paler arch which 
remained visible all day. To the right of the group of arches 
is a small cloud which was quite bright at 0915, weakened at 
105 0 and disappeared at 115 0. 

These photos show considerable variations of bright- 
ness, but they do not show any movement, properly so-called; 
certain parts grow bright and others dim by turns without one's 
being able to follow the movement of a given object. 

When these views are compared in a stereoscope, 
photographs 'taken at intervals up to 4 hours can be examined 
simultaneously without the difference in appearance of the 
corona as seen by each eye being too disturbing. The arches 
show only slight effects of relief, which correspond to relative 
movements of less than 1 km/sec; these slow movements do 
not necessarily originate in the corona; the combined effect of 
perspective and solar rotation are enough to explain them. 

Despite these negative results, more complex move- 
ments might exist in the corona, e. g. , vortices, which would 
be hard to detect in isolated photographs; only time-lapse 
photographs would verify them. 

In 1939 and 1941, I obtained 8 series of pictures of the 
corona taken in total light at the rate of 1 picture per minute; 
each series contains, on the average, 500 pictures and covers 
a period of 8 to 13 hours. Two of these series have been repro- 
duced on film; when they are projected at the normal rate, i. e. , 
accelerated 1200 times, they disclose no movement but only 
relative variations of intensity. 

A greater number of films was taken in 1941 with the 
monochromatic filter. They cover a total observation time of 
92 hours. Those of 10 and 17 August and 1 September, for exam- 
ple, each last 12 consecutive hours. They show sharper, better 
contrasted and more abundant details of the corona than those 
taken in total light; they are also much less affected by variations 



-67- 


of atmospheric diffusion. When they are projected at normal 
speed, i. e. , accelerated 1200 and 2400 times, they fully con-' 
firm the preceding conclusions. 

While the prominences appear to be animated by very 
rapid movements, the corona in monochromatic light (either 
of the- green line or of the red line) remains entirely immobile. 
Arches, jets or clouds brighten by turns like the rays of a polar 
aurora, but no displacement can be seen. . 

These series of photos and films have not yet been 
studied thoroughly; however, the cursory examination given 
them by no means confirms the rapid movements reported by 
some observers. Obviously, these series of pictures do not 
prove that such movements cannot exist, but they do cover a 
period of 23 hours for the photographs and 92 hours for the 
moving picture films, which is more than 10 times the total 
length of eclipse observations; moreover, they show sharper, 
more contrasted details in the inner corona. If movements of 
10 km/sec were as frequent as the observations previously 
cited .would lead us to suppose, the monochromatic images 
should have -revealed them several times. 

On the other hand, the films show that the relative varia- 
tions of intensity of details which partially coincide, the succes- 
sive appearance of clouds and arches, for example, at different 
distances from the sun frequently give rise to the semblance of 
movements. It would seem that one could attribute to phenomena 
of this kind the movements which have been reported. 

At the present, the following conclusions may be drawn 
from the evidence provided by the birefringent filter. 

In general, the corona changes in form and aspect, not 
like most of the prominences (that is, by relative movements of 
their various parts), but by the appearance and disappearance 
and relative intensity variation of the elements which compose it. 



The coronal arches and coronal clouds, which often form 
complex ensembles, are born in one place along invisible 
trajectories which existed beforehand and whose origin and 
mode of formation we cannot explain. 

This very curious phenomenon seems quite general 
and theories concerning the corona must take it into consid- 
eration. 


STUDY OF THE CHROMOSPHERE 

As we have seen previously, with H radiation the filter 

CL 

showed the chromosphere at the solar limb, but on the solar 
disk itself the contrasts were insufficient; only the most intense 
filaments appeared. The chromospheric structure was difficult 
to discern; hence the filter had to be made more monochromatic. 

Arrangement. In August 1932, at the Pic du Midi, I 
added a plate to the filter; this reduced the equivalent width of 
the transmitted band on from 3 A to 1. 5 A. To keep the 
instrument within the requisite length, I had to use a calcite 
plate; it was 3. 3 mm thick and was equivalent to a 15 0 mm 
quartz plate. I placed it after the filter, in the same mounting 
as the quartz elements, thus keeping its temperature at a con- 
stant value of 47. 5°. 

This plate had not been cut for the filter: at 47. 5° none 

of its bands coincided exactly with H . In order to shift its 

a 

bands at will in the spectra, I placed an elliptical polarization 
compensator after it. 

I cemented a quarter-wave mica plate for the red between 
the calcite plate and the end glass, and oriented its axes at 45° 
to those of the calcite plate. It transformed the elliptical vibra- 
tion produced by the crystal for a given wavelength into a recti- 
linear vibration whose olane turned when this wavelength was 
varied. The interval between the two bands corresponded to a 
rotation of 180°, 
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I followed, the quarter —wave plate with a final polarizer, 

a polaroid plate which was placed outside the filter near the 

eyepiece and which could be turned in its plane. When this was 

suitably orientated, a bright band could be brought on H ; the 

a 

sun then had a minimum glare. Starting from this position, the 
transmission maximum of the filter could be shifted slightly 
toward the red or toward the violet; radial velocities could thus 
be detected without varying the temperature. 

About the middle of August 1942, the filter thus modified 
was installed at the eyepiece end of the Pic du Midi telescope, 
temporarily equipped with an excellent lens -having a 38 cm aper- 
ture and a focal length of 6 m, loaned by the Toulouse Observatory. 
As the unit was too long, the beam had to be bent back. 

At the telescope's focal point, a silvered copper plate A 
(fig. 27), on which the solar image formed, deflected the greater 
part of the solar rays. An aperture B, 8 mm x 12 mm, circum- 
scribed the field. The rays of this portion of the sun fell on the 
total-reflection prism C, then on lens D, with a 300-mm focal 
length, which made them appreciably parallel. The rays passed 
through the monochromatic filter F, then through lens G (focal 
length; 3 00 mm), followed by a divergent lens H. This ensemble 
constituted a Galilean telescope which formed an enlarged image 
of the sun with an equivalent focal length variable from 15 to 25 m, 
depending on the divergent lens used; this image could be focused 
by displacing lens H with button 1. 

Next came polaroid J, cemented between two glasses, 
which could be turned in its plane with knob K to vary the wave- 
length. .Lastly came filter L, which selected the band, and 
tube M at the end of which an eyepiece or a cine camera was 
placed. 


Observations. During the last part of August and the 
beginning of September 1942, chiefly in the morning, the solar 
images were often perfect. The filter did .not change appreciably 



the optical qualities of the 38 mm telescope, which could be 
used at full aperture, thus permitting observation of the chro- 
mosphere under excellent conditions with magnifications as 
high as 500 x; very fine details were visible, and the promi- 
nences showed, in particular, a remarkable fibrous structure. 

In the cine camera the image of the sun on the film 
measured 15 to 20 cm in diameter. However, the great bright- 
ness of the chromosphere permitted the use of high-contrast 
emulsions and reduction of exposure time to l/40 sec in order 
to obtain sharper images. 



Figure 27 

Arrangement of the filter behind the 
telescope. 

Under these conditions, 130 m of film were shot at the 
rate of 2 pictures per minute; a watch dial photographed on 
each frame indicates the corresponding time. 

Plate, VI (figs. 28 through 37) shows portions of some 
of these pictures, enlarged 3.8 times; on this scale, the diam- 
eter of the whole sun would be 57 centimeters. 
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PLATE V 


Variations of the corona 

Figure 25. 30 July 1941, the green line, east solar limb. 

Figure 26. 2 September 1941, the red line, west solar limb. 
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PLAT F. Vi 



of the chromosphere in 1942. 


Pictures 
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Figures 34 through 37 show the solar limb. The latter 
is double; it includes a very clear, perfectly circular line, the 
edge of the photosphere, which appeared thanks to the light 
transmitted by the filter on each side of the H line and a less 

CL 

bright fringe whose outer edge is irregular; this fringe is 
merely the chromosphere seen edgewise with the H radiation. 

Thus, the chromosphere does not appear as a homo- 
geneous atmosphere, but as a multitude of luminous jets or 
sheets like small prominences which spurt from the photosphere, 
sometimes vertically, sometimes in oblique directions. They 
are projected in front of each other, giving the impression of a 
continuous fluid, but if the wavelength of the band transmitted 
by the filter is decreased slightly by turning the last polarizer, 
the jets which approach the observer appear to be more intense 
than the others; the chromosphere becomes more transparent 
and appears striated. 

On these photographs, the chromospheric fringe seems 
to be composed of three parts: 

1. A dense layer whose outer edge is quite well-defined; 
its height, variable from one place to another, is most often 
from 5" to 7", or a little more than half the total height generally 
admitted for the chromosphere; it drops at some points as low 
as 3" (fig. 36); 

Z. A very faintly luminous layer, visible only in places, 
in front of prominences whose light it appears to absorb to a 
height of 1" to 2 " (figs. 35 and 36); 

3. A series of weak jets, whose height it is hard to state 
since the highest of them may be considered very small promi- 
nences. 


When projected at normal speed, the films accelerate the 
movements from 400 to 600 times; they show that these chromo- 
spheric jets are short lived, of the order of a few minutes; they 
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are extinguished while others spurt out in turn and the dense 
1^-ysr of the chromosphere seems animated by a continuous 
boiling. 


Certain prominences, generally very small, may be 
brighter than the chromosphere; when they are located behind 
the solar limb, the chromosphere, which is completely opaque 
for the radiations which they emit, is projected as a shadow 
before them (fig. -37). 

Over the whole solar disk, the chromosphere appears 
with a characteristic structure similar to that which one observes 
in the spectroheliograph with a wide slit; it is covered by small 
pf^S^s, variable in size and intensity. Around sunspot 
groups, these plages stretch out in radiating directions, form- 
ing figures reminiscent of magnetic spectra (fig. 31). 

The spots are sometimes accompanied by bright, exten- 
sive chromospheric flares, emitting a radiation with very short 
wavelength which profoundly modifies radiowave propagation. 

The observations made in 1942 with the polarizing filter show 
that besides these relatively rare and beautiful phenomena, a 
very great number of flares, whose brightness generally 

exceeds that of the continuous spectrum outside of H but whose 

a 

diameter often measures less than 1 second of arc, occur around 
the spots. 

In a small group of sunspots which formed at the central 
meridian on 22 August, as many as 17 flares appealed interne 
hour; they lasted from 5 to 15 minutes, somet ime si^o,ng)e'r ; often 
several flares occurred successively in the -sames-Slabe. On 
25 August, for example, at 0655 (fig. 28) at the'ed'ge of the prin- 
cipal spot, below and to the right, we see a small prominence 
projected in front of the sun in the form of a dark filament. 

About 07 00 (fig. 29), the filament became very dark, while its 
left end was illuminated. At 0717 (fig. 3 0), the latter shone with 
a bright flash and extended by irradiation. At 0755 (fig..^34)_, it 
was completely extinguished. 
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Beginning at 0700, at the right edge of the penumbra 
of the main spot, a small point was lighted up for 10 minutes 
(fig. 29). 

At 0710, a small bright line appeared above the third 
spot from the left (fig. 3 0); Z0 minutes later, it broadened 
and weakened to form a light plage (fig. 31). 

At 0720 two small points formed on the upper edge of 
the umbra of the spot to the right of the principal one. By 
0755 (fig. 31), they had disappeared, but a very small, very 
bright point can be seen a little higher up: two other points 
appeared under the second and fourth spots from the left. 

At 0828 (fig. 32), the first point was still distinct; 
the second was diffuse, and a third appeared to the right and 
a little below the second spot. 

These flares were animated at their beginning by strong 
radial velocities. If the wavelength of the filter was decreased 
by about 1 A, it passed chiefly the light of the continuous spec- 
trum outside of H ; the sun became brighter, the chromospheric 
a 

structure weakened considerably and one could see the much 
more compact network of the photospheric granulation. Certain 
flares were disappearing, but others were becoming brighter. 

The picture in fig. 29 and especially in fig. 33 were obtained 
under these conditions; a flare measuring 1". 5 in diameter can 
be seen between the second and third spots from the right in 
fig. 33; it far exceeds the brightness of the continuous spectrum 
of the photosphere. 

The monochromatic filter also showed the filaments. 

When these dark streamers, formed by the prominences, are 
projected in front of the brighter background of the chromosphere, 
generally they show rapid movements on the films; they spurt 
out at a given point and plunge into the regions near the sunspots. 
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Only very small filaments appeared daring the observations, 
the most evident ended at the spot to the right of the main spot; 
it was intense at 0655 {fig. 28) and later weakened. 

CONCLUSION 


The birefringent monochromatic filter should have a 
wide variety of applications thanks to its high light yield and to 
the breadth of field which can be observed with it. The results 
just presented show that it constitutes a new means of investi- 
gation by which we may acquire more complete data on the 
constitution of the sun. 

Manuscript received 5 June 1944 
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Optica! birefringent filters, which depend for their action on the interference of polarised light, can 
be designed to transmit very sharp bands (down to a fraction of an angstrom in width). The ele- 
mentary theory necessary for their design is given. 

Three forms of wide field filters designed by Lyot are described in detail. A more recently developed 
split element, wide field filter requires only half as many polarizers as the earlier types, which mav 
be an advantage for some applications. 

Various methods of adjusting the transmission bands of a birefringent filter, including the use of 
elements of variable thickness, and phase shifters are discussed. For most purposes the electro-optical 
phase shifters are probably the most promising. For special purposes, such as spectrophotometry, 
phase shifters composed of rotating fractional wave plates may be more advantageous. Two such 
phase shifters and their application in simple and split element filters are described. 

A few crystalline materials which have been used or might be used to advantage in birefringent 
filters are mentioned. , 

Finally, the possibility of using polarizing interferometers in combination with birefringent elements 
for filters with extremely sharp transmission bands (in the range of hundredths or thousandths of 
an angstrom) is very briefly discussed. 


I. INTRODUCTION 

POURING the past few years the 'birefringent 
filter has proved an effective tool in astro- 
~ nomica! research. Its utility, however, is not con- 
fined to astronomy and the purpose of the present 
paper is partly to bring it to the attention of 
investigators in other fields. 

Briefly, the birefringent filter serves the purpose 
of a monochromator over an extended field. It can 
be designed to transmit a wave-length band of any 
desired width (down to a fraction of an angstrom) 
centered at any selected wave-length. It is used 
very much like an ordinary glass or gelatin filter in 
either a collimated or a converging beam of light, 
hut with some limitation in field size or focal ratio, 
according to the type of construction, material, 
and band width. 

The invention of the birefringent filter is one of 
the many important contributions of the French 
astronomer, Bernard Lyot, 1 to instrumental as- 
tronomy. He first published the basic principles of 
■ts operation in 1933, Ohman- independently in- 
dented the filter and in 1938 constructed the first 
0r >e to be used for solar observations, with a 
, transmission band about 40-angstroms wide cen- 
tered on the Ilet line. With it he succeeded in seeing 
and photographing the brighter prominences, al- 
though it was evident that a much sharper band 
'dould be necessary for the best results. 

.^a later paper Lyot 3 has given a very complete 
/ /) °f the history, theorv, and construction 

•mt filters. For the benefit of readers to 

", - L^Rendub 197, 1593 (1933). 

No"'- ° • 356( ?' 157 (1 ? 38) 1 Natl,re 


“• Lyot, Ann. AstrOj, 




Mr Astronomisk Tidbkrift, 


whom his papers are not readily available, the pres- 
ent paper reviews enough of the elementary theory 
to suffice for the design of filters of any feasible char- 
acteristics. The remainder of the paper is a discussion 
of newer developments which serve to simplify the 
construction of the filters and extend their field of 
usefulness. 

n. THE SIMPLE BIREFRINGENT FILTER 

Several forms of the birefringent filter are 
possible, differing, in width of field and complexity 
of construction. They all depend, however, on the 
interference of polarized light transmitted' through 
layers of birefringent crystal in the direction perpen- 
dicular to the plane of the optic axes if the crystal 
is” biaxial, or any direction perpendicular to the 
optic axis if the crystal is uniaxial. 

Since we can regard the uniaxial crystal as a 
degenerate biaxial crystal, most of the following 
discussions will consider only the biaxial case. Let 
t and cj be the extraordinary and ordinary indices 
of refraction of any uniaxial crystal, and a, /3, y be 
the smallest, intermediate, and greatest principal 
indices of refraction of a biaxial crystal, respectively. 
Any expression for a biaxial crystal is valid for a 
uniaxial crystal if one of the following substitutions 
is made : 


or 


a — ui, /3=w, and 7=6 if 6 — oj>0, 
a— e, j6 = <d, and y — co if 6 — co<0. 


/1-2, p. 31 (1944). 


Unless otherwise specified, the mutually perpen- 
dicular directions of vibration of light for which the 
refractive indices are a, 6, and y will be referred 
to as the ar-axis, /3-axis, and y-axis. These arc, of 
course, the principal axes of the index ellipsoid. 
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Fig. 1. Birefringent filter of three elements. 

The quantity p is defined by 

M = 7 — a. 

The term “retardation” will be used to indicate a 
path difference in terms of wave-lengths. 

For brevity, the direction of vibration of light 
transmitted by a polarizer (prism or film) will be 
referred to as the axis of the polarizer. 

Consider a block of some birefringent crystal, 
bi in Fig. 1, cut with its surfaces normal to its 
/3-axis. Let light plane polarized at an angle of 
45° to the a-axis enter the crystal along the 0-axis. 
In the crystal the light divides into two components 
polarized with vibrations parallel to the a- and 
7-axes, traveling with different velocities, c/a and 
c/7. On emerging from the crystal, the two compo- 
nents have therefore a relative retardation of «i, 
given by : 

n 1 = (d 1 /X)p, (11.1) 

where d is the thickness of the crystal in the 0- 
direction, and X is the wave-length of the light. 

If now the light traverses a- polarizer, pi (which 
may be either a Nicol or similar prism, or a film 
polarizer), with its axis parallel to the vibration 
plane of the entering light, the two components 
interfere. The transmission, n, of the bi, pi combi- 
nation is: 

ti = cosV«i. (II. 2) 

If white light traverses the combination, the 
spectrum of the emergent light consists of regularly 
spaced alternate bright and dark bands at wave- 
lengths where is alternately integral and half- 
integral. The transmission as a function of wave- 
length is represented by curve a, Fig. 2. 

The wave-length interval between successive 
bright bands is inversely proportional to the thick- 
ness of the crystal. To obtain an approximation of 


the interval, set A « = 1 in the equation 
AX Aw 1 

. (11.3) 

X n (X/ p) (dp/ d\) — 1 

We now add a second crystal, f>«, and a polarizer p . 
oriented parallel to bi and pi. If di = 2di, the trans- 
mission of the 62, P 2 combination, represented by 
curve b, Fig. 2, is: 

r- = cos 2 irHi = cos 5 7r2«i. (11-4) 

The transmission of the whole assembly, by, Pi, b z , 
pi, shown in curve c, Fig. 2, is therefore: 

ri2 = cos 2 -jr»i cos 2 7r2wi. (11-5) 

A third crystal element, b 3, with dz—2di, followed 
by the polarizer, pi, has individual transmission 
shown in curve d. The transmission of the assembly, 
bi to p 3 , is then represented by curve e, Fig. 2. 

It is evident that further crystal elements and 
polarizers can be added. The result is the basic 
type of birefringent filter, which will be termed tht 
simple filter. It is comprised of a series of units, 
each consisting of a plane-parallel birefringent 
element (6-element) followed by a polarizer. All 
6-elements have surfaces normal to their 0-axes 
and are mounted with their a-axes parallel. All 
polarizers have their axes parallel to the vibration 
plane of the entering polarized light at 45° to tie 
a-axes. The thickness of the rth 6-element is such 
that 

n r =2’~}ni. (11-6) 

The spectrum of light transmitted by the filter 
consists of a series of widely spaced narrow bands. 
Their separation is equal to the separation of tie 
transmission maxima of the thinnest element alone. 



Fig. 2. Transmission curves for elements of Fig. 1. (a) : 

(b) bzpi', (c) b,pibtpt~, (d) bipi; (e) b\pib xPibipi. 
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while their effective width is the half-width of the 
maxima of the thickest element alone. For polarized 
entering light, the transmission of a filter of / 
6-elements (neglecting absorption in the material 
of the filter) is : 


T = COS I *-Hi C0 S : t 2«!- - COS : ir2 ,_l Mi. (II. 7) 


Tlie quantity n t must, of course, be an integer at 
the wave-length of the desired transmission band. 
Its magnitude should be small enough to separate 
the adjacent bands sufficiently to permit the isola- 
tion of the selected band by means of ordinary 
filters. 

It can readily be shown that the total transmis- 
sion of flux in an equal energy spectrum is 2 -1 . 
Regardless of the width and separation of the 
bands, the total residual flux transmitted between 
successive principal maxima in a filter with l>3 is 
a substantially constant fraction (about 0.11) of 
the flux transmitted in a single band. 

The filter at the Climax, Colorado station of the 
High Altitude Observatory of Harvard University 
anti the University of Colorado has been in satis-' 


factory operation in the observation of solar promi- 
nences since early 1943. It is a simple filter of six 
quartz elements with ^ = 23, n 6 = 736, di= 1.677 
mm, and ds = 53.658 mm and has a transmission 
band of effective width 4.1 angstroms centered on 
the //a line of hydrogen (X6563) at an operating 
temperature of 35.5°C. Its purpose is to eliminate 
the overpowering scattered light (continuous spec- 
trum) near the limb of the sun while still trans- 
mitting the //a-emission from the prominences, 
which are otherwise completely invisible. The 
success of the filter can be judged from the photo- 
graphs in Plate I. 

In practice, a filter should either be cemented or 
immersed in oil to avoid multiple reflections. Initial 
polarization is usually obtained by a polarizer 
mounted in front of the first 6-element with its axis 
Parallel to the axes of the other polarizers. 

In any birefringent crystal, both the geometrical 
fliniensions and n are functions of temperature. 
The result is a small shift in the wave-lengths of 
transmission maxima when the temperature 
changes. In quartz, for instance, A\/ST = —0.66 
Angstrom per degree centigrade in the red. Hence 
. temperature of the filter must be controlled 
' v, th sufficient accuracy to keep the maximum 
*V x cursions of wave-length within tolerable limits. 

total range of two-tenths of the effective band 
Ul< lth is small enough for most purposes. 

ni - OFF-AXIS EFFECTS IN SIMPLE FILTERS 
It is evident that when light traverses a simple 
lCr at an angle to the instrumental axis, the light 
. trough the birefringent material and the 
e °city difference of the fast and slow waves are 



Plate I. Photographs of prominences at the limb of the 
sun taken through the birefringent filter of the High Altitude 
Observatory in the light of the Ha-line of hydrogen. 

altered. The effect is simply to alter the value of 
»i in Eq. (11.7). 

Lyot J has calculated the off-axis effect for light 
incident in the two principal planes normal to the 
a- and 7-axes in a biaxial crystal cut with its 
surfaces normal to the /?-axis. Although the equa- 
tions are not exact, since terms of the fourth and 
higher degrees in <p (the angle of incidence) are 
neglected, the approximation is excellent for the 
moderate angles of incidence encountered in the 
use of filters. 

Lyot’s equations can be very simply generalized 
to give the off axis effects for light incident in any 
plane normal to the surface of the crystal (and 
parallel, therefore, to the /3-axis). Figure 3 repre- 
sents a block of biaxial crystal with its a-, and 
7-axes in the directions indicated. Let polarized 
light with vibrations in a plane at 45° to the a-axis 
enter the crystal in the direction (p, 9). Here <p is 
the angle of incidence, and 9 is the azimuth of the 
incident plane measured from the a-axis. The light 
emerges from the crystal in the direction (<p, 9) in 
two polarized components with vibrations very 
closely parallel to the a- and 7-axes. They have a 
relative retardation, «, which is to be determined 
as a function of p, 9, and n 0 , where n Q is the retarda- 
tion for light entering the crystal from the direction 

sp — 0 . 

A consideration of the isochromatic surfaces of 
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Fig. 3. Off-axis ray in the crystal coordinate system. 

biaxial crystals 4 leads to the conclusion that the 
equations of the curves of constant retardation, n 
(written in terms of <p and 0), represent hyperbolas 
if terms in the fourth and higher powers of <p are 
neglected. Their transverse axes are along the 
a-axis for n/n 0 % 1 and along the y-axis for »/«u> 1 
for crystals in which ay — £*<1. The asymptotes 
are the lines 

tan 5 0 = a/y. (111.1) 

Lyot’s equations give the squares of the semi- 
transverse axes, which are : 


where a, b, and c are the direction cosines of the 
normal to the wave front and t is the time. 

As the wave passes the origin in entering the 
crystal, it initiates a secondary wavelet which ex- 
pands into an ellipsoid with the equation: 

f J x ; +r3'+e=z : -/ i =0, '(1 1 1.6) 

where f, r\, and v are reciprocals of the velocities 
along the x, y, and c directions, respectively. 

At a given instant, that portion of the plane 
wave which is inside the crystal, coincides with a 
plane tangent to the ellipsoid of Eq. (II 1.6) and 
containing the line of intersection of the plane 
wave of Eq. (1 1 1.5) with the first surface of the 
crystal (i.e., the plane z = 0). The tangent plane 
through the point (xi, y i, z x ) on the ellipsoid is 

xifx+yiry+Zitrz — <* = 0. (III. 1> 

The lines of intersection of the planes of Eqs. 
(III. 5) and (III. 7) with the first surface of the 
crystal are, respectively, 

* ax+by — ( = 0, 3 = 0, (III. 8, 

and 

Xii t x+y i Ti i y—t i = 0, 3 = 0. (II1.9. 


. /" \T . 

^o =I 1 )- in the plane 0 = 0, 

\no Jk 

(II 1.2) 

( n \ a 

1 1— in the plane 0 = t/'2, 

no / k 


where 


ay—ff 1 

k = . 

2(y — a)pP 


(II 1.3) 


We have, therefore, sufficient information to deter- 
mine both sets of hyperbolas, which can be repre- 
sented by a single equation 


[ /cos J 0 
1 4- <frky^ 



(HI.4) 


The exact expression for n in uniaxial crystals is 
readily derived by a straightforward application of 
Huygens’ principle and analytic geometry. Con- 
sider a plane-parallel uniaxial crystal in a rectan- 
gular x, y, 3 coordinate system with the origin in the 
first surface. Let it be oriented with its surfaces 
normal to the z axis. Let the x axis be parallel to 
the crystal optic axis (i.e., parallel to the a-axis in 
negative crystals or to the y-axis in positive 
crystals). Choose units of time and distance to 
make the velocity of light in space unity. The 
equation of an entering plane light wave is then : 

ax+by+cz—t=0, (1 1 1.5) 

* T. Preston, Theory of Light. 3rd Edition (MacMillan 
Company, Ltd., London, 1901 ), p. 397. 


These two lines must coincide. Hence: 

xi = (a/? 2 )t and y\ = (b/rf)t. (I II. 10 

Since (xi, yu St) must be a point on the ellipsoid of 
Eq. (1 1 1.6), we find for z 1 : 

// a 2 b 2 \ » 

““A 1 *?"?)- < “ M1, 

Equations (III. 10) and (III. 11) define the path of 
a ray through the origin. 

Let d be the thickness of the crystal in the ; 
direction. The time, fi, when a ray through the 
origin reaches the second surface is, then : 

/ l = de/[l-(aVf t )-(W)]‘. (111.12) 

On emerging from the crystal the plane wave i? 
parallel to the entering wave, with the equation : 

ax+by+cz — (t — &) =0. (III. 13, 

At time, t lt this plane must contain the point 
(xi, y lt d). Hence, 

A = / 1 — (axi -I- by , + cd ) . 

The distance, p, of the plane wave of Eq. (III. 13 
from the origin is therefore : 

p = t — A=/— tt + axi+byi+cd, (111.14 

or, from Eqs. (III. 10) and (111.12): 

£-)'-«} <111.15, 
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Now, for the extraordinary wave 

7j—u=e, 

and for the ordinary wave 


j v = ti = v = «. 

Hence, the distances of the extraordinary and 
ordinary waves from the origin after their traversal 
of the crystal can be written, respectively: 


P' 


P* 




(III. 16) 


The retardation, n, is simply (pc~p c )/\, or: 



(III. 17) 


Equation (1 1 1. 17) is the exact expression for the 
off-axis effect in uniaxial crystals. It is readily 
reduced to the more convenient approximation of 
Eq. (Iir.4). Expanding the radicals, and neglecting 
fourth and higher powers of a and 6, we find : 


n 0 


<11 

a 2 6H (a 2 +6 2 ) 

2 hr 2 < 2 oi 


(III. 18) 


The direction cosines can be expressed in terms of 
v and 6 by the transformation : 


"'here 


and 


a = sin<p sin#' ; 6 = sinvJCOs5', 
8' — 8 if < — w>0, 


8' = 8-{-i r/2 if. < — a) <0. 
Equation (III. IS) becomes, then: 


r ¥> J /cos 2 fl / sin 2 0'\ 1 

•■■v+d- — -)} <iiu9) 

Equation (III. 19) is identical with Eq. (III. 4) for 
Ur *iaxial crystals. 

The corresponding exact equation for biaxial crys- 
kds can be derived by the same methods, but the re- 
sulting expressions become so lengthy and compli- 
^ted that it has not seemed worth while to push 
mem through. The accuracy of Eq. (1 1 1. 4) is 
adequate for all practical purposes whether uniaxial 
0r biaxial crystals are considered, 
of s ^ ou ^ be noted that the use of the equations 
isochromatic surfaces in the derivation of off-axis 
ects does not lead to an exact result, since thpy 
arc drived on the inexact assumption that the- two 
^ t,n iponents of light polarized at right angles 
Averse the crystal along Identical paths. 


The usable field of a given filter is determined by 
the maximum permissible value of \n — n 0 \ for the 
thickest 6-element. 

The maximum permissible angle of incidence in 
the Climax filter in the fl = ir/2 plane is 

55 = 0.025 radian, 

if we require that over the field 

\n—n 0 \ ^ 0.1 

for the thickest 6-element. 


IV. LYOT’S WIDE FIELD FILTERS 

The maximum total flux from a given light source 
that can be squeezed through a filter is roughly 
proportional to the square of the product of the 
filter aperture and the maximum usable value of <p. 
-The aperture is limited by the sizes of available 
birefringent crystals, and it is therefore important 
to find means for obtaining large fields. The most 
obvious device is to find a birefringent material for 
which k is very small. Although the author knows 
of no such material which is available in useful 
sizes of optical quality, this is a definite possibility 
which should be investigated further. 

Lyot 3 has described three wide-field filters with 
compound elements made of available materials. 
They will be referred to as Lyot’s first-type, 
second-type, and third-type filters. 

The first-type filter differs from the simple filter 
in having each 6-element divided into two equal 
halves by a cut perpendicular to the j3-axis. The 
second half of each element is rotated about the 
jS-axis until the a-axes of the two components are 
crossed. A half-wave plate is inserted between the 
components with its a-axis at 45° to the a-axes of 
the two. It serves to rotate the planes of polarization 
90°. Light which enters the first component from 
the direction (55, 9) enters the second component 
from the direction (<p,d-\-ir/ 2). The- retardation 
introduced by the assembled element is then: 


n 


i n(<p,6) 




1 + 1 p~k 




or 



The loci of constant retardation are circles with 
radii larger than the axes of the hyperbolas of a 
simple filter (in the d — ir/2 plane) by a factor of 
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[27/(7 — a)3*. For a given tolerable value of 
\n— «o( , the radius of the useful field can be further 
increased by a factor of V2 if we set the retardation 
at the center of the field at one extreme of the 
range. 

Lyot’s first-type filter, unlike the simple filter, 
can be used only over a small range of wave-lengths. 
Jf the wave-length differs greatly from -the optimum 
for which the half-wave plates are made, the 
residual light between transmission bands increases 
at the expense of light in the bands. The added 
residual light appears superposed on the field in the 
form of faint hyperbolic fringes very similar to the 
fringes produced by the equivalent simple filter. 
The fringes are loci of constant retardation, 71', 
given by 

»o /I 1\ 

n' = — k<f( — ! — ) cos20. (IV.2) 

2 V7 a.) 

If, however, the filter is either used for one wave- 
length only, or supplied with interchangeable half- 
wave plates for the different spectral regions, its 
performance is highly satisfactory'. This is one of 
the many instances where the development of an 
achromatic half-wave plate would be very useful. 

Lyot’s second-type wide-field filter has compound 
6-elements of two components of different materials. 
The quantity k is of opposite sign in the two 
components, which are mounted with their a-axes 
parallel. No half-wave plates are required. 

Let n x and be the retardations arising from 
the first and second components for light entering 
from the direction <p — 0 . The retardation for the 
assembled element is then : 


Equations (1V.4) and (IV.5) give n x and The 
retardation of the assembled element can now lie 
written 

( Ki&i 

1 ) • (1 V.6) 

7i 72 / 

The second-type filter can be used over a wide 
range of wave-lengths, although the fringes do no: 
remain strictly circular throughout the range. 

Lyot’s third-type filter generally has the largest 
field. Each 6-clement consists of three birefringent 
components. Two of the components are of the same 
material and are mounted with their or-axes crossed. 
The third is of a different birefringent material with 
a k value opposite in sign to the k value for the first 
two components. It is mounted with its a-axis 
parallel to that of one of the first two. By a proper 
choice of thicknesses it is always possible to make 
n constant over the whole field within the accuracv 
of Eq. (III.4). 

Let a u j3i, 7i and aj, /So, 72 be the refractive 
indices of the crystals composing the single compo- 
nent and the two crossed components, respectively. 
The crystals must be selected to satisfy the condi- 
tion 

0-172 ^ yi&2- 

Let n 0 be the retardation of the single component, 
and n b and n c the retardations of the two compo- 
nents of the same material. Let the a-axes of the 
a and b components be in the 0=0 plane, and the 
a-axis of the c component in the 0 = rr/2 plane. 
Then 


where now 


V 71 ai / J 


r /cos 2 6 

sin 2 0\ 1 

1 <p~k 2 ( 

) ’ 

L v 72 

d 2 / J 

r / niki n«kz\ 


cos-01 + 1 


L V 71 72 / 


/ niki 


— sin 2 0( -j 

), (IV.3) 

V ai 

V 

Ct 2 / J 

ZZo=»l-j-W2- 

(IV.4) 


It is evident that while the coefficient of <?- cannot 
be made to vanish by any choice of n x and «», we 
can obtain circular fringes by eliminating 9 . The 
condition is 


n 1 

Vi 


0[(^=)/(^)} (IV5) 


1 I 


n — n„ 




/cos"0 sin-0 
V 7i “1 


)] 


r / cos-0 sin 2 0\ 1 

+«[i+^,(— — )J 

f /sin 2 0 cos-0 \ ”| 

“T+’K - — — )J- ,,v 




If we set 7 ia-T-n b ~n c — n 0 , and require that the 
coefficient of <fr vanish, we find 



n D / 1 1 \ 

7 l b — k !&2 1 1 , ( I V.S) 

A \7172 ffiaj/ 

JZo / 1 1 

A \ a x j 2 7i£t2 




whKre 
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kl 


d 1 
1 


Ti 


7: 


ki 

k* 

ki 

(IV.9) 

«i 

72 

a 2 


1 

-1 

1 



The retardation of the assembled element for any 
direction (<p, 0) is then: 

n=n a +n b — n c = n 0 . (IV.10) 

The third-type filter, like the second-type, can 
be used over a wide range of wave-lengths. The 
coemcient of however, will generally vanish 
accurately at only one wave-length. 

The design of a wide angle filter does not neces- 
saruy require that the thinner elements be com- 
pound. Their transmission bands are so broad that 
the slight shift in wave-length for off-axis rays is 
negagible in comparison. If the higher order com- 
pound elements are made of two materials, however, 
it may not be possible to use transmission bands in 
widely separated regions of the spectrum, because 
the dispersions of different materials are generally 
not strictly proportional. If the rth element is the 
thickest simple element, (n T +i)/n r ^2 at only one 
wave-length. 

Tne following sections are devoted to the theory 
of various modifications of birefringent filters which 
have been recently developed. 

V. THE SPLIT ELEMENT FILTER 

The split-element filter resembles Lyot’s first- 
type filter, and shares its wide field characteristics. 
The half-wave plates, however, are replaced by 
birefringent elements, and successive polarizers are 
crossed. After the initial polarization, it requires 
only half as many polarizers as the equivalent 
simple filter. The result is a considerable reduction 
in absorption and scattered light if film polarizers 
are used, or a notable saving in bulk and expense if 
polarizing prisms are used. 

The split-element filter has already been de- 
scribed briefly. 5 A more detailed account of its 
theory is given here. 

A single unit of the split-element filter (which 
would be mounted between crossed polarizers) is 
shown schematically in Fig. 4. The x, y, and z axes 
constitute a rectangular coordinate system. The 
positive r and x axes in the ry plane bisect the 
angk-s between the posttive .v and y and the positive 
y and negative .r directions, respectively. The unit 



Fig. 4. Birefringent components of a single unit of a split 
element filter. 

consists of a split element with components m and 
2 , and a simple element, p, sandwiched between m 
and o. They are all mounted with /3-axes parallel to 
the z axis. The 7 -axes are aligned parallel to the 
x, r, and y directions, respectively, in the m, p, and 
g components- Let the thicknesses of m, p, and q be 
dm, d„, and d q , and let the unit of time be the 
vibration period of the light. 

Assume that the entering light is polarized in the 
r plane. The transmissions of the unit for emerging 
light polarized in the r plane-and x plane are to be 
determined. 

The vibration of the entering light is 

r = asin27rf. (V.l) 

This can be resolved along the x and y directions 
giving 

x= (a/V2) sin2:rf, y = (o/V?) sin2^. (V.2) 

In traversing m, a phase difference is introduced 
and the vibration of the emerging light is 

x m —(a/vl) sin2a-(f — d m 7 ), . . 

Vm = (a/vl) sin2»(f — d m a). ' ' ' 

The resultant disturbance along the r and x axes is: 

r m = a cos-n m sin2-t', ... , 

x„=c sin?r7J m cos27rf', ' 

where 

t' = t — {d m /2\) (a-j-y): 

In the traversal of p, an additional phase difference 
is introduced ; 

r P = a COS irn m sm2tr[Y- {d p /\)y], . 

s p = a si n-n m co$2 *•[/' — (d p /X) a]. ' ' 


* J- Evans, Ciencia e Investigation (Argentina) Vol. Ill, Resolving this vibration along the x and y axes, and 
- o. 9, p. J65 (1947). adding the phase difference due to transmission 

9=1 
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b 


Fig. 5. (a) Phase shifter of two 
quarter-wave piates. (b) Phase 
shifter of one half-wave and two 
quarter-wave plates. 


through q, we obtain 




a 

= — cosx«,„ sin2?r 
v3 


(' 



sintrH,„ cos2x 

V2 


(' 



a / d p 

3 > c = - — cosa-?t m sin2?r{ t' 

V2 V X 



(V.6) 


ci / dp dq \ 

-J sina-?j m cos2tr( l' a y ). 

V2 V X X / 


To determine the final transmission through a 
polarizer with its axis along either the-r or j direc- 
tion, we must resolve this vibration along the r 
and s axes : 


fq — a costr« m coSTTMq sin27r[f' / — (d p /\)yj 

+a simrn m sinirw, sin2tr^"— (d p /X)bT\, 

sintrK^ costrw, cos27r[f"— (dj,/X)Y3 ' ’ 

—a cosicn m sinww, cos2tt[/" — (d p /\)a~\> 
where 

t" — i — [_(d m -\-dq)/ 2 \ 3 (^+ t ). 


Let the emergent amplitudes be A r and A,. The 
transmissions in the r and s vibration planes are, 
then: 


Tt- Ar 2 , /a- = cos*” (n m —n q ) 

— sin2 irn m sin27rw, sin-irn p , 
r,-A S/a- = sin-rr(n m —nq) 

+sin2w« m sin2 itk, sin 2 trtt p . 


(V.8) 


In the split-element filter the m and q components 
are made of equal thicknesses. Hence 


If we let 

ttj = 2tl m ~ 2tlq t 

Eqs. (V.8) reduce to: 

t t — 1 — sin 2 -ny sin-?rKp, 
t, = sin-ww j sin -tm p . 


(V.9) 


The transmission of an element of Lyot’s first- 
type filter is T r in Eqs. (V.9) if we set n p ^=\. 

The transmission of a unit of the split-element 
filter is r a . A split-element filter of l elements has 
exactly the same off-axis characteristics as a filter 
of Lyot’s first type with the first 1/2 elements 
simple, and the 1/2 thicker elements compound. 
Whether the field is limited by the simple elements 
or the compound elements depends upon whether 
or not («i/?Ji/:)C(y — ct)/{2~/)~\ is greater or less than 

1. If the simple elements limit the field, .they can, 
of course, be made compound in any of Lyot's 
three types. 

The transmission of an assembled split-element 
filter composed of two-element units between 
crossed polarizers is: 

r = sin 2 -«i sinV« 2 - - -sin 2 ;???;. (Y.lOi 

Since transmission bands occur only at wave- 
lengths for which all the n’s are half-integral, the 
n’s cannot be simply proportional to the powers of 

2. If we let n=n ,J c\ at the wave-length of a 
particular band, the best we can do is to make tie 
values of n! proportional to the powers of 2. Thus 

K,= 2 r “ I M 1 / + ^. (Y.lli 

The transmission can then be written 

r = cos 2 -?:/ cos 2 t2w/ ■ • • cosV2 M «/. (V.l 2; 

Unfortunately Eq. (V.ll) can be strictly valid a z 
only one wave-length, and the usefulness of tie 
filter is restricted to a limited spectral region in tie 
neighborhood of that wave-length. This is a second 
instance where achromatic half wave plates would 
be useful. If the r-th element of the filter were 
made to give a retardation «/ = 2’~ 1 ?t/ 1 the addition 
of an achromatic half-wave plate (two quarter- 
wave plates for split elements) would satisfy Ec. 
(V.ll) at all wave-lengths. 

The thought will doubtless have occurred to tie 
reader that the middle element in each unit of a 
split-element filter could itself be split, and a third 
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element inserted between the halves. This plan 
dcvs not work theoretically, and so far no arrange- 
ment has been found that allows more than two 
elements in a unit between successive polarizers. 

VI. FILTERS OF ADJUSTABLE WAVE-LENGTH 

It is obvious that the usefulness of the bire- 
fffr.gent filter is enormously enhanced if a trans- 
mission maximum can be adjusted to center on any 
defired wave-length. The fine adjustment resulting 
from the control of temperature is generally quite 
inadequate as it has a range of only a few angstroms 
(although Lyot found that with the aid of tempera- 
ture control it is possible to bring no less than six 
of the maxima of a quartz filter into coincidence 
with lines of major importance in the solar spec- 
trum). 

The obvious method of controlling the wave- 
length of the transmission bands is by means of 
elements of variable thickness, made of pairs of 
wedges which can be adjusted with respect to each 
other like the components of a Babinet compen- 
sator. It is then possible to set 


and 


«i = an integer, 
w r = 2 r_I « 1 


at any chosen wave-length. Such an arrangement 
is perfectly feasible and works equally well at all 
wave-lengths. In the split-element filter, both 
halves of the split element must, of course, be 
adjustable since n m — «, = 0. The range of variation 
in thickness need be only sufficient to shift the 
principal transmission maxima of the filter through 
a range equal to their separation. With a proper 
choice of wedge angles all the movable wedges can 
be mounted and adjusted as a single unit. 

Although theoretically excellent, the variable- 
th:ckness filter requires considerable mechanical 
refinement, and one wedge in each element must 
have an aperture much larger than the instrumental 
aperture (a matter of importance in filters of large 
aperture). The use of phase shifters for wave-length 
adjustment is simpler and, for most purposes, 
equally satisfactory. If achromatic phase shifters 
can he devised, they will give results as theoretically 
perfect as variable thickness. 

Suppose we equip each 6-element of a filter with 
a phase shifter which permits the addition of a 
small controllable phase difference, 2er£, to the 
phase difference, 2 t m, introduced by the 6-element. 
The transmission of the filter is then 


r=! 


r=n cosV(w r -f £,). 

r-1 


(VI-1) 


Again, with the split-element filter, the added phase 
difference must be divided equally between the two 


halves of the split elements to keep 0. A 

transmission maximum of the filter can then be 
centered on any given wave-length, Xi, by adjusting 
£ until rc+£ is an integer for each element. This is 
always possible if £ can be adjusted over the range 
to +6. If the phase shifter is achromatic, i.e., 
£ is Independent of wave-length at a given setting, 
the result is merely a shift of the transmission curve 
of the filter along the spectrum and its performance 
is equally good at all wave-length settings. If, on 
the other hand, £ is a function of wave-length, the 
spacings of the transmission maxima of a given 
element are altered. Hence the relative positions of 
the transmission maxima and minima of the differ- 
ent elements depart more and more from exact 
superposition as' the wave-length departs from Xi. 
The result is an increase in the residual light 
transmitted in the intervals between principal 
maxima of the filter as jX— Xi| increases. 

Lyot 3 and Billings 6 have both made numerical 
calculations of the additional residual light resulting 
from the use of non-achromatic phase shifters. 
They concluded that over a reasonable 'wave-length 
range (which can readily be isolated with glass or 
gelatine filters) the increase in residual fight is 
negligible. The adjustment of wave-length with 
phase shifters is therefore a practical possibility 
whether the phase shifters are achromatic or not. 

Several forms of variable phase shifters have 
been proposed. 

Lyot 3 made elements of variable thickness like 


£1? 
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P - polarizer 

■4 " quarfer wave flare T = TI^os 5 (nn*.-/^ ) 

©~ position angle of 

unif about OP p ^ g^'p, ; fl*. = g*''^ 



r= cos 1 (ttjw, -2Y„*,)co=?(Trn P -2'f P ) 

b 

Flo. 6. (a) Simple filter of three elements with quarter- wave 
plate phase shifters, (b) One unit of a split element filter with 
fractional wave plate phase shifters. 


4 Bruce H. Billings, J. Opt. Six;. Am. 37, 738 (1947). 
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those described above for the variable thickness 
filter, but with .the difference that the range of 
adjustment of retardation was restricted to one 
wave-length. 

Billings 6 made an experimental filter with photo- 
elastic phase shifters composed of sheets of poly- 
vinyl butyrate under adjustable tension. 

While both these arrangements give a satisfactory 
wave-length adjustment, they are tedious to use. 
Ordinarily each element must be individually ad- 
justed. The alternative is a complicated mechanical 
synchronization of the adjustments of all the ele- 
ments, which would make operation with a single 
control feasible. Without some such arrangement 
it would be impossible to vary the wave-length 
continuously. 

A much more promising approach is the use of 
the electro-optical phase shifters discussed by 
Billings. 6 A plate of the uniaxial crystal ammonium 
di-hydrogen phosphate (NH 4 HjP 0 4 ), known com- 
mercially as PN, cut perpendicular to the optic axis 
and mounted between transparent electrodes, be- 
comes biaxial and exhibits a retardation when a 
potential difference is applied to the electrodes. 
The retardation is proportional to the potential 
difference and is independent of the thickness of the 
PN plate. A filter made with a Billings plate added 
to each element (to each half of the split elements 
in the split element filter) could be adjusted 
electrically, and the problem of synchronizing the 
phase shifts of successive elements wouid be rela- 
tively simple. At the present writing Dr. Billings 
is actively engaged in the development of such 
electrically tunable filters. 

All three tuning methods have one difficulty in 
common. It is impracticable to push the phase shift 
beyond a very limited range. If a range from — x 
to +? r is adopted, a continuous variation of wave- 
length involves a discontinuous adjustment of each 
phase shifter. The phase shift must progress 
smoothly from — 7r- to +tt (at a rate proportional 
to the thickness of the associated 6-element) and 
then jump back to — tt. For most purposes there 
may be no serious disadvantage in this. If, however, 
the filter is to be used for spectrophotometric work, 
for example, it may be very difficult to avoid a 
spurious bump in the filter transmission every time 
a phase shifter passes a point of discontinuity, even 
with the electrical tuning. For such special purposes 
phase shifters composed of rotating fractional wave 
plates can be used. They have already been de- 
scribed briefly. 6 A fuller account of their theory is 
given here. 

The specific problem is to devise a combination 
of fractional wave plates which will alter the phase 
difference between the vibrations along two mutu- 
ally perpendicular axes, * and y, by any chosen 


amount, without altering their amplitudes. At a 
given wave-length, this is equivalent to a variable 
thickness of birefringent material with its 7-axis 
along the x or y direction. Such an arrangement is 
shown at a, Fig. 3 . It consists of two quarter-wave 
plates. The first is fixed with its 7-axis along the r 
axis (at 45 ° to the axis). The second can be 
rotated around the instrumental axis. At a given 
setting its 7-axis lies along the r' direction at angle 
p to the r direction. 

The vibration of the light entering the system is 
generally represented by 

& sin 27 ri, y — c sin 27 r(/-}-o'). (VI. 2 ) 

Resolving this vibration along the r and s axes and 
adding a phase difference of tt/ 2 introduced by the 
first quarter-wave plate we obtain for the emerging 
vibration : 

r = (&/V?) sin2v/-l-(c/x^) sin27r(f-f-<r), .... 

s— — (&/V2) cos2t r/-f-(c/V 2 ) cos2tt(j+o-). ' " 5 

Resolving this vibration along the r' and s' axes 
and adding another phase difference of ir /2 intro- 
duced by the second quarter-wave plate, we obtain, 

r'~{b/'Jl) sinjjZa-i— p] 

"H c /^) sin£2ir(i+<7)-|-p], ,-t-i n 

s' = (b/y/T) sin£27r/— pj ^ 

— (c/v5) sin[2a-(M-<r)-i-p]. 

Finally, if we resolve this vibration along the x' 
and y' axes, at an angle of p - {- (tt/ 2) to the x ar.j y 
axes, we obtain for the emerging vibration : 

x' = b sin£ 27 ri— p], 

y r = c sin £ 27 t(£-{- o*) -J-p-J-Tr^. 

A comparison of Eqs. (VI.2) with (VI. 5 ) sh.nvs 
that while the emerging amplitudes along x’ and y' 
are the same as the entering amplitudes along x 
and y, the phase difference has been increased from 
2 tt£t to 27r<7-|-2p-rT, i.e., the phase shift, 2ir$, is 

2tt£ = 7T-j-2p. (Vf.6) 

Obviously the phase difference can be set to any 
desired value by adjusting p. 

This two-element phase shifter has the disad- 
vantage that the x' and y ' axes rotate with the 
second quarter-wave plate. For some applications 
this is no inconvenience but in others it renders 
this phase shifter useless. The x' and y' axes can 
be restored to parallelism with the x and 3* axes by 
the addition of a rotatable half-wave plate, which 
has the property of reflecting any polarization figure 
in its 7-axis. 

The most convenient system, shown .at b, Fig. 5 , 
consists of two fixed quarter-wave plates wire, the 
rotatable half-wave plate sandwiched between 
them. Suppose the 7-axes of both quarter-vuve 
plates are in the r direction, while the 7-axis 0: the 
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half-wave plate is along the u direction at an angle 
4 't to the r direction. 

The vibration emerging from the first quarter- 
wave plate is given by Eq. (VI.3). Resolving this 
vibration along the u and v axes, and adding a 
phase di (Terence of x, we obtain for the vibration 
.emerging from the half-wave plate: 


u = \b VI) sinpx/— ^3 

+ (c/V2) sin[2x(i-b<r)-i-i/'3, 
v — 'b ’v2) cospxf— ^3 

— (e/Vj) cospx(£-r c) _ r ’/'3- 


(VI. 7) 


Resolving this vibration again along the r and x 
axes, and adding a phase difference of x/2, we 
obtain for the vibration emerging from the second 
quarter-wave plate: 

r — sinpxf— 2^j 

+ (c/v5) sinC2x(i-j-o-)-h2i^3, mi « 
s=-(6/V2)sin[>I-2^3 . 

+ (c/v2) sin[[2rr(i-}-tr) + 2^’3- 


Finally, resolving this vibration along the original 
x ar.d y axes, we find 


x'—b sin^2xl — 2^3i 
y — c sin[j2jr(H- <0+2^3- 


(VI. 9) 


The phase shift introduced by the three-element 
system is, therefore, 

2x£ = 4^. (VI. 10) 

The principal advantage in the use of fractional 
wave plate phase shifters in birefringent filters is 
in the possibility of a continuous variation of wave- 
length without discontinuities in the adjustment of 
the moving elements. Since p or 4' can be increased 
or decreased indefinitely, 2x£ is not restricted as it 
is in the other types of phase shifters discussed 
above. 

It should be noted that the fractional wave plate 
phase shifter is in a sense achromatic, since £ is 
independent of the wave-length for a given value 
of p or 4 ' — a very desirable property (see the 
discussion following Eq. (VI. 1)). With ordinary 
quarter- and half-wave plates, however, this ad- 
vantage is somewhat illusory. Their usefulness is 
limited to the rather restricted region of the spec- 
trum where their retardations are very close to 
quarter-wave and half-wave. This is another appli- 
cation where the desirability of achromatic frac- 
tional wave plates is evident. 

If continuity of adjustment over a large range of 
the spectrum is a necessity, the fractional wave 
plates themselves could be made adjustable. The 
addition of an electro-optical Billings plate to each 
fractional wave plate would perhaps be the simplest 
method. A relatively moderate potential applied to 
the Billings plate would then adjust the retardation 
accurately to a half-wave or quarter-wave at the 


wave-length of the transmission band of the filter. 
This seems a rather desperate measure, however. 

The construction of the fractional wave plate 
phase shifters is considerably simplified when they 
.are used in birefringent filters. Some of the quarter- 
wave plates simply take the form of an addition to 
the thickness of the birefringent elements. In in- 
stances where the y-axis of a quarter-wave plate is 
parallel or perpendicular to the axis of an immedi- 
ately following polarizer, it is evident that the 
polarizer utilizes only one component of the vibra- 
tion emerging from the quarter-wave plate. The 
x/2 phase difference therefore serves no real 
purpose, and the quarter-wave plate can be omitted. 

Consider first an element of a simple filter. 
Suppose the 6-element, oriented with its y-axis 
along the x direction, is followed by a quarter-wave 
plate with its y-axis along the r direction. If we let 
b — c — a./'fii, t—t'— (d/2\)ii, and <r = (d/\)p, Eq. 
(VI.3) for the vibration emerging from the quarter- 
wave plate reduces to : 

r — a cosxw sin2xf', s = a sinxra sin2xl'. (VI. 11) 

This is a linear vibration at an angle of -m to the 
r-axis. We can omit the second quarter-wave piate 
and let the light enter a polarizer with its plane of 
polarization at angle p to the r axis. The transmis- 
sion of the assembly is then 

t = cos 2 (x« — p). (VI. 12) 

By adjusting p (i.e., by rotating the polarizer) until 
n\— p/x = an integer, we can set r= 1 for any 
chosen wave-length. 

Lyot 3 has utilized this device to effect a slight 
shift in the wave-length of the transmission band 
of his filter. He used a quarter-wave plate with the 
last (thickest) element, and provided for the rota- 
tion of the final polarizer. The same method can 
be applied to the whole filter, however. 

An adjustable simple birefringent filter would 
consist, then, of a series of units shown at a, Fig. 6. 
each composed of a polarizer, a birefringent element 
with its y-axis at 45° to the axis of the polarizer, 
and a quarter-wave piate with its y-axis parallel to 
the axis of the polarizer. The three parts of each 
unit remain fixed with respect to each other, but 
the unit itself must be rotatable around the instru- 
mental axis. The angle p r is then the angle between 
the y-axis of the rth quarter-wave plate and the 
■axis of the immediately following polarizer. The 
'birefringent elements have the same thickness as 
in the non-ad justable filter. The transmission of 
the whole is 

T = COS 2 (tMi— pi) cos : (x2«i — p;) - ■ • 

Xcos 5 (x2 *-«»! — PI ), (VI.13) 

and 

P: = 2—pi- (VI. 14) 
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Since the values of p are proportional to the powers 
of 2, it is a relatively simpie matter to devise a 
gear train by which the wave-length of the trans- 
mission band can be adjusted with a single control 
knob. A continuous variation of wave-length now 
involves no discontinuity in the adjustment of the 
various units, since p can be made to increase or 
decrease indefinitely. 

Matters are somewhat more complicated in the 
split-element filter. The wide field characteristics 
depend upon the m and q components being crossed. 
Hence the phase shifts must be accomplished with- 
out any relative rotation of the two- Various 
arrangements are possible, some of which involve 
rotation of the center ^-elements, or rotation of the 
unit as a whole with respect to the polarizers, or 
both. However, the unit shown at b. Fig. 6, is as 
ample as any. 

The orientation of each element is indicated in 
the diagram by the short line above it for the fixed 
dements, or by the symbol (p m{ /2) or p p for the 
adjustable half-wave plates. The angle (p mQ /2) or 
p„ is the angle between the '/-axis of the half-wave 
plate and the 7-axis of the preceding quarter-wave 
plate. The second quarter-wave plates following m 
and p are indicated as an addition to the thicknesses 
of p and q, while that following q has been omitted, 
since its 7-axis would be parallel to the axis of the 
following polarizer. The transmission of a split- 
element filter composed of such units is 

r=II cos 5 / vn f —2p r — -J. (VI.15) 

It should be noted here that the built-in quarter- 
wave plates which are added to the thicknesses of 




Fig. 7. (a) One form of polarizing interferometer, (b) High 
resolution filter composed of polarizing interferometers and 
birefringent elements. 


the p- and ^-elements are not included in the 
calculation of « for these elements. 

The values of p T should be proportional to v r in 
Eq. (Vi. 15). Hence if n,=2 r ~ i (ni—%)-\--} as in the 
non-ad justable split-element filter, the P's are pro- 
portional to large odd numbers, and the problem of 
synchronizing the rotations of the half-wave plates 
becomes complicated (but not at all impossible). 
If, on the other hand, the n ' s are made proportional 
to the powers of two, the phase changers can 
compensate for the subtraction of from each 
value of n in addition to their normal function. 
Then 

n r = 2 r -'» 1 , • (VI. I61 

and 

2p r =* ir/2+2'- 1 p^'i— ’ (tr/2)]. (VI. 17) 

Since a rotation of the zero point from which angle 
p is measured to t/ 4 reduces this equation to 

2* r '«2*“»(2*i0. (VI. 18) 

it is evident that the variable parts of the p’s are 
proportional to the powers of two, and the problem 
of synchronization becomes relatively simple. 

The synchronization of the other types of phase 
shifters (variable thickness, photo elastic, or electro 
optical) is similarly simplified in a split element 
filter by constructing it with n’s proportional to 
powers of two. Equations (VI. 14) and (VI. 17) 
apply if we substitute — { for 2p. 

A final remark about filters of adjustable wave- 
length seems worth while. The birefringent elements 
need not be made to any exact thicknesses as in the 
fixed wave-length filters. It is desirable, but not 
necessary, to preserve the relation n r ~ 2 r-1 n s as 
closely as possible, since the synchronization of the 
various adjustments is then easier. There is no 
necessity, however, for wi to be an integer for any 
specified wave-length. This simplifies the construc- 
tion somewhat. If ^0.03, the thicknesses of the 
elements can be adjusted with sufficient accuracy 
by mechanical measurements alone. The error 
tolerance in thickness is inversely proportional to 
j u and is about dkO.001 mm for p = 0.03. 

VIL MATERIALS FOR BIREFRINGENT FILTERS 

For the benefit of potential builders of bire- 
fringent filters, a brief discussion of available ma- 
terials is given below. It must be emphasized that 
the list given is certainly far from complete. Tae 
author simply lists materials which have come to 
his attention and either have been successfully 
used, or look promising. Unfortunately, lack of 
time has prevented a really thorough search for 
suitable and available materials, and it would be 
surprising if some very useful ones had not teen 
overlooked. 
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Some of the desirable properties of crystals for 
birefringent filters are a large value of 11 with a small 
temperature coefficient; a high degree of hardness; 
chemical stability and insolubility in water; high 
transparency in the region of the spectrum for 
which the filter is to be used ; and availability in 
large pieces of high optical quality. 

For filters with band widths of 3 angstroms or 
mere, quartz is an ideal material. It is excellent on 
all counts except for its rather small value of 
fi[= 0.009). The birefringent elements of all the 
astronomical filters now in operation are made of 
quartz except for the final element of Lyot’s filter, 
which is calcite. 

Calcite would be excellent for elements of large 
n values if it were readily available in large sizes. 
Unfortunately it is so difficult to obtain that its 
general use in filters is probably impossible. While 
it is not as easily ground and polished as quartz, 
it presents no real difficulty. ^=0.17. 

Gypsum occurs naturally in large crystals and 
should be readily available. Its birefringence is 
similar to that of quartz, and it should be useful in 
the same places. Unfortunately, it is quite soft 
and might be difficult to polish. /r = 0.009. 

Ammonium di-hydrogen phosphate has excellent 
optical characteristics, although it is sensitive to 
pressure and must be mounted with care. It is 
available in large sizes. Its optical working has 
proved rather difficult, though not impossible, and 
its high solubility in water necessitates careful 
protection from atmospheric moisture, = 0.045. 

Ethylene diamine tartrate has promising optical 
characteristics accompanied by the disadvantages 
of high solubility in water and softness. The author 
knows of no attempts to' polish it, but it would 
probably be quite difficult. It is available in large 
sizes. ju = 0.084. 

Sodium nitrate has a larger ju-value than cal- 
dre, and should be useful for elements of large 
H-vaiucs. However, it is very soluble in water and 
difficult to work. At present it is not available in 
large sizes with the necessary homogeneity, n — 0.25. 

Yin. POLARIZING INTERFEROMETER FILTERS 

An account of birefringent filters should not be 
closed without some mention of the polarizing 
interferometer, a device which has the effect of an 
impossibly thick birefringent element. It offers the 
Possibility of filters of very high resolution with 
band widths in the range of hundredths or thou- 
sandths of an angstrom. The advantages of the 
polarizing over the usual forms of interferometers 
>s in the possibility of an accurate and stable control 
of the wave-lengths of transmission maxima (by 
means of- phase shifters) and a high light efficiency. 

The essential feature of the polarizing interfer- 
ometer is that the emerging light consists of two 


coherent sets of waves which differ in phase (be- 
cause of path difference) and are polarized at right 
angles to each other. The effect is similar to that 
of a birefringent element, and a series of polarizing 
interferometers can be used exactly like a series of 
birefringent elements to construct a filter. The 
wave-length of the transmission band can be 
controlled with adjustable phase shifters, and 
interferometers can be sandwiched between bire- 
fringent elements to form split-element units. 

The advantage of the polarizing interferometer 
over a simple birefringent element is that very large 
values of n can be obtained in a comparatively 
compact element. The saving in bulk may not be 
important, but the difficulty of obtaining bire- 
fringent material in very great thicknesses is 
significant. An element of calcite, for instance, must 
be about eleven times as thick as a path difference 
in glass. The principal disadvantage is the expense 
of construction , common to all interferometers of 
the split amplitude class. The field is small for 
large values of n, and while it is theoretically quite 
simple to make a birefringent field compensator, 
it is impractical because the thickness of bire- 
fringent material required nullifies the advantage 
of compactness. 

Many forms of polarizing interferometers are 
possible. One type which is well adapted for the 
construction of filters is shown at a, Fig. 7. It is a 
modified solid Michelson interferometer with a 
polarizing beam splitter, ft consists of two glass 
prisms, A and B, with a very thin slip, b, of sodium 
nitrate (or other highly birefringent material) 
cemented between them with its optic axis normal 
to the surface. If the angles are properly chosen, 
the Mayer totally reflects the light vibrating in the 
plane of the drawing and transmits the light 
vibrating at right angles to it. A spacer element, 
C, introduces a path difference. Surfaces 5 and T 
are silvered or aluminized. Light which enters in 
the direction OS, emerges in the reverse direction, 
SO, in two components polarized at right angles, 
with a phase difference given by 

2irn = -hr(ii /\)dc cos? (VIII.l) 

where n' is the refractive index and <s is the angle 
of incidence on S and T. The prism P (constructed 
like A, B) has the double function of polarizing 
entering light and separating out the desired part 
of the emerging light. It is shown in an incorrect 
orientation for simplicity in drawing. Actually 
prism P is rotated about the OS direction, to bring 
its axis to an angle of 45° to that of prism AB. 
The transmission of the whole assembly for light 
emerging in the R direction is then 

r=sin 2 -«. (VI 1 1.2) 

The remainder of the light emerges along SO. 
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The most serious difficulty in the construction of 
such an interferometer is the optical working and 
cementing of the 6-layer to the required accuracy. 
The orientation of the .S and T surfaces with respect 
to each other is not so critical, since a slight 
misalignment can be compensated by a thin wedge 
of birefringent material between prism P and the 
interferometer. 

One method of using polarizing interferometers 
combined with birefringent elements in a filter is 
shown schematically at b, Fig. 7. Between each 
polarizer, P, and the following interferometer, I, is 
a 6-element, which constitutes the m (for entering 
light) and q (for emerging light) components of a 
split element. The interferometer then takes the 
place of the p component. Between successive 
polarizers are purely birefringent split element 
units. The assembly includes 4 interferometers, 4 
polarizing prisms, and 10 6-elements. The interfer- 


ometers and 6-elements should be equipped with 
phase shifters (not shown). As an example, the 
interferometers might have retardations of 245,760; 
122,880; 61,440; 30,720; and the 6-elements, re- 
tardations from 15360.5 to 30.5 at X = 5000 ang- 
stroms. The system would transmit bands of about 
0.01 angstrom effective width, spaced about 150 
angstroms apart. Adjustment of the phase shifters 
will cause a selected band to scan the spectrum. 

If the light transmitted by the filter is received 
on a photoelectric cell, its output gives a high 
resolution spectrophotometric curve of the entering 
light. Such a filter would be preferable to a grating 
spectrograph for spectrophotometric purposes, be- 
cause, in spite of its small field (maximum usable t? 
about 0.0012 radian), it can be designed to transmit 
something like 1000 times as much light — a matter 
of considerable importance when such sharp bands 
are used, even in solar studies. 


The Birefringent Filter: A Correction 

[J. Opt. Soc. Am. 39. 229 (1949)] 

John W. Evans 

Harvard Observatory, Harvard University. Cambridge Massachusetts 

S HORTLY after this paper went to press, the author was 
greatly embarrassed to discover an error in his remarks 
concerning the field of the split element filter. The field, is, 
in general, approximately the same as that of the equivalent 
simple filter. Within this limitation, however, the split element 
filter performs satisfactorily, and for some purposes the reduc- 
tion in the number of polarizers required is important. 

If, using the notation of the original paper, we let 

tlm 1lq"8 , 

ttm T Itq — tljf 

Eqs. (V.8) reduce to 

r r = 1 —cos'im,, sin J iro— sin-m,- sinVn P 

t, = cos ! vji p sinVi+swriro, sin 1 ™,. '' 

The filter is constructed with n„ and n, equal for light paral- 
lel to the instrumental axis (<£ — 0). For light inclined to thi s 
axis, however, they are no longer equal, and, from Eq. (IV.2), 

o =^k<p-(^-+^)cos28. ( 3 ) 

There is, therefore, a system of hyperbolic fringes (composed of 
light in the wave-length intervals between the transmission 
maxima of the p component) superposed on a field of broad 
circular fringes indicated by Eq. (IV. I). If r. v is approximately 
1 over the spectral region considered, we have essentially 
Lyot’s first type filter, and the fringes are very weak. The field 
of the split element filter can be increased by constructing the 
two components of the split elements individually in any one 


of Lyot’s three wide-field forms. Since the fringes are then 
circular and identicai in each of the two components, o=0 
for ail values of <j>. The off axis effects are then given by tie 
appropriate equations of section IV of the original paper. 

Since no gain in field results from crossing the y-axes of tie 
m and q components, it is pertinent to ask whether this con- 
struction is the most advantageous. The transmission of a 
split element unit with the -/-axes of the m and q components 
parallel readily follows from Eq, (V.<5) of the original paper if 
we interchange a and y as multipliers of dj\. We find 

t,=cosV(»„ —n,) — sin2jr rt m sin2Tr«, cosnrBj, , z , 

r, = sinir(» m — » 5 )-ksin2tm m sin2tm, cosVtip. 

Expressed in terms of 8 and this becomes: 

t,= 1 — sinVre„ sinVo — sirrrrM,- cwu, 

T,=sin 5 xM„ sin J a-5+sin ! xJi, cosVk,. ' ' 

If 5 is zero for light parallel to the instrumental axis, it re- 
mains zero at all values of <t>. The field is the same as that of the 
equivalent simple filter. The expression for r, is then 

r, = sinVn,- cos’Trrtj,. 

This arrangement does offer some advantage over the spur 
element unit with the y-axes of the m and q components 
crossed. A filter of l birefringent elements can be constructed 
with its first 111 elements (i.e., the thin elements) sandwietbfri 
between the halves of the 7/2 thick elements. Since the trans- 
mission of the middle element in each unit is cos 5 *-/!, tee 
n-values are integral at the desired wave-length, and can ie 
made proportional to the powers of 2. The 1 / 2 thin element 
therefore function equally well throughout the spcctrtttr. 
Since the burden of suppressing the light at wave-lengths tsr 
removed from those of the transmission bands falls mated— 
on these thinner elements, this property is a real advantage. 
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A NET.T TYPE OF DIREFRINGENT FILTER 


by 


Ivan Sole 


Czechoslovak Journal of Physics, 



U(l)s 53-66, 1951i. 



A. new typo of birofringont filter is described, in which 
relatively small birefringent plates, all of equal thickness , 
and two polaroids are used, A new method of analysing two 
complementary models is demonstrated, arid an example is given 
of the actual preparation of the filter. 


INTRODUCTION 

In l^lii, R. W. Wood /~1_7 employed birefringence to isolate the first 
or second line of the doublet of Na , using a quartz plate cut in the di- 
rection of the optic axis and inserted between two Nicol prisms. Since 
then tlds experiment has been repeated many times, but only in 1933 did 
B. Lyot /~2 7 find a method for applying birefringence to obtain monochro- 
matic light. Independently of him, in 1938, X. Ohran /~"3_7 began similar 
experiments. .He employed several quartz plates with interlayers of polaroids 
and obtained a monochromatic filter. Following this, Lyot /~lt_7 again began 
work, in this field and constructed a birefringent filter to be U3ed for 
observations of solar prominences. Lyot also designed and engineered more 
complex filters. Recently, J. W. Evans /~5_7, who also suggested con- 
structing an interferometer on the birefringence principle, has made a 
detailed study of birefringent filters. At a number of astronomical ob- 
servatories solar investigations are being carried out with birefringent 
filters; the advantage of a light monochrome ter without slits and with a 
large field of vision affords ever increasing possibilities for application 
of birefringent filters in science, technology, and industry. 
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THE PRESENT STATUS OF BIREFRINGENT FILTERS 


The simplest kind of birefringent filter has been described inde- 
pendently by Lyot and Ohman. This filter is a system of quartz plates 
prepared from optically perfect crystal so that the optic axis z lies in 
the plane of the plate and the thickness of each successive plate is tTri.ce 
that of the preceding. Polar olds are inserted between the individual quartz 
plates. The shortcomings of this filter (if a narrow transmission band is 
required) are the negligible permissible convergence of light and the ex- 
cessive thickness of the last plate. Lyot obtained a large permissible 
convergence, using new kinds of birefringent filters, which are now referred 
to as Lyot's first, second, and third type filters. Lyot's first type 
filter is similar to the above-mentioned basic resolution of the birefringent 
filter^ however, each quartz element is divided in two, and a half-wave plate 
is inserted, between the two elements. In Lyot's second type filter connected 
birefringent elements are also employed, each of which, however, is prepared 
from a different material and both materials have -to satisfy a definite 
condition. The most ideal filter is Lyot r s third type, in which every bire- 
fringent element of the basic filter is replaced by three plates, two of 
which are prepared from the same material, and the third from a different 
material. - ■ 

Evans' work /~6_7 represents a new attainment in the construction of 
birefringent filters. He developed a filter containing only half the number 
of polaroids required in previous filters. This filter, which Evans calls 
the "split element filter," is a modification of Lyot's first type. At 
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present the Evans filter is considered to have the most ideal construction. 
Further investigations into the construction of birefringent filters have 
been directed toward the perfection of a tuning filter,, Already, during 
the initial experiments, first results have been obtained by Lyot and Ohman, 
who have established that it is possible to shift the position of v the 
transmission-band maxima within known limits by appropriate inclination, 
avans, who has indicated the possibility of employing wedge-shaped plates, 
is concerned with the general solution of the problem of filter tuning. 

Lyot discovered the possibility of fine filter tuning by temperature change » 
Finally, B. H. Billings /~ 7_7 found a new method for tuning birefringent 
filters using electro-optical materials (e„g„, ADP). 

1/hole series of birefringent plates of different thickness are used 
m all filters known to date. In' developing the birefringent filter with- 
the narrow transmission band, i.e. with great resolving power, the construction 
of the' thickest elements gives rise to considerable difficulties: either very 

thick plates of rare quartz are required or it is necessary to find very com- • 
plex combinations. What is more, the thickness of the plates must be kept 
correct to the order of 10 ^ mm. Since each filter has an assembly of 
plates of different thickness, the manufacture of these filters is very 
difficult and expensive. 

In every filter there is a whole series of polaroids, -which leads to 
large absorption (especially when imperfectly colored polaroids are used) and 
thus there is a large loss of transmission. In this respect, the Evans filter 
is a step forward, since only half the number of polaroids /normally required/ 
suffice, other conditions being equal. 

qCj 
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A NEW TYPE OF BIREFRINGENT FILTER 

A new type of birefringent filter has been constructed in the labo- 
ratories of the Scientific-Research Institute of Electrotechnical Physics 
in Prague**^ The advantage of this filter over the filters known to date 
is that comparatively thin birefringent plates of the same thickness are 
used and are ground from identical material* Another great advantage of 
this new filter is that two polaroids suffice* Furthermore, the resolution 
of the filter has two modifications, the second of which gives results 
complementary to the first. 

The general features of the filter are analyzed and described below, 
and an example is given of its actual construction from quarts* 

a) Tire first modification of the filter 

In this filter, m birefringent plates of identical thickness d and 
2 polaroids are used. In each plate there are two principal directions in 
which the linearly polarized light wave is propagated, where the index of 
refraction in one direction is n-^, and in the other the directions are 
perpendicular to each other. The difference of the two indices of refraction 
determines the birefringence value of the material used. 

Using familiar methods we find both the main directions of the prepared 
plates within an accuracy of +10 *, and mark them. 
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The examined light passes through the first Polaroid. The linearly 
polarized light wave emerging from the Polaroid is defined by the equation 


r = sin 2nf • t , ( 1 ) 

where r is the instantaneous deflection, f the frequency of the oscillations, 
and t time. The amplitude of the entering light is assumed to be unity, 
which does not affect the generality of the result. This linearly polarized 
wave falls on the first birefringent plate. One of the principal directions 
of the plate forms a small angle £ , to the right, with the direction of the 
vibrations of the polarized light. The light, leaving the first plate, falls 
on the second, which is turned with the same principal direction at the same 
.angle £ to the left of the plane of direction of the vibrations of the 
Polaroid. The third and all the remaining odd-numbered plates are in the 
same position as the first plate, and all the even-numbered plates, are in 
the same position as the second plate. Vfe will use the conventional 
symbol for wavelength, The following definitions are introduced for 


brevity : 


sin £ = A, cos £ = B, sin 2 £ = C, cos 2 £ = D, sin 1* £ = U, 


[■ 


sin 2 n • I f • t - ^ • (kn-L + jn 2 )J = S(kn- L + jn 2 ). 


where k and j are whole numbers. 

Axter passing through a certain number of plates, the light always 
assumes the two principal directions of the last plate. Let us call tha 
instantaneous deflections in these two directions x and y , when the light 

6 g 
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has passed through g-1 plates. After the light has passed through the 
first plate, the following expressions hold: 


X 1 = A • S( n]L ), 
y x = B • S(n g ). 


The following recurrent formulas my be derived for the passage of light 
through the succeeding plates: With even g + 1: 


With odd g + 1: 


x , = x • D - y » c 

g+! g ’ 

y g+i = x g ■ C + y g • D. 


x _ = x 
g +1 g 

y g+l = x g 


D + y 

C + y_ 
J S 


c. 


D. 


(3a) 


(3b) 


In tnese equations the dot above a letter means that S is followed by (n-^), 
a dash means that S is followed by (n 2 ). 

The calculation for the entire series of plates is carried out veiy 
simply on the basis of the above formulas; the results obtained, however, 
are so extensive that they are not included here. 

A further step is the reduction of the rays leaving the last plate in 
two mutually perpendicular directions x g and y g to the general direction of 
the vibrations T . This is accomplished by means of the second polaroid, 
whose direction of vibrations is exactly perpendicular to that of the first 

Polaroid. Thus, the polaroids cross. Mathematically this may be expressed 
by the equation: 


T 




A. 
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Examining the expression for T, we derive the basic properties of the 
filter. I will give the results of the long calculation only* the filter 
shows sharp maxima, whose position in the spoctrum is defined by equation 

d • (nT_ - n 2 ) = - iLZ-L. X » (U) 

2 

In this equation v is a whole number, v *» 1, 2, 3, » 

Besides the principal maxima there is a considerable number of secondary 
maxima, whose intensity, however, may be disregarded. The centers of uhs 
ma mma are defined by the equation* 

d * (n^ - rig) = v a X . (5) 

Thus, the positions of the maxima and minima of the filter are completely 
identical with the positions of the maxima and minima of one of its plates 
placed between the crossed polar olds. 

From this we derive the first significant result* The spacing of the 
maxima and minima in the spectrum is determined only by the birefringence 
and the thickness cf one filter plate. The sharpness of the maxima is 
determined by the width of the transmission bands: for the principal maxima, 

the bandwidth dX is determined by the formulas 

AX = 0.6 ^ 

g * d • (n x - n 2 ) 

where g is the total number of plates. Formula (6), which is only approxi- 
mate, indicates that the width of the band is approximately the same as the 
width of the. maxima of one of the plates, the thickness of which equals the 

\o3 
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stan of all the filter plates , in a diagonal position., This shows one of 
the substantial advantages of the new filter, Tf we place the second 
Polaroid in a position parallel to the first, a complementary phenomenon 
occurs, in that the maxima and minima interchange in position and width. 
Thus, a series of sharp dark bands is observed on the spectrum; their 
position is determined by equation (Ij) and their width by (6), 

Angle £ is relatively small and varies approximately within the -limits 
0.5 and 10°. It is difficult to compute the optimum value of this angle 
mathematically. However, it is relatively easy to set it up by experimental 
means, 

‘If we disregard the absorption in the polaroids and the reflection at 
the individual polished surfaces (the plates may be cemented with Canada 
balsam), the transmission of the filter amounts to 50 pet, as indicated by 
quantitative photometric measurements and an approximate theoretical evalu- 
ation. In the case of the cemented filter, we need only consider the total 
absorption and the reflection from one plane. Therefore, with a given 
margin /of err op/ let us assume -the transmission of the filter for the 
position of the maxima to be 30 pet. Thus far, not one of the selective 
filters has attained this transmission capacity, A schematic sketch of 
the filter is given in Fig, 1, In the experimental part we give some 
results of measurements on a filter made of quartz plates. 
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b ) Second modification of the fil tor 
In the socond modification of tte filtor, m birofringent plates of 
equal thickness d and Uo polaroids were used, as in the first modification. 
The difference between the two types lies in the plate arrangement only. In 
the second modification, the plates are arranged in such a way that each 
successive plate is turned at the same angle £ and in the same direction as 
the preceding plate. Thus, a fan-shaped layout of the plates is obtained. 
The axis of symmetry of the fan of principal directions runs diagonally to 
the input /First/ Polaroid. The second polaroid is parallel to the first. 

let us once again give a general description of the process taking 
place in the filter. We will introduce the following notations: 

sin £ = A, cos £ = B, sin 2 £ = C, . cos 2 £ = D, sin ^ = L, cos | ■= M, 

sin 2 k jt ■ t - £ ■ (ta-L * jnp | - S(kn x * jn 2 ). 

/ is defined by the expression: 

\!r = _JL - m - 1 „ 

h r~ £ ° 

The polarized light from the first polaroid passes through the first plate. 
After this light has passed through the first plate, the vibration is de- 
fined by the expressions :- 

X 1 = L 0 s ( b i). 3 y x " M • S(n 2 ). 

The following recurrent formulas are valid for the passage through the 
remaining plates: 

10* 


(7) 
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X , — A ° B + v ° A 

g+1 g n > 

y g+l “ Fg * B “ * g ‘ A . 


( 8 ) 


The dots and dashes over the x and y have the same meaning as before = 

After passing through a certain number of birefringent quartz plates, 
the light passes- through the second Polaroid, after which both waves again 
reduce to the general direction of vibrations. Mathematically, this process 
is expressed by the equation: 


T - X g • 1, + y g • «. ' (<,) 

The meaning of the letters is the same as before. Again we give only the 
results of the analysis of the second filter modification. The filter has 
sharp maxima, whose position in the spectrum is defined by the equation 

d • (n x - n 2 ) » v • \ . ( 10 ) 

The centers of the broad minima are defined by a similar equation: 

d * < n l - n 2> " 1 x • (11) 

The width of the transmission band is expressed by equation (6). The second- 
ary minima are quite insignificant. The transmission of this filter is the 
same as that of the first filter modification. If we place the second 
Polaroid in the crossed position, sharp minima are foraied, whose position 
is determined try (10), and whose broad maxima are determined by (11). 

Thus a complementary phenomenon again occurs. In general form, the 
second modification of the filter is complementary in construction to the 

f0£ 
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first modification. Tho filter assembly is represented schematically 
in Fig. 2. 

In the experimental part of this work, several results are given 
which were obtained from a filter of quartz plates. 

OHER POSSIBILITIES OF EMPLOYING AN ASSEMBLY OF IDENTICAL 
BIREFRINGENT PLATES 

It is possible to carry out a whole series of interesting experiments 
with an assembly of birefringent plates of identical thickness, ground at 
the same angle, from the same birefringent material. The filter construction 
is always identical in that two polaroids are used, between which the plates 
are placed (Fig, lib). The various modifications of an assembly of this type 
differ only in the changes of the position of the directions of vibrations, 
and in the position of the principal directions of the birefringent plates, 
i.e. the polaroids and the plates are gradually rotated. In these experi- 
ments a very diverse distribution of the transmission and absorption bands 
in the spectrum is possible. Thus, for example, the whole spectrum consists 
of sharp doublets, triplets, and quadruplets, light or dark. Instead of a 
detailed account, in the experimental part of this paper we will give 
examples of several possibilities, which may be realized by keeping the 
birefringent plates stationary and simply rotating the polaroids. 


(el 
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EXPERIMENTAL RESULTS 

Of the experiments conducted with different birefringent plates, I 
will cite only the results obtained with one assembly of ten plates. Quartz 
plates, cut in the direction of the optic axis, were used. The birefringence 
value of the quartz in this direction, relative to the wavelength 'of the 
light is shown- in Fig. 3. 

In this direction, the quartz also shows a slight capacity for turning 
the plane of polarization. This capacity of the quartz is zero at a cut 
of $6 10’ . At the specified cut of 90°, a slight capacity for turning 
remains, which causes an ellipticity of the light with an axis correspondence 
of about 0.02, so that it may be assumed that the light is propagated practi- 
cally linearly along the principal directions of the vibrations. The measure- 
ments were conducted with plates 1.HLL7 m thick. Two slightly colored 
herapathite polaroids were used. A spectroscope with spectrometer was used 
for the visual experiment, a spectograph for the photographic experiment. 
Several oi the spectrograms are given here. The spectrograms show that in 
the red part of the spectrum they are limited by the sensitivity of the 
photofilms, while in the violet they are limited by the glass of the polaroid, 

a) Measurement of the first filter modification 

The arc spectrum of iron, which nay be used as a scale for wavelength, 
is given at the top of Spectrogram 1. Below it follows a) the spectrum 
obtained from the continuous spectrum after the light has passed through 
the 10-plate filter, b) the same assembly with only 8 plates, c) with 6 plates. 
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d) with i; plates, e) vrith 3 plates, f) with 2 plates, and g) with 1 plate. 

For comparison, spectrum h was also photographed, using the same plate 
placed in a diagonal position. In all the other cases, it was assumed that 
angle £ - f>°. Since a reduction in the number of plates also resulted in 

a reduction in tho number of reflections on the individual surfaces, the 
exposure time was reduced correspondingly. Obviously, the exposure time 
vras too short in the case of spectrograms e, f, and g. Spectrogram 1 
upholds the validity of equations (ii) and (5). These equations were also 
accurately checked by spectrometric measurements. Furthermore, the validity 
of equation (6)' was established through photometric analysis of the spectro- 
gram. The coefficient 0.6 was also determined through this analysis. 

The properties of the filter with respect to angle £ were also defined 
on the basis of Spectrogram 2. The arc spectrum of iron again appears at 
the top. A gradual change of angle £ took place, namely 1 H0 f , 3 30 , $ , 

7°, 10°, 10 ° 30 '. in the spectra that follow, i.e. a, b x c, d, e, and f, with 
the same exposure. In spectra d and e not all the £ values were identical, 
and in some plates the deviations amounted to approximately 20*. The effect 
of this deviation on the symmetry of the separate passages of light is 
noticeable on the sketch. On the given spectra, one may see the optimal 
angle £ , at which additional passages /of light/ can dq ignored and where 
the principal maximum is narrowest. The last two spectra, g and h, were 
prepared for a final photometric chock of equation (6), I will give, 
briefly, the checking sequence.* one of the polaroids was removed and placed 
in front of the first polaroid. -Its direction of vibrations was placed 
parallel to the direction of the vibrations of the first polaroid. With this 

m 



layout, the light first passed through the series of birofringent plates, 
then through both polaroids, placed parallel to each other. The total 
result of the transmission was as follows: a.ll reflections in the system 

remained unchanged, £0 pet of the transmission was lost owing to the ab- 
sorption in the polaroids ^ spectrum h was photographed in the same way as 
spectrum g j however, the polaroids were placed in front of the hire f ringer, t 
plate assembly. Thus there is an identical loss in both cases g and h, 
owing to absorption and reflection, as in the case of the 10— plate filter. 

The 'photometric measurements have shown that the light intensity of the 
filter maxima is exactly the same as that in the g and h spectra at corre- 
sponding wavelengths. Thus, it was established that the filter transmission 
was exactly $0 pet, if we ignore absorption and reflections. This pO pet 
is due to the natural polarization mechanism and therefore cannot be increased. 
Furthermore, a partial polarization, caused by the plate assembly, appears 
in spectrum k. 

b) Measuring the second filter modification 
These measurements were a development of the first filter mea sure men ts. 
The spectrum of iron is again shown at the top of the spectrogram (No. 3) • 

In this spectrum some wavelengths are approximate. Spectrum a was obtained 
with 6 birefringent plates and two polaroids with the same arrangement as 
in Spectrogram 2, h. This spectrum was also photographed to evaluate light 
intensity. Spectrum b is the spectrum of the 6-plate filter of the first 
modification. Spectrum c represents the spectrum of the 6-plate filter of 
the second modification. Both spectra taken together show that the filters 
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complement each other. Spectrum d is also a spectrum of a 6-plate filter 
of the first modification, but one in which the polaroids were placed 
parallel to each other. Spectrum e represents the spectrum of the 6-plate 
filter of the second modification, but in 'which the polaroids were crossed. 
Again the complement is evident. Spectrum f represents 3 plates whose 
directions of vibrations were set uniformly in a diagonal position with 
respect to the crossed polaroids. Spectrum g is similar, but with parallel 
polaroids. Both spectra f and g were photographed in order to evaluate the 
width of the transmission -bands. In all previously known complex filters 
the bandwidth is approximately the same as the bandwidth transmitted by one 
plate in a diagonal position, the plate being half the total thickness of 
all the plates. From the above spectra, it follows that the bands of the 
filter are considerably narrower, if we consider the width of the trans- 
mission band of the 6-plate filter and the' width of the transmission band 
with 3 such plates in a diagonal position. The measurements again verify 
the empirical coefficient 0,6 of equation (6). 

c) Examples of several other experiments with measurable plats s 

The plates were placed as in Fig, 1*. In all the spectra of Spectrogram 1 
this arrangement was kept constant, only the position of the direction of 
vibrations of the polaroids was changed. The spectrum of iron is given at 
the top. Spectrum a represents a ?-plate filter with directions of vibrations 
of the plates as in Fig. lu 

In the first polaroid as well as in the second, the direction of vi- 
brations is parallel to that* of plate No. 6. Spectrum b was obtained with 

m 
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the same plate assembly; the direction of vibrations of the first Polaroid 
was parallel to plate the second polaroid was crossed. Spectrum c was . 
obtained from the samo plate assembly with the directions of vibrations of both 
polaroids parallel to plates 2 and 9„ Spectrum d was photographed with the 
same assembly; the first polaroid was placed parallel to plates 1 and 9j the ' 
second was crossed. Spectrum e was obtained with the direction of vibrations 
of both polaroids along the axis of symmetry of plates 1, 9 and Jj>. Spectrum f 
was photographed with the same assembly, however, the second polaroid was 
crossed. During the photographing of spectrum g the direction of vibrations 
of the first polaroid was parallel to plates 1 and 9 , the second, to plate 
Finally, in the case of spectrum h the position of the vibrations of the 
first polaroid was parallel to plates 1 and 9 and the direction of vibrations 
of the second polaroid was perpendicular to plate 5. 

From these examples it follows that there is the possibility of an 
enormous number of combinations of positions of the principal directions of 
the birefringent plates and of the directions of the vibrations of the polaroids. 
Every new combination gives ever newer possibilities of the distribution of 
transmission bands in the spectrum. Xt is also probable that this use of an 
assembly of identical birefringent plates will find its practical application. 

d) Some additional information 

In making measurements, X also verified the possibility of shifting the 
transmission bands of the spectrum by inclining the filter. The results obtained 
verified the measurement results obtained by Ohman with the simplest filter. If 
one wishes to include all wavelengths, the first modification of the filter 
should be changed to the second when tuning the filter to include wider limits. 
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I also tried quartz plates ground at an angle of 56°10 1 to the optic 
axis. A filter can be constructed from such plates, but it is much more 
sensitive to the convergence of light. This also follows from the equation 
which expresses the change in birefringence with respect to the change in 
the angle of cuts 

( n l ~ n 2 It 89 ( n i “ "2)90° 11 sin2 ^ • 

In finding the derivative of this approximate equation, we obtain the relation 
of the change of birefringence to the change of the angle 

AOnq - n 2 )a. = (n-^ - ° sin 2 A J- • 

From this equation it clearly follows that the smallest change takes place 
at angle 90°, that is, with the cut parallel to the optic axis. This equation 
has its maximum at <$- *= 1*5°. Thus, in this region the filters are most 
sensitive to the convergence of light. When the bundle 'of light is parallel 
there are no objections to the use of ’ plates ground at an angle of Jb 0 !© 1 , 
which lias zero capacity for turning the plane of polarization. X did not 
measure the relation of the transmission maximum to the temperature. In the 
literature cited, a shift of 0.66 A in the direction of shorter waves for 
a 1°C rise in temperature is given for quartz. 

In constructing a filter with great resolving power, the direction of 
the cut must bo maintained very strictly. In cutting quarts parallel to 
the optic axis it is expedient to keep the tolerance of the angle at +10 
X-ray verification of the cut, using a Zeeman spectrograph, is well suited 

((3 
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to this purpose* The thickness of the plates must also be strictly 
controlled. The thickness and planeness can be closely regulated inter- 
ferometrically. 

Prof. Becvar called ny attention to the growing importance of hire- 
fringent filters and thus led me to think about new possibilities.. Xn 
concluding, X wish to express my gratitude to him. The present work is one 
of a number of dissertations under way at the Scientific-Research Institute 
of Electrotechnical Physics in Prague. 


submitted 
20 April 1?53 
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This continues an article which appeared in the Czechoslovak 
Journal of Physics, hi 53~66, 19!?U, where the relationship^bo-^ ^ 
tween the angle and the number of plates was founds A qualitative 
study is made of the influence of the inclination of the filter 
and an approximate expression is derived for the maximum permissi 
bis convergence of light and for tho relation of the wavelength of 
the transmitted light to the temperature. 

In ny article "A new type of birefringent filter" which appeared in 
this journal, the question of the size of the angle between the directions 
of the vibrations of the individual plates had been left unsolved when this 
filter was constructed. In this work I wish to show the mechanism by which 
this angle £ is determined. 

Analytical investigations of the angle £ did not lead to clear results. 
Therefore, I used the experimental method to study the influence of thxs 
angle on the birefringent filter, I used the visual spectrometer method, 
since the weak secondary maxima can be determined more reliably visually 
than by photographic plate and photoelectric cell. The aim of the measure- 
ments was to find the relation between the optimal angle £ and the number 
of plates, their thickness, and birefringence. Furthermore, I was interested 
in the influence of the departures of some plates from the optimal angle 
on the quality of -the filter, and the influence of the irregular orientation 
of the plates, their unequal thicknesses and optic heterogeneity . ■ Con- 
currently, we carried out investigations of the influence of the inclination 
of the whole filter with respect to the direction of the rays. The established 
relations are very interesting and have a practical signif icanwe . The 
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measurements were conducted in air and in immersion. In all experiments 
quarts was used as the birefringeni material. 

Below is a short report on the experiments, which often had unexpected 
results. First of all it was established that the value of the optimal 
angle £ docs not depend on the thickness of the plates, and thus* it is 
also independent of the birefringence value of the material employed. Next 
it was established that the optimal angle is constant for all wavelengths. • 
the optimal angle depends only on the number of plates, hence its value may 
be expressed very approximately by the following formula: 

£ . = , (g being the total number of plates) (1) 

opt. g 

This formula holds for the first and second filter modifications. 

Since the limits of measurement of angle £ must be defined accurately, I 
again give sketches of the plan of the first and second filter modifications 
-with final notations (Figs, la and lb). In these sketches the directions of 
vibrations of the polarizers are depicted by broken linos, the principal 
optic axes of the plates are represented by solid lines. 

In the following I will give some of the details observed during experi- 
ments with the first filter modification. The second modification in a 
number of respects has the same properties, 

THE BEHAVIOR OF A FILTER '.91 TK FINE TUNING 

Let us examine more closely the effect of the changes of angle £ on 
the behavior of a filter and let us define more exactly what constitutes 
the concept of the optimal angle. The interference picture changes with a 



change of angle* Thus,, tha width and intensity of a transmitted lino can 
be changed within given limits and can exert a strong influence on tie 
intensity of tho secondary maxima* Wo triod in co far as possible to 
suppress the secondary maxima, at the same time keeping the transmission 
band as narrow and as light as possible* This requirement was satisfied 
at optimal angle £ ^. By experiment I determined that in general three 

zones of angle £ may be distinguished, where the following characteristic 
phenomena take place? 

a) Zone Is £ smaller than £ 0 p^-» When the angle becomes smaller, the 
band of the transmitted line gradually broadens, whereby the characteristic 

of the transmission intensity with respect to the wavelength becomes 
bell-shaped, while the characteristic of the optimal angle is nearly straight* 
As the angle decreases, the intensity of the transmission also decreases, at 
first slowly, then rapidly* - However, the intensity of the secondary undesired 
maxima decreases simultaneously, and considerably more rapidly. The trans- 
mission band becomes approximately 60 pet wider than the initial width. As 
angle £ approaches 0°, the whole process becomes rapidly weaker* When 
£ = 0°, naturally the whole field of vision is dark* 

b) Zone 2: In this zone the angle £ = £ according to formula (1). 

In the first filter modification, the optimal angle nay be changed within 
fairly wide limits, without causing any considerable change in the character 
of the spectrum* It was established by experiment that in this case a change 
of 10-20 pet in angle £ is permissible* Thus it seems’ that in the first 
filter modification it would be expedient to keep the £ values approximately 
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10 pet below those given by tho abovo formulae; The computed value of 
the angle is better for tho second filter modification. 


c) Zone 3? Angle £ larger than £ The width of the transmission 

band decreases somewhat at first, by several percents, but when the angle 
increases, the transmission band begins to bifurcate. The intensity of the 
secondary maxima quickly increases, the phenomenon loses its typical charac- 
ter and the filter ceases to be monochromatic. 

Such are the results of the experiments which established the directions 
of vibrations and in which absolutely identical and homogeneous plates wore 
employed. 


THE EFFECTS OF IUACCUIUTS lOOTTING AMD KSTSRGGEHEITT 

If the directions of vibrations are not established accurately enough, 
i.e 0 if the angles of the different plates differ, various changes occur in 
the initial position of the spectrum of the birefringent filter. If the 
departure of the mounting angle for the individual plates does not exceed 
5 pet of the established £ value, only an insignificant irregularity is 
observed, in the distribution of intensities of the secondary maxima, and the 
transmission curve of the principal maximum ceases to be symmetrical. If 
the departure of any plate exceeds the above value, there will be a consider- 
able increase In the intensity of one of the secondary maxima or a general 
irregularity in the distribution of intensities. 'sTith greater departures 
(20 pet or greater), the secondary maxima cause interference. An incorrect 
arrangement of the polarizer will also have this effect. 

i 



The heterogeneity of the plates,, thoir differences in thickness and 
twinning also cause undesirable phenomena, particularly in filters with 
great resolving power. However, the twinning s may be excluded in advance, 
and the thickness can easily be controlled interferons trically and by 
polishing within an accuracy of 0.0001 mm, which is sufficient in .all cases. 

Another question is the possibility of maintaining the direction of the 
cut. In ny first article on .filters I wrote of the possibility of using 
cuts that are not parallel to the optic axis of the crystal, I also introduced 
a small permissible convergence of the bundle of light. I should amend my 
statement. Oblique cuts may only be used in filters with a small .number of 
plates. In other cases, oblique cuts should not be used. The reason is very 
simple: only in cuts parallel to the optic axis does the perpendicularly 

incident ray pass in a constant direction in the direction of the extraordinary 
ray, i.e,, perpendicular to the plate. With other cuts, as follows from 
Huygens 1 construction, the extra or dinary ray departs from the initial' direction 
as a result of which there is an ever larger divergence of the bundle of 
light in the successive plates, which finally makes monochronatisation im— 
possiole with -a larger number of plates. Thus in constructing birefringent 
filters it is expedient to use only cuts which are parallel to the optic 
axis of the crystals. These cuts may be adjusted with an accuracy of 10’ 

(by the optic method or the X-ray method), which is sufficient for filtor 
production. 

Before assembling the filter, a simple control can be effected over the 
optic homogeneity and the uniformity of thickness of the plates. For this 
purpose two prepared polished plates are placed one on the other so that the 
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direction of the maximum coefficient of refraction of the first plate will 
cross that of the second plate, the birefringence of the plates arranged 
in this manner vri.ll cancel. If this pair of plates is examined in parallel 
polarized light in crossed polarizers , on rotation the pair of plates 
should appear uniformly dark along the whole surface. This system will be 
highly sensitive to ary heterogeneity; irregularity in thickness , etc. This 
method., e.g. , can also reveal electric twinnings in the quartz. 

THE RELATION BETWEEN THE BEHAVIOR OF THE FILTER AND ITS 
INCLINATION TO THE LIGHT RAIS 

Usually a filter is placed in parallel light; whose rays are perpen- 
dicularly incident on the filter. However, it is very useful to know the 
maximum permissible convergence of the bundle of light which still will not 
disrupt the interference to ary appreciable extent. Then the filter can be 
tilted somewhat so that the rays will fall on the surface of the filter at 
a different angle ; in this ‘way the filter can be tuned within wide limits. 
Experiments along this line led to the following results? 

The first and second filter modifications can be tilted such that 
the axis of inclination coincides with the bisectrix of the optic axes of 
the maximum or minimum coefficient of refraction. Thus there are two 
mutually perpendicular directions around which the filter can be inclined 
(the chosen direction remains parallel at all times during this process). 

The following uniform results were established for both filter modifications: 

J '3-h 
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a) If the axis of inclination is the bisectrix of the optical axes 

of the maximum coefficient of refraction, the transmission hands will shift 
in the direction of shorter wavelengths, whether or not the filter is tilted 
in the same or in a different direction from that of the rays, 

b) If the axis of inclination is the bisectrix of the optic axes of the 
minimum coefficient of refraction, the transmission bands will shift in the 
direction of longer wavelengths, whether or not the filter is tilted in the 
same or in a different direction to that of the rays, 

c) The directions of the wavelength are exactly the same, whether the 
filter be tilted around the bisectrix in one direction from the direction 
of the rays or in the other, 

d) The absolute value of the change in wavelength during the inclination 
around the bisectrix of the optic axes of the maximum refraction coefficient 
is the same as the absolute value of the change with inclination around the 
bisectrix of the minimum coefficient of refraction. 

e) Changes of via ve length in both filter modifications are identical 
with respect to the angle of inclination, 

f) The following general law was found which defines the change in 
wavelength with respect to the angle of inclination of the filter <p: 

AX « const X ° F(tp) . (2) 

In the case of not-too-large values of the angle, vie can assume F(<p) 
to be approximately cp 2 or sin^cp. The essential relationship of AX to the 

izi 
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number of plates or to their thickness was not found. 

After the indicated value for F(t) is set up and the numerical constant 
computed^, formula (2) becomes 

hT = k.$ * X • <p 2 . 10-3, (3) 

■where ZT is the shift' of the known transmission band, X the wavelength of 
the transmission band, tp the angle of inclination (in degrees) of the filter 
from the perpendicular incidence of the light ray. 

The measurements were conducted on many filters for various wavelengths, 
in all cases with the angle £ optimum. By way of example I give the measure- 4 
ments made with the first filter modification consisting of seven quartz 
plates 1. 5832 mm thick. This filter was constructed for observation of the 
solar corona. The required wavelength of the transmitted light was 56 93 A. 

The relation of wavelength to angle of inclination of the filter was investi- 
gated. The measurement results are shown graphically in Fig. 2. The ascending 
line pertains to the filter inclination around the bisectrix of the principal 
axes of the minimum index of refraction. The descending line pertains to the 
inclination of the filter around the bisectrix of the maximum index of re- 
fraction. The measured filter was cemented with Canada balsam and was without 
frame | this made it possible to measure the filter up to an angle of incli- 
nation of 85°. The applicability of formula (3) to this case was also studied. 
The results are shown graphically in Fig. 3. The broken-line hyperbola 
indicates the computation according to formula ( 3 ), the measurements are shown 
by dots on the graph. The dots with crosses relate to the descending branch 
of graph 1, the dots in circles to the ascending branch. . 

lib 



g) The width of the transmission band is practically independent of 
the angle of inclination of the filter, which was established with incli- 
nations up to 8£°. 

These results show the possibility of tuning filters within wide limits# 
Since a filter has a whole series of transmission bands, it is easy to build 
a smoothly tunable birefringent filter. 

The inclination of the filter with respect to the direction of the light 
rays in the ordinary direction causes much more complex spectral changes. 
However, with a known degree of accuracy, this inclination may be resolved 
into the sum of the inclinations in the directions of the bisectrix of the 
optic axes of the maximum coefficient of refraction and the inclination 
along the bisectrix of the minimum coefficient of refraction, these being 
mutually perpendicular. As follows from the above, these directions exert 
opposite effects. Therefore, with greater inclination, the lines should 
bifurcate, with slight inclination the width of the transmission band should 
increase, since both parts of the bifurcated line somewhat overlap or come 
into contact with each other. Such phenomena are actually observed in their 
general features. This case of inclination of the filter in its general 
form is of great importance since it gives us data on the maximum permissible 
convergence of the rays (as long as the required monochromatization is not 
disrupted). Let us attempt to compute the permissible convergence on the 
basis of the above relations. If we assume a 10-pct broadening of the trans- 
mission band, these formulas mate it easy to obtain the expression for the 
maximum angle of convergence, where Id 1 indicates the original 'width of the 


transmission band: 
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^conv " 10 • - (W 

The maximum convergence, which in general can be assumed* is that for which 
the bifurcating parts of the maximum are contiguous. The value of this 
angle is approximately equal to three times the value computed from (U), 

CONCLUSIONS 

In the preceding I have shown that a certain optimal angle £ exists, 
which depends only on the number of birefringent plates from which the filter 
is composed. This angle may be determined by formula (1); experience, however, 
has shown that with the first-modification filters it is expedient' to employ 
somewhat smaller angles. The intensity characteristic can even be improved 
somewhat iy small deviations in sons of the plates. This adaptation of a 
filter, however, requires great patience and experience; it may be compared 
with retouching in sensitive optical systems. Usually it is sufficient to 
maintain a uniform angle £ in all plates and to be sure the plates are 
uniform. The tolerances have already been indicated. Further, I proved by 
experiment that it is possible to time filters within wide limits in the 
directions of increasing and decreasing wavelength. The approximate formulas 
for the computation of these -shifts are also given. At the same time, an 
analysis of the maximum permissible convergence was made on the basis of the 
foregoing results; this was also expressed by an approximation formula. 

The present work is part of a doctoral dissertation done at the Institute 
of Electrotechnical Physics, Prague. 

submitted 
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CHAIM BIREFRBiGENT FILTERS 


by 

V 

Ivan Sole 


INTRODUCTION 

¥e use the term chain birefringent filter to designate the arrangement 
of birefringent plates in which no plate is separated from another by pola- 
roids and in which the path difference of the individual filter elements is 
repeated periodically. Hence , the simplest arrangement answering this de- 
finition is a system of plates of equal thickness, ground from the same mate- 
rial and with the same orientation of the angle of cut. Filters are either 
asymmetrical (the filter effect can be changed by changing the direction of 
the rays) or symmetrical (the filter effect is independent of the direction 
of the rays), depending on the arrangement of the azimuths of the individual 
filter elements. For practical reasons, symmetrical filters are the most 
convenient, so we shall concentrate on them in this paper. Birefringent 
filters are generally used to make light monochromatic, and thus it is our 
object to attain the optimum effect along these lines. 


BASIC ASSUMPTIONS 


A ray may not change its path direction while passing through the filter. 
Hence it follows that only one cut of a crystal is suitable , namely the cut 
parallel to the plane of the optic axes (uniaxial crystals are cut parallel 
with the optic axis). Huygen's construction of the refraction of light in 
crystals shows clearly that all other cuts are unsuitable. I described the 
simplest type of chain filter in an article published in 19 £3 Cl]. A more 
detailed analysis of such filters can be found in [2]. The system of equations 
derived by Hsien-Ytl Hstl, tu Richartz and Itlng-Kang Liang in 19k? [$] from the 
general formula for computing the intensity of polarised light passing through 
a series of birefringent plates has proved to be effective for analysis o.f 
the filter function 
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In this formula, $ is the azimuth angle of the analyzer with respect to the 
azimuth of the polar oid, x. ■= tan 6,Y“S/2,6is the phase difference, a 
the azimuth of the i-th plate, «J Q the intensity of the light after the first 
Polaroid, The phase difference and the path difference are related by the 
familiar relationship 

6 =. . d • D (2) * 

in which X is the wavelength of light, d is the plate thickness and D is the 
index of refraction. 

To make satisfactory birefringent filters, one must use suitable, highly 
homogeneous birefringent crystal material, maintain a strictly accurate angle 
of cut, and control the grinding such that the plate thickness remains 
strictly within the assigned tolerances. A condition for the use of bire- 
fringent filters is that they must fit into an optical system in which the 
allowed angle of convergence of the rays is not exceeded. 


GENERAL RELATIONSHIPS FOR SIMPLE CHAIN FILTERS 

For simple chain filters, with which we are concerned here, the individual 
elements have the same path difference, which is expressed by the condition 

T 1 “ r 2 = y 3 " ° r s ° r * 

then, also, 

x L = xg = x 3 * ... » x £ = x. (3) 

In further computations, intensity J Q will be taken as 1. 

We will use for the double .brackets in general expression (l). Then, 
for example. 


A', = cos 1 0 !• [.r, cos (<[> - 2/) t )| J , 

-V, [<*o» '!> — -c/t cos (0 — in, • 

r f-C, cos (0 - j- x, cos (0 ■ , 

A'j •- [cos 0 — i'jx, cos (0 — -i in.) • iv, ••»»«. (0 in, dr, , ) - 
“ -Vi • <•«>« {' l> — ~i>< { •-’»,)!’ - | c, ms (0 
-r -r, cos (0 — iy,) x, cos (0 -- ’J/,,) cp V'i . 

. cos (0 — in 3 -j- io 2 — 2 Sl )] J , 

etc. 


Next, let us introduce the expression 


,v 


t3*f 
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A.r = cos [0 


I <- 

4-t 


V >* 


(U) 


By successive substitution, we get 

A , -- ms (0 - I',,,) ) 

•--- COR (0 LV.) ,. ()s (0 — L’fj;)-, 


“ CDs (0 . 2/y , 

At - < I is (0 • ‘Jo, 


A 


COS (0 


A t -- COS (0 

etc* 


: -‘id . 

i- cos (0 - 20;) -i- COS (0 - 2 Pl ) , 

-Vi) -i- cos (0 — Joj -u 2^i) -f cos (0 — •>«, -u 2 o,) 
■ ?Oi-lVi), 


For the sake of clarity, we may express these relationships by the following 
numerical scheme: 


A , | • ■ • 

. . . i 

A, .. 

. . . 2, 1 

f * * ■ > • 

. . . 21 

h 1.1 • • • 

• . . a. 1 ■ 

A.J . . . 


A. J • - 

. . . 321 

A.l ■ • • 

. . 4, 3, 2, 1 

/y 1 • • « * 

. . . 43, 42. 41. 32, 31, 2 

Ao ■ 

. . . 432, 431, 421, 321 

*i 1 * ■ 

. . . 4321 

etc. 



By successive 
equations 


substitution of 1^ and relationships (3) for X^, we arrive at 


A i - ooe J ^ + [xL x ,]* , 

X, = [oo* 0 - + [zL , ,]» , 

A, = [°°e 0 — **£,.,]* + [zL ul - , 

X t = cos 0 - x*L t ' % + x'L. Jt + j« , 

X, = [oo« 0 — x*A.« + + [*i M _ *•£ + ^ j 


A* == [cos 0 — x*L n , + . 

± *A.,]’ - 


± **A,,.]* + [xi Bil — z*x,j + ... ± 


In this equation, s is the largest even number that fulfills the condition 
s ^ n, and t is the largest odd number that fulfills the similar condition 
t ^ n. 

It is convenient to arrange these expressions by decreasing powers of x: 
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-r cos 2 0 , 

Ah 
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•'■ r, (A,3 

- -A.sA.d h XV4.J - 

2A.1 

A.S + 

2Z/ 4i4 cos 0} -}- 


t- xVA, 

> -- - A 

COS 0) -f- cos 2 0 , 




Ah - 

-t 

■ -AAA 

— -A.iA.s) + x^( f j ,3 — 

-A. 

lA.< + 

“A.lA.t) + 


*- -A A, 

, - 2X, 

.» A.3 H* ^A.4 COS 0) -f- X 2 

(AA 

- 2X 5 . 

, cos 0) -f- 


[ys~ 


etc. 



h - 


The brackets with functions L„ with values of x are of the nature of coef- 

U , ) V 

ficients and express the characteristic properties of a chain filter. Lat ue 
call them Then, 


4,., 

= 

L\a, 


4 2.1 

= 

'4,» > 


4 3 .1 

= 

T 1 

'-■3.3 < 


^4.1 
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A lt 


Ka : 
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1'lx ~ 
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2Aj j'-4.4 1 

-l 3.3 

- 

T 3 
"M 

2 A 3 oAj.j . 

A .2 

— 

'4,4 r-l ‘ 

•j r j 

t . . ijj.jt , 

•4 1.3 

— 

0 , 



= 

cos 0 , 


A, 

-- 

T 2 
Jv 3.1 

2 A 3J cos 0 , 

^4.3 

~ 

'4.3 - 

2 A 4 ,A« a ~ 2 A 14 cos 0 , 

<^SI 

= 

A? 3 

2 /j s jA -,.4 -J- 2 A s .ji s s . 
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J 2 _ 

■“4.4 
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2 A 4 . cos 0 , 
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= 

Af 2 - 
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Ux 

0 * 

X 

— 

'4.3 

■'/■'« jA« 4 ^Aj.jAi.i - JA 5S cos 

*1 7.4 
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A?.. ~ 

-A? 3 A 7 .J r A2 -jA 7 ., iL 1A L-,. 

-•14.4 

~ 
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2 Ajt j , A, i J 2Aj ; ',Aj,i..i •* 


1 T / 


A lt n , 
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-• 1 3 5 « 

3 <os 0 
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^5.1 “ 
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,2 1 n ' S 

0 

> 
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- 2 A, 
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2 A 5 . 
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The formulas combine formally if we introduce the symbol cos $ 
the 

— X" — — — t — ■— - -t_ n xvit 

-I. . — 7.5 •>/. r ,yf r 

‘ 3 


general relationship for expression has the form 

~ ~f J k.k-lf J k.k-l < i "h ~f J k.k-l~\['k,k~l* 

— -‘ J k.k-i-iLic,k-n \ ;± 2L lA L k jl 

If we use coefficients of A, , the formula for X assumes the form 

K n 

A', - ,rll u 


^, 0 ' 


A', ~ xM. , 


cos 2 0 , 

J i .'l ; ; J- COS 2 f/ J , 

A' 3 - + A- 4 .-!,,, -h cos 2 0 , 

X * = J^4.i -i- JrM 4 .j i- xU w i- a 2 .^ -4- cos 2 0 , 

X S — J: " > '^*.l ‘ r 8 '^ 5.2 T -j- a‘.- 1 5 4 - 1 - Al w -j. cos 2 0 , 

X n = •' i i~ COS 2 0 . 


Then 


( 5 ) 


( 6 ) 


With the aid of formula (l) we may convert equation ( 6 ) into expressions suit- 
able for direct calculation of intensity: 


J j = Bin 1 y ■ -di.i ~f cos 1 y cob 2 0 . 

J t = Rin 1 y . A z , • sm 1 y con 2 y . .4, 3 

•J 3 — sin* y . „-l 3 t -j- sni 1 y cus 2 y . .4 3 2 

./ 4 -= sm* y . A i y sill* y crm 2 y . A it 

.• 14,4 + cos 8 y cos 2 0 , 


+ cos 1 y cob 2 0 , 

-I- sin 2 y cos 1 y . .-jj j -{- cos* y cos 2 0 , 
+ "i" 1 7 coa 1 y . ^4, , -f- sin 2 y cos* y . 


( 7 ) 


./„ = sin 2 ' y . A n , y : 


A , 


-r cOH 2n y cos 2 0 . 


sin 2 y cos 2 " _2 y . .4 n „ 


Equations (1;), (5) and ( 7 ) are general relationships describing simple chain 
filters, both symmetrical and asymmetrical. 

In what follows, we shall concentrate on symmetrical filters. Yfe shall 
use the term ’'ideal" to define the filter assembly with the simplest arrange- 
ment of azimuths of the individual plates. We shall use the term "optimum" 
to define the filter assembly in which the attempt is made to reduce the 
secondary maxima as much as possible through arrangement of the azimuths of 
the individual plates. We shall also distinguish two different cases de- 
scribed by angles . In the first case, angle $ will be either 0° or 90° 

(basic positions), in the second case angle $ will be general (general po- 
sitions). Of course, all cases will have to be divided into two mod 1 - e '' «v ,ions, 
the first and the second, which are mutually complementary. Me shall ta.v up 
all the aforementioned cases systematically but separately. 


THE FIRST MODIFICATION OF THE CHAIN FILTER IN THE BASIC POSITION, 

IDEAL ASSEMBLY [OF PLATES) 


-1 -• "3 ~ L'i — Qi — ... — Q 21 C +1 ~ Q , 
n. = Oa = £>» = • • • = Quc — — « . 


In this case. 


0 = 5)<r , 


( 8 ) 



6 


Through substitution, equation (U) takes on the form 

I J i.i — sin 2 q , 

I'm ~ 0 , 

I-j z = — sin 4 n , 
i/3.! = siri'Sg , 

I J 3 . t " 0 , 
i/3.3 = sin On , 

= 0 , 

L itl — — 2 sin 4» , 

i/«.s = 0 , 

— — sin 8n , 

Z-s.j = sin 2» , 

I's.i = 0 , 

i/6.3 = 3 sin 6^ f sm 2« , 
^6.4 = 0 , 

= sin lOo , 
etc. 


Equation (5 ) simplifies as follows : 

A !.i = sin* 2 Q , 

A 2il = sin 1 4n , 
yl 3il = sin 5 On , 

A 4>1 = sill 2 80 , 

A itl — sin 2 10gf ; 

A = 0 J 

i|.» = ® > 

A 3 ' 2 — — 2 sin On sin 2n , 

A 4, 2 = 4 sin-8n sin 4» , 

A S>J = — 6 sin IQn sin On -- 2 sin I On sin 2 o , 

A 1.3 -■= 0 , (5a) 

A 2.3 ~ 0 , 

.4 0 .3 — sin 2 2n , 

A t _ 3 ~ 4 sin 2 4n , 

J5.3 — 0 sin 2 On J- sin 2 2n •• (i bin On sin 2n r 2 sui l On sin 2o 

A 1,4 = 0 , 

A t . . - 0 , 

^3.4 = ». 

A 4.4 ” ^ > 

.4 S1 = — 0 sin On sin 2u — 2 sin 2 2 » , 

• etc. 


Due to substitution in intensity formulas (7] 
the intensity is maximum in the main maxima. 


A 


2,1 “ a 3,1 


A n,l " 1 * 


, a condition is created by which 
This is the case when A n , - 

IfX 


I 2 & 


■ » » 



(9) 
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for 1 plate 
for 2 plates 
for 3 plates 
for k plates 


L\ x — sin* 2 q = 3 , 
L\ x ~ sm a 4 q ~ 1 , 
f'1.3 = sin 1 6 d = 1 , 
L\ k — sin 1 2 kQ = 1 . 


The fundamental relationship for attaining maximum transmission 

\x<° 

p * 2 

number of plates 

follows from the above equations. By substitution of condition (9) in equation 
(U), we can construct the following table of numerical values of L 

n,v 


Table 1 



Values of 1^ with higher indexes can be approximated roughly, e.g. , by 
extrapolation on graph paper. 

Using table 1, we can construct table 2 for ^ on the basis of re- 
lationship (5). 


Table 2 



Substituting numerical values in formula (7), we establish the regularity of 
the variation of intensity of an ideal assembly of the first-modification 


chain filter: 
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J i = sin 1 y , 

J t ~ sin 4 y , 

J, = sin 4 y - sin 4 y cos 1 y + 0,25 sin 1 y cos 4 y , 

J * = sin* y — 2,818 sin 4 y cos 1 y + 2 sin 4 y cos 4 y , 

s sin y 6,472 sin* y cos 1 y -j- 8,104 sin* y cos 4 y — 1 G91 
• 8in 4 y cos 4 y -f 0,095 sin 1 y coe» y , / ' 

etc. 


(7a) 


By successive substitution of the path differences, „e find the curve of 
the transmission capacity of the filter. The expressions for intensity are 
polynomial in form. The main maximum is characterized by the first term, the 
subsequent terms pertain to the secondary maxima and minima. Their number 
also determines the number of secondaiy extremes. 

By analyzing the first term, we can arrive at the position of the main 
Maximum, which becomes 


T 



2k + l 
— 2 rr . 


By substituting this condition in equation (2), .we get the familiar 
ship for the wavelengths of ma xima , 


relation- 


The position of the secondly maxima can also be defined roughly as the ex- 
tremes of the subsequent individual terms of the polynomial, which have the 
form 


y = sin 2k Y * cos 2 * T . 

The extremes of this function are given by the equation 

sin r ‘Aph • 

In these extremes, the function has the value 

y - ' 

max (k ♦ ' 


The „rue position of the secondary maxima is always some?/hat different, since 
the extremes of the entire polynomial must be considered. Thus, only half 
the extremes act as maxima, the other half correspond approximately to minima. 
The curves of the transmission [ of light] for filters with one to nine 
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Figure 1. The variation of 
intensity of first-modifi- 
cation chain filters with 
one to nine plates, ideal 
assembly in the basic po- 
sition. 


plates are computed on the basis of equations (7). 
This is illustrated in figure 1. An interesting 
fact becomes apparent from equations (7), namely 
that a filter with two plates has no secondary max- 
imum. ihis could be used in constructing a Iyot 
filter. Further, computation shows that the trans- 
mission curve is considerably steeper near the 
main maximum than one would expect from the first 
term of the polynomial itself. The main maximum 
is a 1?/ ays somewhat broader than the case of a 
single plate which is as thick as the total number 
of plates of a chain filter. 


THE SECOND MODIFICATION OF A CHAIN FILTER IN THE BASIC POSITION 
WITH AN IDEAL ASSEMBLY [OF PLATES] 

In this case, 

^ . Qi = Q, Qt = 3(>, » s = 5q, .... Q n = (2n — 1) q . 

By substitution in equations (1*) we get 

A., = 0 , . 

Lr.l = 0 , 

Lt.t = COS 4 Q , 

A.1 = 0, 

L 3i , = 2 sin 2 o — cos 4p , 

l,. s — 0 , 

i — 0 > 

L lwt = cos 4 o — cos 12o , 

‘ «■» 

■^ 4,1 0 . 

-Lj., = 2 sin 60 -f 2 sin 2^ — 2 cos 8g — cos 12p -f cos 4 q , 

Li 3 = 0 , 

Lt,i — cos 8r> , 

^ , = 0 , 

etc. 

Equation (5) simplifies as follows: 

■A 1.1 = 0 . 

A tl — cos 1 4o , 

^«.i — 0 , 

A t , = coe 1 8/> , 

== 0 ; 

l4( 
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•^1.1 — 1 1 
A li% — 2 cos 4o , 

A 3 .t — 4 sin 2 2o -f- cos 2 4p — 4 sin 2o cos 4p , 
A t t = cos I2p cos 8 q — cos 8p cos 4p , 

A lit = cos 1 85 ; 


^1,3 = 0 , 

^ 3.3 “ 1 > 

A 3.$ = 2 cos 4(j — 4 sin 2o , 

A 4.3 = cos 1 4p -f- cos 1 12p — 2 cos 4p cos 12p + 2 cos 8g , 

^3.j = 4 cos 1 Sq + 2 cos 12(> cos 80 — 4 cos 8 q sin 6p 4 cos 8g sin 6 q — 

— 2 cos 85 cos 4o ; 

•^i.i = 0 , 

A j t< = 0 , 

A^.i = 1 t 

A t , t — 2 cos 12n — 2 cos 4p , 

A iu — 4 sin 2 6c 4- 4 sin 1 2o 4 cos 2 8c -- cos 2 12» -1 cos 2 4c r 

— 8 sin 6c sin 2c — 8 sin 60 cos 80 — 4 sin Bo cos 12o -- 

+ 4 sin 6 q cos 4q -f- 4 sin 2p cos 4o — 4 sin 2p cos 1 2c — 

— - 8 sin 2 o cos 80 -f- 4 cos 1 2p cos 80 — 4 cos 80 cos 4o — 

— 2 cos 12p cos 4p -f- 2 cos 8p , 

etc. 


The maximum intensity in the main maxima of the second modification need not 

be verified separately t since the last term of equations (7) has the coef- 
2 

ficient cos $ “ 1. 

However, the second modification can be made complementary to the first 
by proper choice of angle p. This angle is given by relationship ( 9 ).. Through 
substitution of its numerical values in equations (U), we can again construct 
a table for v . 


Table 3 


\ V 
71 \ 

1 

2 

3 

4 

1 

5 ’ 8 

1 

7 

s | 

I 

0 




i 

' 

■ 

i 

2 

a 




1 1 

j 

3 

4) 

o.-'jim 

0 


1 



4 

» 

Mil 

0 

1) 

! 



r, 

0 

2,738 

0 

0,300 

n 1 


1 

« 

» 

4.484 

r> 

i ..700 

» l 0 


1 


it 

8.3 713 

0 

4.4JH 

‘ 0.222 

i) 


« 

(1 ! .0,137 

0 

' <I.7SK 

ip | i 

IJ 

M ’ 

11 

(1 j 1 3,082 
1 

0 

1 8.30 

0 <>,ut 

0 

11.174 1 

I 


A comparison of this table with table 1 shows the mutual relationship of 
coefficients L for both filter modifications. 

“•» V 1 A 

142 ^ 
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Again we can construct a table for coefficients of ^ on the basis of 
relationships (5). 


Table li 



This time we construct the equation for intensity in the reverse order of 
terms of the polynomial. This shows the complementary nature of the two modi- 
fications more clearly: 


Jr 

J* 
J * 


etc. 


coa 1 y , 
coa 4 y , 

cos* y — cos 4 y sin 2 y ~ 0,25 coa 3 y ain 4 y , 
coa 9 y — 2,818 coa 4 y sin 1 y -f- 2 cos 4 sin 4 y , 
coa 19 >y — 5,472 coa 9 y sin 1 y + 8,104 coa* y ain 4 y 
+ 0,0655 coa 1 y sin 9 y , 


1,091 coa 4 sin* y - 4 * 


( 7 b) 


The system of -equations (7b) is formally identical with system (7a), ex- 
cept that the functions of sin Y and cos y are interchanged. Vfe get complete 
agreement by introducing a complementary angle. In other words, the trans- 
mission curves of the second-modification filter are shifted 90° with respect 
to those of the first-modification filter, but otherwise are in agreement. 

The condition for the position of the main maxima of the 'second-modification 

filter, y n rt, 2rr, . .. , kn, follows from equations (7b), which leads to re- 
lationship 

d • D <= k *■ Z . 

Otherwise, the analysis of the intensity variation is the same as that dis- 
cussed for the first filter modification. 

| 4 > 
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THE FIRST MODIFICATION OF A SYMMETRICAL CHAIN FILTER IN THE BASIC 
POSITION, OPTIMUM ASSEMBLE [OF PLATES] 


It is quite difficult to define the optimum assembly, for it is difficult 
to (tonne this case mathematically, since the variation of the main 
deteriorates somewhat due to the condition that the secondary maxima be sup- 
pressed. Before we begin the main analysis of the requirements of an optimum 
assembly, let us derive the general equation for a symmetrical first-modi- 
fication filter in the basic position. 

In this case, 

0 = T ’ i£?l! = ,? = : “ f(?.i *=* . 

Again the signs of the azimuths alternate. The condition for maximum trans- 
mission of the filter follows from the general equation 

A l,l ° *2,1'“ A 3A"- " A n ,i “ ^ 

or else ' - 


*£.1 


2,2 “ "3,3 


n,n 


1. 


According to aquation (U), this relationship leads to the result 

+ [« 2i ! Hh I? 3 | + ... + |{?„f = 46 ° , 

which is the generalized relationship (9). Then, in equations (b ) , we will 
substitute, successively. 


for 1 plate 

<?i * Oj = 45° , 

for 2 plates 

Ot ~ — e, , Q l — ?I n= 45 ° , 

for 3 plates 

e* = °i, 2 8l — = 45° , 

e*. 

for h plates 

Q* ~ — Qt , 2g 1 — 2g t = 43* , 

~ Qz, 

for «? plates 

Qi ™ + t » 3 * 450 

<?4 = Qt . 



for 6 plates 

"4 — e, . 2», — 2, u .. O ms 45° 

<?* - di . 


etc. 


The general -formulas (L) specialize as follows 3 

L ul = sin 2 o, (= l) , 

L,,i — 0 , 

£i.i =* sin (2o t - 2o,) (=-!}, 

m 


(be) 
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L Sil = 2ain* -sin 2 0i , - 

■^i.z 0 > 

L ,.3 = sin (4^! - 2/jj) {= 1) , 

^4.1 = 0 , 

L 4>2 — — am 4e, — sur-ip, — 2 sin (2« 2 f- 2/? t ) 

/j 4 3 = 0 , 

L tA = ain (4o 2 — 4 5l ) (= - l) , 

L 5> , = 2 ain 2 o, 4- 2 sin 2o 2 ~ ain 2p 3 , 

Aj.j = h i 

L %a — 2 sin (2p t — 2()j 4- 2« 3 ) + 2 sin 2j>, - r 
+ 2 ain {2», -}- 2n 2 — 2n 3 ) -j- ain (4/>, — 
Wt = 0 , 

= sin (4p, — 4 j) 2 -f 2 o 3 ) (= I) , 
etc. 


-}- 2 sin {2 », — 2«[) , 


- m'“ ( k'i — 2« 2 ) 4- 

- 0 .\) r (-i? 2 — 2 q 3 ) , 


(be) 

cont. 


According to equations- (?a), one- and two-plate filters in the ideal assembly 
do not have secondary maximal therefore * they are* simultaneously* filters in 
the optimum assembly. The three-plate filter has secondary maxima character- 1 
ized by the coefficients A^ 2 anc * ^3,3 } acc0rd i n S equation (-7), Now let 
us seek such a solution for azimuths p^ and p 2 in which these coefficients are 
minimum. According to formulas (£)> 

2A 2 _jZtj_ 2 , 

-4j.j = L \,\ — 2i 3.2 e os <!> 

According to (Uc)* the expressions reduce to 

■^3.3 ~ 2A 3> j , 

•d 3>3 = L\'i . 


Then we need concern ourselves only with the expression L, , . Let us seek 
the condition, for its minimum* which can be used in this case to solve the 
equations 

L,.i = 2 sin -{- gin 2gj = 0 , 

2a x — e, = 45° . 

The quadratic equation 

2 sin 1 2gj + 2 sin 2gj — 1 = 0 , 


stems from these equations > its solution gives the angles 

Pj_ = 10. 7° * p 2 » - 23.6°. 

With these plate azimuths* the three-plate filter has no secondary max- 
imum. The equation for the variation of intensity has the form 


J 


sin 


r * 


.( 45 " 



Proceeding in a similar manner, let us seek the solution of the equation 
1^2 “ 0 for a four-plate filter, or 

sin 4<j, 4- ain 4o t .+ 2 sin (2 ih + 2 Qt ) 4- 2 sin (2^ — 2 Qt ) = 0 , 

2 Oi - 2&, = 45° . 

By a simple operation we arrive at the equation 

sin 4(1, . {I 4- 2 cos 45°) — coa 4^,(1 4 - 2 ein 46°) 4- 2 ain 45° = 0 , 
whose solution gives the angles 

P^ « 7»6°j P 2 = - lU.?°. 

A filter with these azimuths of the plates again has only a main maximum and 

its intensity variation is given by the equation 

• p 

J “ sin y 

\7e can continue thus, but with ever-increasing 
computational difficulties. For instance, the 
solution of a single trigonometric equation no 
longer suffices. The distinction between the 
ideal assembly and the same assembly without 
secondary maxima is an important one. The two 
types of filters can best be judged on the basis 
of the intensity variation, which is shown in 
figure 2 for a four-plate filter. 

It is easy to see that when the secondary 
maxima are eliminated, the main maximum broadens 
perceptibly. Therefore we need not concern our- 
selves with an exact analysis of the possibility 
of eliminating the secondary maxima in filters with a large number of plates, 
but we can be satisfied with some compromise solution in the choice of the 
azimuths of the plates. Furthermore, we are concerned with a considerable re- 
duction of the intensity of the secondary- maxima without essentially increasing 
the width of the main maximum. The fallowing method has proved best: Select 
the azimuth angle of the first plate 1 for filters with more than two plates 
this angle is less than that indicated by formula (?) and, according to circum- 
stances, reaches 50 - 7 *$ of the value of the angles for an ideal assembly. The 
absolute values of the azimuth angles of the plates themselves increase pro- 
gressively toward the center of the filter. The growth functions can be chosen 



Figure 2. Variation of the 
intensity of a first-modi - 
fication ohain filter with 
four plates in an -ideal as- 
sembly (the steeper curve 
with the secondary maximum) 
arid in an optimum assembly 
(the flatter curve without 
a secondary maximum) 
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differently * and the arithmetic progression will also serve the purpose well. 

Qi > Qi — — (Si 4 <*) > Q% — Qi + 2a , p 4 = ~ (gj -j- f 
6s — Qi 4- 6« etc. 

The azimuths of all the plates must then fulfill co nd ition (10) +\ 

As an example of such an optimum assembly* let us analyze a filter with 
seven plates. We shall choose the coefficient of reduction of the first 
azimuth as 70&, the azimuths increase in arithmetic progression. Let us com- 
pute the angles 


Pi = 

4,5° , 

Qt = 

- 9°, 

£?J = 

- 6,0° , 

Qi = 

4-7,5° 

Qi = 

7,5°, 

Q> = 

- c°, 



g 7 = 

4,5° . 


For seven plates* equations (ii) have the form 


Zr 7 1 — 2 sin 2gj -f 2 sin 2g, 4- 2 sin 2 g 3 -(- sin 2 g 4 , 

Zi 7iJ = 0 , 

Lj,, = 4 Bin 2 q 1 + 2 sin 2o,'4- 4 sin (2 g x — 2 g, + 2 g 3 ) + 

+ 2 sin (2gj - 2g, + 2<? 4 ) + 4 sin (2 6l + 2g* - 2g 3 ) + 

+ 2 sin (4gj — 2gj) + 2 sin (4gj — 2g t ) + 2 sin (4 q 2 — 2g 3 ) 4. 
+ 2 sin (2gj - 2g, + 2 o 4 ) + 2 sin (2g t + 2g 3 - 2g 4 ) -f 

+ 2 sin <2^ -f- 2g 3 — 2g 4 ) 4 2 sin (2g, 4- 2g 3 - 2g 4 ) -f 

+ 2 sin (2o, — 2g, 4- 2g 4 ) 4- sin (4g 7 — 2 n^} J- 
4- sin (4^ — 2g 4 ) 4-sin (1^, — 2g 4 ) , 

Lf U — 0 , 

L i 4 = " 2 sin 2g t 4 2 sin (4g, — 2g,) 4- 2 sin (2g, 4- 2g 3 - 2 g 4 ) 4- 
4- 2 sin (2o t — 2g 3 4- 2g 4 ) 4 2 sin (4o x — 2o t 4- 2o 3 — 2g 4 ) 4- 

+ 2 sin (4g t - 4g, + 2g 3 ) 4- 2 sin (2o, - 4g 3 -f 2^ + 2 ?t ) + 

+ 2 sin (4g x — 2 g 3 — 2g s 4 2g 4 ) 4- sin (4 q 1 — 4f> 3 4- 2g 4 ) 4- 

+ sin (40| — 4g t + 2g 4 ) + sin (4g, — 4g 3 4- 2g 4 ) 4 

4- 2 sin (2g x — 2g, + 4g 3 — 2g 4 ) , 

. A.. - 0 . 

-^7,7 = sin (4gj — 4g t 4- 4g 3 — 2g 4 ) . 


From these formulas we get the following values of 

A 7 ,i — 4* 0,10(5 , 

W% = 0 . 

= 4- 2,851 , 

a 7 .«.= 0 , 

L 7 . s - 4,714 , 

A 7> , = 0 , 

A 7 . 7 = 1 . 



+) 

The azxmuth of the first plate can even be chosen as 0 1 however* in this 
case the first and last plates will not function and one must reckon with a 
which has two more plates. The firsthand last plates are omitted in 
constructing the filter. 
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The corresponding coefficients of Aj c ^ for equations ($) are 

4m = 1 , 

7.i = — 9,428, 

^7.i = 27,924 , 

- 27,092 , 

'^7. 6 = 9,127, 

7.8 — — 0,0064 , 

^ 7 . 7 = 0,0123. 

Then the variation of intensity is given by the equation 

J-i = ain 14 y — 9,428 ain 1 * y cos* y -f- 
-f- 27,924 sin 10 y coa* y — 

— 27,092 sin 8 y coa* y -f- 
+ 9,127 sin* y cos* y — 

— 0,606 sin 4 y cos 10 y -f- 
+ 0,012 sin 2 y cos 11 y . 

A comparison of the intensity variation of 
the "optimum" assembly of a chain birefringent 
filter with the "ideal" assembly shows a marked 
suppression of the secondary maxima (figure 3). 

It should also be mentioned that when the azimuth 
of the individual plates is changed , not only the 
intensity but also the position of the secondary 
maxima change. 

Analysis of the optimum filter assembly shows 
that the concept of the optimum can be adapted as 
needed. For example , one may wish to find the sharpest main may-imnm without 
considering the secondary maxima. Most often, however, it is important to 
suppress the secondary maxima. Then the relationship of the azimuths baaed 
on arithmetic progression is of use, and this applies not only to filters 
with a .small number of plates but also to filters with tens or hundreds of 
plates. 

THE SECOND MODIFICATION OF A SYMMETRICAL CHAIN FILTER IN THE BASIC 
POSITION,. OPTIMUM ASSEMBLY [OF PLATES] 

This example again yields similar results, so we will treat it but briefly 

Here 



Figure 3. The variation of 
intensity of a first-modi- 
fication chain filter with 
seven plates, in an . ideal 
assembly (the curve with the 
higher secondary maxima) 
and in the optimum assembly 
(the curve with the lower 
secondary maxima) 


0 = 0, = 90° - <?„ = 90° - Ql , .... = 90° - Qi+l 
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When there is an odd number of plates, due to symmetry the middle plate will 
have an azimuth of h$° . The condition of maximum transmission need not be 
determined separately. 

Formulas (U) specialize as. follows: 


^.1 = 0, • 

£».l ~ 0 . 

£ j j = — cos 4oj , 

£,.i = 0, 

£,., — 2 sin 2o i — cos 4ft , 

£,., = 0 , 

£«,i : o , 

£,.2 = — COS 4 ft — cos 4 ft — 2 cos (2o 2 -u 2ft) + 2 cos (2 ?J — 2ft) , 

£«., — o , 

£<•« = cos (4/?, — 4 Q t ) , 

£,.i = 0 , 

£ 5.1 = - COS (2c, — 2o t ) — 2 cos (2ft 4- 2ft) - cos 4«, - cos 4ft 4 . 
4- 2 sin 2 ft 4- 2 sin 2 ft , 

£»., = ^ i 

£,.* = 008,(40! - 4ft) 2 sin 2ft (4ft - 2ft) - 2 sin 2ft , 

£«.» = ^ , 

etc. 


According to equations (7b), one- and two-plate filters do not have 
secondary maxima. Again the elimination of a secondary maximum in three-plate 



2 sin 2ft — cos 4o, = 0 . 


This equation has the same solution as in the case of the first filter 
modification > only angle need be computed v/ith respect to symmetry, hence 
it is different: 

ft =10,7°, ft = 7 0,3°. 


The curve of the transmission [of light] is the same as for the first filter 
modification, except that it is shifted by rr/2. 

Once again, the solution is similar for a four-plate, second-modification 
filter without secondary maxima. Conditions 2 = 0 and ^ = 0 must be 
fulfilled. Then *the following equations must be solved: 

— cos 4o, — cos 4oj — 2 cos (2 o 4 4- 2ft) 4- 2 cos (2c, — 2c,) = 0 , 

4o, — 4 ? , = ± !)()° . 

This system leads to equation 

— c O B 4 ?i(l -h - cos 45°) 4 - sin 40,(1 4 - 2 sin 45°) + 2 cos 43° = 0 

141 
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which is equivalent to the equations derived for the first-modification filter. 
The solution gives the values 

0i = 7,6° , e, = SO, 9° , 

01 = 30,1° , = 82,4° . 

Again, this filter does not have secondary maxima. Solutions can be 
reached for multi -plate filters, but greater difficulties are involved j how- 
ever, what has been said about the first modification also applies to the 
second modification, so let us be satisfied with the analogy of the arithmetic 
increase of azimuths applicable to the first modification. In the second modi- 
fication, the increase of the azimuths from the edge toward the center of the 
filter can be expressed as follows s 

01 . 0»= 3 01 +*. 03 — 601 +{1 + 3) a, 04 = 7 Pl + (I -j- 3 + 5) a , 

0s = 9 0i + ( 1 + 3 + 5 + 7) a ... = [2 (n — 2) — 1] 0 , + { 1 + 3 + 5 + 

+ 7 + .. . + 7 + 5) a, 0 „_j [2 (ti — 1) — I] Cl + (1 + 3 + 5 + 7 + ... + 

+ 7 + 5 + 3) , 0 „ = (27i— 1)0! + {1 + 3 + 6 + 7 + . .. + 7 + 5+ 3 + 

+ 1 )«. 

In selecting the azimuths, and o can be defined as in the case of the first 
modification. Thus, the seven-plate first-modification filter of which we 
spoke in the preceding section has the same azimuths (p^ = & a 1,^°) 

for the second modifications 

lw5°, 15 °, 28.5°, hf, 6i.^°, 7 ?, 85.5°. 

Further analysis of this filter shows that the transmission curve is shifted 
by it/ 2, as in the case of the first filter modification. 

CHAIN FILTERS IN THE GENERAL POSITION 

Up to tins point, all types of birefringent filters have been calculated 
and constructed for the basic position of the polarizing elements only, whether 
for parallel or crossed polaroids. However, these two fundamental 'positions 
are not a necessary condition for good filter function. Therefore, at this 
point we will indicate (albeit briefly) a method of solving for chain filters 
in a general position. 

To explain the fundamental relationships, let us begin with one plate. 

For intensity, according to (7): 

•/ 1 = sm 1 y cos 2 (0 — 2 p,) + cos 2 y cos 1 0 . 

Angle $ is arbitrary in the general position. The first step in the analysis 

(5D 
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is to find angles that will correspond to the first and second modification 
of the filter. The first modification shows secondary maxima for y c it/2. 
Then,, 


or 


'An., = cos 1 - 2o,) , 

0 

<?• = = A • 


Here,, too, the maxima reach full values. The minima have the intensity 


(U) 


— COS 1 0 . 


The minima are not pure, their intensities increase as the distance of 
angles $ from n/2. The minima vanish when $ « 0°. 

The second filter modification has its maxima at y ** 0, its m-t-mma at 
Y 13 tt/ 2. For one plate. 


or 


J m ,„ = cos 2 ( 0 - 2 Bl ) , 


<*> ~ 2<?i = ^ , 


t: 

T 


0 

-= Of 


( 12 ) 


The maxima reach values of 


“ cos^S 

max 


Therefore, the ^analogy of the second modification has pure minima j how- 
ever, the maxima do not reach full values and decrease as 'angle $ increases. 

The maxima vanish when $ = tt/2. 

This analysis indicates that two distinct azimuths of a birefringent 
plate, defined by equations (11) and (12), can also be established for a common 
angle $ . In the case of equation (ll), the plate behaves analogously with 
the first filter modification i the maxima and minima have the same wavelengths 
as when $ “ tt/2. The intensity variation is then given by the relationship 


J == sin 1 y -j- cos 1 y cos* 0 . 


iVhen the azimuth of the plate agrees with equation (12), the result is 
analogous to the second filter modification and the intensity variation is 
given by the equation 


J — cos 1 y cob 1 0 . 


sis. 


If there are more plates, the general equations can be used in the analy- 
For the first filter modification we get the following result: the azi- 

tsr( ' 
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muths of the individual plates deviate alternately to the left and right of the 
mean angle r , 

r « - n, . 


The following relationship holds for the azimuth angles measured from the 
mean angle r , 

iii! h |('ii + iijai -f- ■■■ ■■ <?„ I - . (13) 

In filters with a large number of plates, there are also clear minima for 
angles $ which differ considerably from n/2. By selection of angles p^, a 
filter with the ideal assembly of plates and one with the optimum assembly can 
be constructed in a manner completely analogous to that used for the basic 
position, except that equation (13) will apply instead of equation (8). 

In the case of the second filter modification, again we arrange the azi- 
muths of the plates in the shape of a fan. The center of the fan must agree 
with angle according to equation (12). The azimuth difference of -the first 
and last plate is determined by the equation 

On — f?l 5 • (lii) 

One can construct a filter with either the ideal or the optimum assembly, 
depending on the arrangement of azimuths. When the number of plates is in- 
creased, the intensity in the maxima also increases and approaches full value. 
The special property of filters that operate at a general angle of the polar- 
oids and analyzers is that they offer the possibility of tuning filters in the 
basic position. Thus, through slight departures from the parallel or crossed 
positions of the polar oids and analyzer, the filter can be tuned still more. 
This generalization of the chain filters is also important from the theoretical 
standpoint . 


SUMARX 

In their application, chain birefringent filters fall into the same cate- 
goi’y as multilayered interference filters prepared by steaming in vacuum. The 
most selective multilayered interference filters have a transmission band of 
about 20 A in the visible region and it can be assumed that, for technical 
reasons, the selectivity of these filters will not be increased. Birefringent 
filters are suitable for a range of band widths of about 50 2 to 0.5 £. 
Therefore it is desirable to develop birefringent filters with high tran3- 
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mission and* simultaneously* with the purest possible spectral characteristic. 
Apropos * the numerical analysis' performed here shows a method for producing 
filters ■ with high transmission and nearly pure maxima without secondary trans- 
missions . 

Submitted 11 May 1959 
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Birefringent chain filters were first described 10 years ago. Since then such filters have undergone con- 
siderable development, and experience has been gained with their use. This article includes only a brief 
review of. previous work, which is supplemented with new information. 


FUNDAMENTAL STATEMENTS 

B IREFRINGENT chain filters 1 are composed of a 
pile of birefringent elements which have the same 
or periodically repeating phase difference. The azimuths 
of the individual elements are arranged in prescribed 
manners, mostly symmetrically with respect to the 
center of the filter. The filter is placed between two 
polarizers. The theory of chain birefringent filters was 
thoroughly described in Ref. 2. The simplest filter is 
composed of a series of equal birefringent plates, cut 
parallel to the optic axis of the crystals. The azimuth 
p of the plane of polarization of each plate is measured 
from the plane of polarization of the first polarizer. The 
total number of plates is designated N. 

There are two modifications of birefringent chain 
filters. The first modification works between crossed 
polarizers. The azimuths of the individual plates are: 


Element Azimuth 


Entrance polarizer 

.P.=0° 

Plate 1 

P1”P 

Plate 2 

P2=— P 

Plate 3 

PJ“P 

Plate 4 

P<=f — P 

Plate i 

Pi— — (— 1)‘P 

Exit polarizer 

_p,=90° 


The angle p is : 

P=45%V- (1) 


If each plate has thickness d and double refraction 
n t —n„=D, its path difference A is given by the product : 

A =d-D. (2) 


The phase ditrerence d or its haif-value y are connected 
with the path difference A and the wavelength X by: 

$ = 2y= = (2tt/\) - A. (3) 

The wavelengths of maximum transmittance of a chain 
filter of tape I are : 

A=K-\, (4) 

where K= 0.5, 1.5, 2.5- The detailed course of the 
transmittance of the chain birefringent filter was 
calculated with a matrix method by Evans. 5 From his 
analysis follow all the properties of chain filters, 
including comparisons of the transmktances of second- 
ary maxima with those of Lyot’s filter, in which the 
transmittances of the secondary maxima are consider- 
ably greater. Similar calculations were first made in 
Ref. 2, based on the theory originally given in Ref. 4. 
Here we give only the final equations for the trans- 
mitted intensity relative to the intensity emerging from 
the first polarizer, for filters composed of one, two, three, 
four, or five plates : 

/i=sinry 

J„=sin 1 7 

A = sin 5 -/— sin 4 -/ cos-y-rO.25 sin-/ cos 4 -/ 

A=sin 3 y— 2.S18 sin”-/ cos"/~r- sin 4 -/ cos 4 -/ 

A= sin 10 -/— 5.472 sin 5 -/ cos--/t8.104 sin 6 -/ cos 4 -/ 

— 1.691 sin 4 cos 6 yt0.095 sinry cos 3 -/. (5) 

In Table I the coefficients of Eqs. (5) are given for 
filters containing as many as nine plates. 


3 J. XV. Evans. J. Opt. Soc. Am. 4 S, 142 (1938). 

4 Hsu Hoien, Ltang Yung-Kang, and M. Richartz, J. Opt. Soc. 
Am. 37, 99 (1947). 


1 1. Sole, Cesk. Casopis Fys. 3, 366 (1953). 
5 1. Sole, Cesk. Casopis Fys. 10, 16 (I960). 
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Table I. Coefficients of Eq. (6) for filters containing as many as 9 plates. 



1 

2 

3 

4 

5 

6 

7 

8 
9 


1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

1 

0 








1 

-1 

0.250 







1 

-2.81S 

2.000 

0 






I 

-5.472 

8.104 

-1.691 

0.0955 





1 

-S.928 

22.927 

-13.392 

2.250 

0 




1 

-12.750 

49.477 

-56.774 

22.350 

-1.962 

+0.049 



1 

-17.274 

103.001 

-181.38 

123.179 

-29.859 

2.341 

0 


1 

-23.164 

178.97 

-410.79 

411.124 

-203.525 

42.22a 

-2.102 

0.030 


The second type of chain filter works between parallel 
polarizers. The azimuths of the individual plates are: 


Element Azimuth 


Entrance polarizer 

P^O 0 

Plate 1 

pi — p 

Plate 2 

P2 = 0p 

Plate 3 

pz=5p 

Plate 4 

p<=7p 

Plate i 

p,-= (21— l)p 

Plate N 

p„~ (21V— l)p = 90°— p 

Exit polarizer 

P 2 =0 a 


The value of p is again given by Eq. (1). The variation of 
intensity with phase difference (or wavelength) can be 
described by equations resembling those given for tvpe 
I filters : 

Zi=cos J 7 

/ 2 = C0S 4 7 

jT}=cos 6 y— cosV sin 2 y+0.25 cos-/ shry 
fit— cos 3 '/— 2. SIS cos 6 '/ sin— /-f-2 cos 4 -/ sin 4 y 
/s=cos 10 y— 5.472 cos 8 -/ sin-/+8.104 cos 6 -/ sin 4 ? 

— 1.691 cos 4 */ sin 6 y+0.095 cos 1 / sin 3 '/. 



The values of the coefficients for filters containing as 
many as 9 plates are given in Table I. 

If we compare Eqs. (5) and (6) we find that only the 
siny and cosy functions are interchanged, which means 
that transmittance curves have the same shape; they 
are only mutually displaced 90°. The coefficients in the 
expression for the wavelengths of the principal maxima 
are integers : 

A =K-\, (4a) 

where K— 0, 1, 2, 3 ■ • - . The disadvantages of chain 
filters of types I and II are comparatively strong ad- 
jacent secondary maxima, as Evans has shown. 3 

IMPROVEMENT OF CHAIN FILTERS 

Types I and II of chain filters can be significantly 
improved by arranging the azimuths of the plates so 
that the adjacent secondary maxima are suppressed 
and have negligible values. Modified type-I chain filters 
with suppressed secondary maxima are constructed by 
(6) making the azimuths of the end plates smaller than the 
azimuths of the central plates. In the simplest arrange- 
ment, the azimuths increase according to an arithmetic 
series, from the end towards the center of the filter. 
Theory (2) imposes the fundamental condition : 

E i-Pi|=45°. (7) 

l-l 

If Eq. (7) is not fulfilled, the main maximum is lower 
than the attainable value. The azimuths of the indi- 
vidual plates are given by: 


Element Azimuth. 


Entrance polarizer 

Pi=0° 

Plate 1 

P1”P 

Plate 2 
Plate 3 

p-= — ( p-ra ) 
Ps=P+2o: 

Plate 4 

P4“ — (p+3a:) 

Plate A’— 1 

P.V-t = = (p+Ct) 

Plate .V 

px ~ —p 

Exit polanzor 

P» = 9 0° 


Angle p is given by p = fi/JY\ where £2 is an angle smaller 





June 1965 


BIREFRINGE NT CHAIN FILTERS 


623 


than 45°. The value of 0 depends upon the number of 
plates and the desired characteristics of the filter. 
Smaller angles 12 cause better suppression of neighbor- 
ing maxima, but the main maximum widens somewhat. 
Larger angles 0 give a sharper principal maximum but 
the neighboring maxima become more prominent. 

Angle a must be such that Eq. (1) is fulfilled. For 
example, consider a filter with 7 plates. We choose the 
angle between minimum and central, for example: 
p=31.5°/7 =4.5°. We use angle a= 1.5°. The azimuths 
of the filter plates are then: 

Pi~4.5°, p2=— 6.0°, Pi= 7,5°, p4=— 9°, 

P5=7.5°, p6=— 6°, pr=4. 5°. 

By using the theory given in Ref. 2 we derive the 


formula for the intensity variation of this filter: 

/7=sin u 7~9.42S sin 12 */ cos : 7 4- 27.924 sin i0 7 cosh' 

— 27.092 sin s 7 cos 6 7 4-9.127 sin 6 y cos 8 -/ 

—0.012 sin—/ cos l2 7 - 

The main maximum of a filter of this type is given by 
Eq. (4). The variation of intensity of this filter is 
compared with that of the 7-plate filter with azimuths 
according to the simplest arrangement (0 = 45°) in 
Fig. 1. 

The suppression of the neighboring secondary max- 
ima is evident in Fig. 1. Similar modifications of type 
II filters can be constructed so that neighboring 
maxima are effectively suppressed. By analogy with the 
previous case, the azimuths should be arranged as 
follows : 


Element Azimuth 


Entrance polarizer 

O 

O 

II 


Plate 1 

Pl — P 


Plate 2 

Pi“3p**ra 


Plate 3 

P3 = 5p4-(l-f-3)a 


Plate 4 

P-s = 7p-r (1 4-3-r 3)a 


Plate .V— 2 

P.v-r= [2 (:Y— 2) - ljp-r (14-3-1-54-7 • 

• — f-74-54-34-l)« 

Plate .V— 1 

P.v-i = [2 (Y— 1) - ljp-r (1 4-34- 54- 7 - 

■ -r-74-54-34-l)o: 

Plate .V 

P .v= (2_V-l)p4- (14-34-54-7- • -4-7 

4-54-34- l)n 

Exit polarizer 

p 2 =0° 



The angle p is again determined by Eq. (8), the 
angle a is subject to condition (7). As an example of 
such a filter, consider again a filter with 7 plates : 

pi= 4.5°, pa— 15°, p3=28.5°, p4— 45°, 

P5=61.5, p 5 = 75°, p7=85.5°. 

From Ref. 2 we may derive the variation of intensity 
of this filter: 

J 7 =cos 14 7-9.42S cos 1 -/ sin-/-f-27.924 cos ‘°7 sin-/ 
—27.092 cos s 7 sin 6 7-f-9.127 cos s 7 sin -7 

—0.012 cos-/ sin 12 -/. 


The transmittance of this filter resembles that shown in 
Fig. 1, except that it is displaced 

Chain filters can also be constructed for azimuths of 
the two polarizers other than 0° or 90°. Plates also 
can be used with different path differences. These 
examples are briefly analyzed in Refs. 1, 2, and 5. The 
width of the passband AX depends on the thickness of 
the individual plates and on their number. The high 
transmission of chain filters in comparison with Lyot 
filters is a consequence of the use of only two polarizers, 
which are all that are needed for chain filters. 


Numbers of elements Numbers of elements 

Numbers of elements of chain filters of chain filters 

Lyot filter with .0=45° with 0=30° 


1 pkte-f-2 polarizers 1 p!ate4-2 polarizers 1 plate4-2 polarizers 

2 

4-3 

2 

_i_2 

2 

—2 

3 

-i-4 

4 

-|-2 

5 

—2 : 

4 

-r5 

8 

4-2 

10 

-i-2 * 

5 

4-6 

16 

-2-0 

20 

4-2 

6 

~7 

32 

—2 

40 

j_2 : 

7 

-rS 

64 

-f-2 

80 

4-2 ; 

s 

4-9 ‘ 

128 

~r2 

160 

4-2 j 


Theory indicates that the width of the spectrum 
band transmitted by a chain filter can be approximated 
by the simple formula : 


Here K is the same as in Eq. (4). .V is the number of 
plates and 3 is a correction factor corresponding to the 
widening of the main maximum, accompanying sup- 


AX=(X/2 K-N)-3. 


( 9 ) 

15"] 


n. Sole, Czech. J. Phvs. 9, 237 (1959). 
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pression of neighboring maxima. The values of E are 
usually between 1 and 1.5. 

CHANGE OF WAVELENGTH BY INCLINATION 
OF FILTER 

For double-refraction filters, piates cut parallel with 
optical axis are mostly used. (Other cuts are not suit- 
able because the rays inside the plates would deviate 
from the original direction, which would interfere with 
the proper function of the filter.) We can derive the 
dependence of passband wavelength on inclination by 
consideration of a single plate. The resulting relations 
are valid for both modifications of chain filters. 

(a) The best analysis of wavelength variation was 
given by Lyot. 6 Approximate theory 3 leads to simple 
results which are sufficient for the majority of practical 
calculations. With uniaxial crystals such as quartz, 
calcite, or ADP, rotation of the plate around the optical 
axis displaces the wavelength of the maximum toward 
the red end of spectrum. If the angle of incidence is 
a>, and if the average index of refraction of the crystal 
is n, then the wavelength transmitted best is: 

Kn=(d- D/K) ■ O/ («’— sin 3 a) *]. (10) 

If we rotate the plate around a line perpendicular to the 
optical axis, the maximum is displaced toward the 
violet end of spectrum, approximately as given by the 
equation : 

(d-D/K)-£(n--sm^)i/nl. (10a) 

If we denote by Xo the wavelength of maximum 
transmittance for perpendicular incidence, then ap- 
proximately: 

X P n =Xo ■ £«/(«*— sin : cO n, (11) 

X v -i = Ao - C(« : — sin 3 <?) V uj. (11 a) 

Curves based on Eqs. (11) are shown m Fig. 2. These 
results apply to type I and to type II chain filters. 

(b) The formulas given permit the determination of 
the transmittances of chain filters for planes of in- 
cidence in different azimuths. Therefore, they can be 
used for analysis of convergent incidence. For small 
angles we can develop Eq. (10) in series and replace 
sin ip by the angle <p: 

X ? =XoCl-(c 2 /2» 3 )]. 

We need not consider the second equation, because the 
curves are symmetrical in the neighborhood of <3=0°. 
Let us assume further that the change of wavelength 
of maximum may be at most 1/D the width of the 
passband. We may then write Eq. (9) : 

(Ao/20 K-N) er/2«-) . 


X 



Fig. 2. Tuning of chain filter by inclination. Left: in clinatio n 
perpendicular to optical axis. Right: inclination parallel to oDtical 
axis. 

Hence it follows for admissible angles of convergence 
that: 

e*»-[fl/(10ff-iV)]l. (12) 

For less severe requirements, when simple chain 
filters are used, even greater convergence is permissible 
than indicated by Eq. (12). That is because the inter- 
ference pattern of the whole chain filter is almost 
identical with the interference pattern of one plate 
from which the filter is assembled. 

For extraordinary requirements, it is possible to 
increase the admissible convergence of rays on a chain 
filter, for example by replacing simple plates wich Lyot 
or Evans split elements or with compound piates con- 
sisting of positive .and negative crystals. 

PRACTICAL USE OF CHAIN FILTERS 

(a) Most often it is possible to work with simple 
plates in type I or II arrangement usual with sup- 
pressed secondary maxima. These filters are made with 
as many as 80 plates, usually quartz, from 0.1 to 15 
mm thick, exceptionally with ADP crystals from 1 to 
10 mm thick, or with calcite plates 0.o to 5 mm thick. 
The desired maximum is often isolated by use of a 
dielectric interference filter; or two chain filters are 
combined which fulfill the condition for the desired 
maximum X at different orders K. There are two pos- 
sibilities for changing wavelength by inclination of 
combined chain filters. For the first the azimuths of both 
filters are identical. For rays incident at any angle to 
the axis the wavelength maxima of both filters are 
shifted by the same amount to the same side of the 
spectrum. Therefore, both filters can be tuned by 
common inclination, but convergent rays distort the 
main maximum. 

' In the second case, the azimuths of the two filters are 


1^8 


4 B. Lyot. Ann. Astrophys. T, 31 (1944). 
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mutually perpendicular. Contrary to the previous 
case, rats incident at the same angle to the axis shift 
the wavelengths of the maxima of the two filters in 
opposite directions in. the spectrum. In this case, the 
mam maximum is not distorted by convergent rays, 
but the transmittance for convergent ravs is lower than 
for the parallel rays. Filters with narrow passbands 
must be thermos tatted. 

(b) If large convergence' is required with narrow 
bandpass, there are two possibilities: either a chain 
filter made from wide-field elements of Lyot or Evans 
construction, which are technologically very difficult, 
or a chain filter is combined with one or two Lyot or 
Evans 1 split elements. The first alternative has the 
advantage of less weight, but it cannot be tuned by use 
of a quarter-wave plate (line-shifter); the second 
alternative is easy to tune. Very much preferred, for 
instance, is a combination consisting essentially of from 
one up to three chain filters of quartz, which are placed 
in a thermostat. At both ends of this filter are calcite 
split elements with tuning quarter-wave plates. This 
s\ stem is easily tunable over the usual range of wave- 
lengths; at the same time it is possible to suppress 
quite completely all of neighboring maxima It is also 
very easy to isolate the wanted wavelength from all 
other maxima in a wide spectral range. 

(c) With the help of the inclined arrangement, it is 
possible to construct a filter that can be tuned over a 


7 J- W. Evans, J. Opt. Soc. Am. 39, 229 (1949). 


very wide range of wavelengths, but this is usable only 
for almost parallel rays. Combination of two such 
filters enables us to choose any arbitrary wavelength 
without need for dielectric isolating filters. 

In special cases, a chain filter can be made of plates 
cut at an angle to the optical axis of the crystal. This 
arrangement is convenient only for filters consisting of a 
few thin plates. 

(d) A tuned chain filter made of a pile of wedged 
plates has a small aperture (e.g., 2 to 10 mm); the 
convergence of the incident beam can be several degrees. 
Such a filter is very suitable, for example, for inter- 
ferometric measurement where bv pushing the wedge 
the chosen wavelength is easily isolated from a line- 
spectrum source. With a combination of two wedge 
filters it is again possible to put together a continu- 
ously tunable monochromator with resolving power 
from about 100 up to 300. Such arrangement is usual, 
for example, for colorimetry or for microscope illumina- 
tion. with a selected wavelength. 

Similar arrangements, in which wedged plates are 
used with supplementary wedged plates, were suggested 
by Evans 5 for isolation of high orders in grating spectra. 
Also, it is interesting to note that the “achromatic half- 
wave plates” described in Ref. 9, are, in fact, identical 
to the type II chain-birefringent filter with fewer plates. 

The described arrangements of chain filters do not 
exhaust ail possibilities and combinations. 

3 J. W. Evans, Appl. Opt. 2, 193 (1963). 

C. J. Koester, J. Opt. Soc. Am. 49, 405 (1959). 
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A new birefringent filter composed of a series of retardation plates between a single pair of polarizers has 
been described by Sole. The filter is analyzed and compared with the Lyot filter. It Es found that the Sole 
filter is inferior to the Lyot filter in the suppression of parasitic light in secondary maxima near the primary 
transmission bands, although its band width is slightly less, and its transparency is very much better if both 
filters use Polaroid film for polarizers 


B IREFRINGENT filters of the type invented by 
Lyot, with transmission bands ranging from 0.5 
to 5 A in width have become standard tools of solar 
research. While they are not excessively difficult to 
construct, and their performance is excellent, any 
possible simplification or improvement would be wel- 
comed. A new form of birefringent filter recently de- 
veloped in Czechoslovakia is therefore worth examina- 
tion, and comparison with the Lyot filter. 

In 1953 to 1955 Ivan Sole 1 published three papers on 
a new form of birefringent filter which he apparently 
developed and investigated purely by experiment. He 
does not give a general expression for the transmission 
of his filter as a function of wavelength because of its 
mathematical complexity. He did, however, succeed in 
determining its more important characteristics experi- 
mentally with considerable accuracy. The purpose of 
this paper is to derive an expression for the trans- 
mission of the Sole filter, and to compare its perform- 
ance with that of the Lyot filter. 

The Sole filter consists of a pile of identical retarda- 
tion plates of birefringent material, with only two linear 
polarizers, one at each end. Figure 1 shows, the arrange- 
ment. The plates are cut, as in the Lyot filter, with the 
crystal optic axis parallel to the surfaces. Sole describes 
two possible arrangements of the orientations of the 
axes of successive plates, which we shall term the fan 
and folded filters, respectively. 

Let the electric vector of light traversing the first 
polarizer be the reference direction from which the 
orientation, top, of the optic axis of the jth plate is 
measured. In the fan filter the two polarizers are parallel, 



p p 


Fig. 1. Section of a Sole filter, consisting of 16 retardation plates 
between a pair of polarizers, P. 

1 1. Sole, Czechoslov. Cosopis pro Fysiku, 3, 36 6 (1953) ; 4, 607, 

669 (1954); 5, 114 (1955). 


and to progresses monotonically. The angle to/ is given by 

“7= («/2)+ O'— l)a, (1) 

where a is a small angle which we shall determine. 

In the folded filter the polarizers are crossed, and to 
alternates between (a/2) and — (a/2). The angle top is 
given by 

«*-(— D m (°/2). (2) 

Sole determined experimentally that both forms of the 
filter appeared to work best when asmr/2 n, where 
n— the total number of plates. He states further that 
the curve of transmission as a function of wavelength 
closely resembles that of a Lyot filter in which the 
thinnest element (which fixes the spacing of the bands) 
has the same thickness as one of his retardation plates, 



T 

Fig. 2. Transmission curve of a Sole filter of 16 plates as a function 
of the retardation, y, of a single plate. 


and the thickest element (which determines the band 
width) has the thickness of the whole pile of Sole plates. 

It is difficult to see intuitively how either form of the 
Sole filter accomplishes its purpose. The problem of 
deriving an expression for the transmission by the usual 
methods does not appear to have an easy solution. 
However, the use of the matrix calculus developed by 
Jones 2 proves to be effective. The reader is referred to 
his papers for a very clear explanation of the method. 
In the following application, we retain his notation for. 
convenience of reference. 

Let the light travel along the s axis of a rectangular 
coordinate system. The faces of the n retardation plates 
of a Sole filter are norma! to the z axis, and the electric 
vector of light transmitted by the first polarizer is 
parallel to the x axis. Let the electric vectors of light 

1 R. C. Jones, J. Opt. Soc. Am. 31, 488 (1941); 31, 500 (1941). 
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entering and emerging from the system be represented 
by the one column matrices, 


€o — 




(3) 


Then the initial matrix equations relating to and e„ in 
the fan and folded filters are, 


( EX ") =P=S(a/2)S(rr/2)[S(-a)G]» 

n ' Fan 

xS(-,)P..f), (4; 

\E V o/ 

( c . ln )™= (- 1) (n,2) P vS (a/2) [S ( — a) G S (a) G] Cn/2) 

\E V n' n even 


(f%d«r*(-l) cn - ,),2 pvs(a/2) 

\iS un / n odd 


(5) 


X GQS (— a) G S (a) G] 


XS( 


-*<:)■ «> 


Here S(a) and G are matrices representing rotation 
through the angle a, and the retardation of a single 
plate, respectively. They are defined as follows: 



where -y= a- (d/\) (c— &j)in the fan filter, y=-(d/\) (e—o) 
T" (rr/2) in the folded filter, d= thickness of a single 
retardation plate, wavelength of, the light, and 
t and <d= refractive indexes of the birefringent material. 

The matrices P- and P v represent polarizers trans- 
mitting the electric vector parallel to the x and y axes, 
respectively, and are defined by 

/I 0\ /0 0\ 

P -(o o) “ d P '"(o 1> ® 


The transmission of the filter, ts, is the square of the 
ratio of the amplitudes of the entering and emerging 
electric vectors, «o and The problem of deriving a 
useful expression for ts is basically the problem of 
raising the factors in square brackets in Eqs. (4), (5) and 
(6) to the indicated powers without multiplying them 
out explicitly, an impossibly laborious task when n is 
large. These factors are two by two matrices. Jones has 
devised an ingenious method for raising such matrices 
to any desired power. His method leads to a single 


Fig. 3. Section of a 
Lyot filter of four bi- 
refringent elements, 
bi-b f , sandwiched be- 
tn een polarizers, P. 



expression for the transmission of initially unpolarized 
light through the fan and the even and odd folded 
filters as follows, 


t s pin«x 

r s =— 

2 L sinx 


cosx tana 


- 2 


( 10 ) 


The parameter x is related to the retardation, y, by 
the following expression: 

cosx —cosy cosa. (11) 

The factor ts represents absorption and reflection losses 
in the filter. 

Examination of Eq. (10) shows that Sole was correct 
in his experimental finding that a= (1 /m) (rr/2) is an 
optimum condition. Adopting this value for a, we ob- 
tain the transmission curve of Fig. 2, and derive the 
following conclusions: 

(a) At the principal transmission bands, rs= (ts/ 2), 
when x = a orx = w— a. The corresponding values of the 
retardation are y—kir, where k is any integer. 

(b) rs=0 when x— (l/n)rr— 2/a, where 1= 1, 2, 3 — 
(«“!)• 

(c) Secondary maxima occur between the zeros. 
Their exact positions are not readily determined, 
although they are very near the midpoints between 
successive zeros. At these points, x = (2H~l)a, where 
1=1, 2, 3, •••(»— 2). The transmission at a midpoint 
between zeros is, then, 

sin»(2f-M)a ~| 2 

COs(2f+l)a tana j . (12) 

. sin(2Z+l)a J 

For purposes of comparison, the reader will find the 
theory of the Lyot filter and its split-element modifica- 
tion in papers by Lyot, 3 Evans/ and Dollfus. 5 To review 
briefly, the Lyot filter consists of a multiple sandwich 
of birefringent crystal layers and polarizers. The crystal 
layers, termed 5-elements, are cut with the crystal optic 
axis parallel to the surfaces, perpendicular to the instru- 
mental optical axis. In the simplest form, the thick- 
nesses of the 5-elements form a series in powers of 2. 
Polarizers, usually sheets of Polaroid film, are placed 
between successive 5-elements and at each end, with 
their axes parallel. The arrangement is shown in Fig. 3. 
The 5-elements are also oriented with their axes 
parallel, at an angle of 45° to the. electric vector trans- 

1 B. Lyot, Ann. astrophys. 7(1), 2 (1944). 

.‘J. W. Evans, J. Opt. Soc. Am. 39, 229 (1949). 

‘ A. Dollfus, Rev. opt. 35, 625 (1956). 
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Fig. 4. Transmission curve of a Lyot filter of four elements as a 
function of the retardation, yi, of the thinnest element. 

mitted by the polarizers. The transmission, tl, of the 
assembly is given by the equation, 

tl= (ix,/2)[cos7i cos2y! cos4yr • - cos2 JV ~ 1 7i J, (13) 

where A T = number of 5-eleraents, 71= retardation of 
the thinnest element =7r(rf 1 /A) («—«), d x = thickness of 
the thinnest element, and fi,= a factor representing 
absorption and interface reflection losses in the filter. 
Lyot 3 shows that Eq. (13) can be written as follows 


th !T sin2‘ v 7i "l 2 

2 _2 W sin7i- 


(14) 


He points out that this is identical to the expression for 
the intensity curve of a diffraction grating of 2 A ’ rulings 
at fixed angles of incidence and diffraction. The curve, 
shown in Fig. 4, consists of widely spaced sharp principal 
maxima or transmission bands. Between successive 
bands are 2- v — 1 zeros interspersed with 2 ,v — 2 second- 
ary maxima. The separation of successive bands is 
inversely proportional to 71, and the band width to 
2 A ' _1 7i. These are the retardations in the thinnest and 
thickest 5-elements, respectively. 

Lyot filters, in both the simple and split element 
forms, made of quartz and calcite, less than 20 cm long, 
are now widely used for observation of the sun in the 
light of the Ha line of hydrogen and the 5303 line of 
FeXIV in the corona. The band widths range from 
0.5 to 5 A. 

In assessing the practical value of a birefringent 
filter, the relevant characteristics are the transmission 
at the centers of the transmission bands; the band 
width between the first zeros on each side of the band; 
the transmission of parasitic light in the secondary 
maxima, particularly those near the primary bands ; and 
finally, the cost of the filter. It is therefore of interest to 
compare the Sole and Lyot filters in these particulars. 
For convenience, the curves of rs and t l are superposed 
in Fig. 5. 

A comparison of Eqs. (10) and (14) suggests that a 
Lyot and Sole filter are equivalent if ys= 7 il and n— 2 s . 
Then the spacing of the transmission bands in 7 (or A), 
and the number of zeros and secondary maxima be- 
tween bands is the same for the two. We therefore 
compare a Sole filter composed of 2 N identical retarda- 
tion plates with a Lyot filter of N 5-elements, the 


thinnest of which is identical with one of the Sole 
retardation plates. The total thickness of birefringent 
material in the Sole filter exceeds that in the Lyot filter 
by the thickness of one retardation plate. This is not in 
accord with Sole’s experimental finding that the two 
are equivalent when the thickness of his filter is approxi- 
mately half that of a Lyot filter, an item of some 
economic importance. 

In transmission, the Sole filter is definitely superior 
to the Lyot filter as usually constructed. The polarizers 
are usually Polaroid film, which has a transmission in 
the visible spectrum of about 0.75 for light polarized 
parallel to the transmission direction. Thus in the Sole 
filter /s=0.56, while in the Lyot filter li~ (0.75)- v+1 . 
The split element form of the Lyot filter is considerably 
better, with t L = (0.75) ( - v/2)+l . In most practical filters, 
with transmission band widths between 0.5 and 5 
angstroms, N ranges from 6 to 10, and ft is between 
0.14 and 0.05 in the simple Lyot filter, or 0.32 and 0.16 
in the split element filter. These losses in the Lyot filter 
can be avoided, however, by the use of more trans- 
parent (and much more expensive) polarizers like 
Rochon prisms. A Lyot filter of this construction is very 
nearly as transparent as the equivalent Sole filter, but 
with the practical disadvantage of some added optical 
length which vignettes the field unless the aperture is 
enlarged. 

The band widths of the two filters may be most 
readily compared in terms of Ay, the increment in 
retardation of a single Sole plate (or the thinnest Lyot 
5-element) between the center of a transmission band 
and the first zero on either side. For the Lyot filter, 
ArfL— For the Sole filter, Ax=2a. If n is 

large (>16, say), a is small, and Ays approaches 
(VJ/2 )(ir/«). Since n=2 N , we conclude that the Sole 
filter has the sharper transmission band by a factor of 
(v3/2) = 0.87. 

The transmitted parasitic light in the secondary 
maxima is approximately proportional to the trans- 
mission at the midpoint between zeros. This is given in 
Eq. (12) for the Sole filter. For the Lyot filter, 


II 


T Lm 

9 


sin(2f+l)- 

2 


| 2 N sin-(2f+l)/2* j 


(15) 


We are interested in the ratio (Tsm/ts)/{.TL m /l L ) 
= at the midpoints between corresponding 

zeros in the two filters (i.e., for the same values of /). 
This is 


/2f+l\ 1 7r~] 

2' v cosf — — ) (tt/2) tan— - . (16) 

V 2 « ) 2 N 2 J 


If n is large, the secondaries near the transmission 
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hands (/ small) approach the ratio 

{tsJ / TLm') = (ir/2) 2 = 2.47. (17) 

Thus the parasitic light in. the immediate neighborhood 
of the primary transmission bands is roughly 2.5 times 
as great in the Sole filter as in the Lyot filter. Since the 
first secondaries on either si.de of the primary band of a 
Lyot filter transmit together about 0.05 as much light 
as the band itself, it is evident that the parasitic light 
of the Sole filter may be very serious in certain applica- 
tions. A textbook example would be the observation of 
solar flares in the light of the Ha line of hydrogen. Here 
we must isolate the light at the center of an absorption 
line roughly one angstrom broad. The light intensity 
at the center of the line is 0.16. that of the neighboring 
continuum. Thus a Lyot filter with an interval of 0.5 A 
between the center of the band and the first zeros on 
either side has its first secondaries well out in the con- 
tinuum, and the diluting parasitic light from these 
secondaries is roughly 0.05/0.16 = 0.3 times the light 
in the transmission band. This reduces the contrast of 
the solar Ha features very appreciably. With the Sole 
filter the diluting light would be nearly 2.5 times as 
great, and only the most contrasty of the solar features 
would de detectable. For the observation of emission 
line objects against a continuous background, however, 
.like the prominences at the solar limb, the Sole filter 
should function reasonably well, although it is still 
definitely inferior to the equivalent Lyot filter in 
contrast. 

One device for reducing the parasitic light in the 
Sole filter would be the addition of a secondary sup- 
pressor plate, in the form of a single thick retardation 
plate with a transmission maximum coinciding with the 
passband, and zeros coinciding with the first secondaries. 
This calls for one additional polarizer. The same device 
applies equally to the Lyot filter, and in practice it 
improves the performance quite substantially. The 
suppressor plate does not change the relative merits of 
the two filters. 

The off-axis performance of the Sole filter has not 
been investigated analytically. However, we should 
expect that when n is large, the folded form should 
have very nearly the same off-axis characteristics as 
the simple Lyot filter. The field characteristics of the 
fan filter, however, are not so readily apparent. Sole 
states that the two forms have the same off-axis 
characteristics, which is surprising. .He further states 
that the wavelengths of the transmission bands can be 
shifted over a broad range by tilting the filter. This 
finding is correct in the same sense that it is true for a 
Lyot filter. As the angle of inclination increases, how- 
ever, the angular field over which the wavelength of the 
transmission band is uniform within a given .tolerance 
(0.1 of the band width, for instance) decreases approxi- 
mately with the reciprocal of the angle of inclination. 



Fig 5. Superposed transmission curves of a 16-plate Sole filter 
(solid curve) and a 4-element Lyot filter (dotted curve). 


Thus this type of tuning would be useful for the observa- 
tion of a point source at infinity, but is of little use in 
the observation of an extended field, or in a converging 
beam of light. 

The useful field of the Sole filter can be greatly ex- 
tended by the same devices that are applicable to the 
Lyot filter. However, this calls for a compound con- 
struction of each retardation plate, and multiplies the 
complexity of construction several fold. 

A Sole filter with only two polarizers is probably 
more expensive .than the equivalent Lyot filter for band 
'widths greater than 3 A, and most certainly so for 
sharper bands. A filter with a 5-A band width calls for 
60 or 70 retardation plates, and the number increases 
with the reciprocal of band width. Since they are identi- 
cal, many such plates can be ground and polished in one 
operation. However, the loss in birefringent material in 
the sawing process would be very considerable, and 
the mechanical problem of mounting and cementing so 
many elements in their proper orientation might be 
expensive. If the material is quartz, the thicknesses of 
individual retardation plates presumably would be be- 
tween 1 and 2 mm. For band widths of less than 2 A it 
is almost necessary to use caicite to avoid excessively 
thick filters. The thickness of a single plate is then of the 
order of 0.06 to 0.12 mm, and the problem of working 
this rather difficult material to the requisite accuracy 
in thickness and flatness (about 0.2 micron) in several 
hundred plates becomes really formidable. 

In practice, one would avoid excessively thin plates 
in the Sole filter by compounding it. For example, a 
h-A filter could be made with a first stage of 25 quartz 
retardation plates about 1,1 mm thick and a second 
stage of 25- caicite plates 1.4 mm thick (the exact 
thicknesses depend upon the desired wavelengths of the 
transmission bands). An additional polarizer must, of 
course, be inserted between the two stages. I suspect 
that such a filter would be comparable in cost with an 
equivalent Lyot filter equipped with Rochon prism 
polarizers. Of the two the Lyot filter is preferable 
because of its superior suppression of parasitic light. 

In summary, then, the Lyot filter performs better 
than the Sole filter except for possible applications 
where the parasitic light of the latter near the trans- 
mission bands is of no importance. 
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ABSTRACT 


The theory of the Soic birefringent filter is complicated and the general formulae 
describing its optical properties do not invite to any simple physical picture. Due to these 
formal difficulties, many of its inherent possibilities have not been fully appreciated. In this 
paper we point out some new possibilities for filters based on this general design. 

The detailed shape of the transmission profile is a function of the angles of the crystal 
plate optic axes. It is shown how unwanted transmission sidelobes can be suppressed to any 
desired level by altering the distribution of plate angles. By the same means, the transmission 
band can be split into two symmetrically placed replicas, and the distance between the two 
bands can be varied. In this way the filter can easily be tuned over half the free spectral range 

Some of the error sources that are important to the filter performance are discussed. An 
expression is given for the amount of parasitic light introduced by errors in the orientation 
of the plate optic axes and it is found that errors as large as 0 ? 5 can be tolerated. A labora- 
tory experiment with 1 6 birefringent plates has shown that accuracies an order of magnitude 
better than this figure can easily be achieved. Manufacturing errors in the thickness of the 
plates can be compensated for by assembling the pile of plates in a particular way. The very 
strict tolerances usually quoted can therefore be considerably relaxed. 




1. INTRODUCTION 


Birefringent filters with narrow bandpass have been used for many years in astronomical 
research, primarily for monochromatic observations of the sun. The main advantage of such 
filters is their speed: within the selected wavelength band, the light from the whole field of 
view is available all the time. When observing with a conventional spectroheliograph, only a 
fraction of the total time is used for any one region as the slit is scanned across the field of view. 
The instant view of the whole field is also a great advantage when observing rapidly changing 
phenomena on the solar disc. 

The first type of birefringent filter was developed by Lyot (1933, 1944) and by Ohman 
(1938). A second type was designed by Sole (1953, 1959, 1960, 1965). Both types of filter 
have been further discussed by Evans (1949, 1958). 

Both filters utilise retardation plates (usually of quartz or calcite) cut with the optic axis 
parallel to the surface of the plate. In the Lyot-Ohman type filter, the plates are sandwiched 
between linear polarizers and the thickness of each plate is twice that of the preceding plate. 

All plates are oriented with their optic axes parallel and at 45° to the axes of the polarizers. 

On entering a plate from the preceding polarizer, the light is divided into vector components 
which travel through the plate at different phase velocities. The two components are combined 
in the following polarizer and the transmitted wave will have an amplitude proportional to 
cos 7 where 27 radians is the phase difference (retardation) introduced by the birefringent 
plate at the wavelength in question. A. complete filter consisting of N such units with plate 
thicknesses in the ratio 1:2:4*... 2 iV " 1 ,will have a transmission proportional to 

[cos 7, • cos 27 j • cos 47! cos 2^ V ‘ I 7 I j 2 which leads to the well-known expression for this 

filter (Lyot 1944): 


sm 2 jV 7! 

m 


where 27i is the retardation of the thinnest plate. 

The Sole type of birefringent filter employs a pile of equally thick, but differently 
oriented, retardation plates and only two polarizers, one at each end of the pile. It is difficult 
to see directly how the Sole filter accomplishes its purpose. The general formulae describing 
the optical properties of such a pile of birefringent plates are complicated and do not invite 
to any simple physical picture of the relation between the orientation of the plates and the 
resulting transmission profile. Only for a few special cases has it been possible to derive ana- 
lytical expressions for the filter transmission. However by following, on the Poincare sphere, 
the polarization of the light as it passes through the different plates, one can gain some under- 
standing of how the filter works. 

Many of the inherent possibilities of this design have not been fully appreciated because 

consequently Sole filters have not been as widely used as the 

tM 


of these formal difficulties and 
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Lyot-t5hman type. However, since the Sole filter uses only two polarizers it has obvious 
advantages, especially in the near ultraviolet region, where available polarizers are either 
bulky or else give imperfect polarization and significant absorption (Fredga 1969a, b, 
Fredga and Hogbom 1970). We shall here discuss the properties of the Sole filter and 
point out some new possibilities for filters based upon this general design. 
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POLARIZER 


RETARDATION PLATES 
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Figure 1 . 


Simple Sole filter of the folded type. 
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2. MAIN PROPERTIES OF THE SOLC FILTER 

Sole describes two main versions of the filter. In his type I filter, called the folded filter 
by Evans, the axes of the plates are all rotated the same angle with respect to the axis of 
the first polarizer, but alternate between u- +p and co=-p. The end polarizer is oriented 
at right angles to the first (Figure 1). In his type II filter, called the fan filter by Evans, the 
angles co„ of the retardation plates increase monotonically in the series p, 3p. 5 p, . . . (2 N- 1) p, 
and the end polarizer is here oriented parallel to the first polarizer. For both filters the quantity 
p is given by 

p — 7r / 41V (2) 

where N is the number of plates. 

Evans (1958), using the Jones (1941 a, b) matrix calculus, found that the on-axis 
transmission of the fan filter for unpolarized light can be written: 



( sin Nx 

■ sin 2 p • cos 7 

sm x 


2 


The parameter x is defined by 


(3) 


cos x = cos 7 cos 2 p 


(4) 


2 7 (radians of phase) is the retardation of a single plate and related to the wavelength A by: 


2y = 2n d p / A (5) 

where d is the plate thickness and p = ( n g — n Q ) the difference between the extraordinary 
and ordinary refractive indices. The constant t represents the losses due to unwanted 
reflections and absorption in the filter. The same formulae are valid for the folded filter 
if cos 7 is replaced by sin 7. Transmission maxima occur at wavelengths for which 

2 7 = £ - 2 tt and 2 7 = ( k + ’A ) • 2 tt for the fan filter and the folded filter respectively ( k is 
an integer). The main transmission bands are accompanied by sidelobes, the closest of which 
are as high as 12%. In section 3 we shall see how these can be reduced to any desired level 
by choosing a modified distribution of angles c o for the plates in the pile. 

17 / 



The width of individual transmission bands expressed as an interval in 7 can be calculated 
from Eq. (3). Differentiating Eq. (5) we get the relation between this and the corresponding 
wavelength interval. The bandwidth between half intensity points becomes 


A X .a = 0.80 • — . q (6) 

N-d-u 


where q = 1 / ( 1 

\ M 

The bandwidth is inversely proportional to the total thickness of the pile of retardation plates, 

N- d- 

The distance between successive transmission maxima (the free spectral range) is determined 
by the properties of the individual plates. 



X 2 

+ 1 - d . ^ ? 


( 7 ) 


and the finesse of the filter is 

-Kit*** “ i.2Siv (S) 

For quartz, the factor q is close to unity ( = 0.9) for wavelengths above 5000 A, but 
decreases rapidly as one approaches the ultraviolet part of the spectrum ( q = 0.72 at 
2800 A and 0.55 at 2000 A). This makes the ultraviolet transmission bands even sharper 
and closer spaced than indicated by the X 2 dependance alone. 

The form of the.Jones calculus chain of matrices for a pile of birefringent plates shows 
that the most relevant parameters describing the filter are 1) the distribution of angle 
differences a (between adjacent plates or between plate and polarizer) and 2) the semi- 
retardation 7 of the individual plates. The latter is related to the wavelength by Eq. (5). 
•Most equations become unnecessarily complicated when expressed directly in terms of 
the plate angles cu and the wavelength X and we shall replace these by the more convenient 
parameters cl and 7. 
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3. CONTROL OF BANDWIDTH AND SIDELOBES 

The 12 % sidelobes accompanying the main transmission bands are too large for many 
practical applications. Sole (1960, 1965) describes how the sidelobes can be suppressed by 
tapering the distribution of plate angles. The quantity p is made larger near the centre of 
the pile and smaller towards the ends. Maximum transmission at the center of the band 
occurs when the distribution of p is normalized so that a more general version of Eq. (2) 
is satisfied: 

N + 1 

„ ?j !a « 1 = 77 1 2 (9) 


where a^is the angle difference between neighbouring elements in the filter: 


a = 

n 


ax 


co 


«-l 


( 10 ) 


For this purpose co 0 = 0 represents the orientation of the first polarizer, while the last 
polarizer is oriented at right angles to co jV+1 '.' Thus /or the folded filter, co, v+{ = 0 and, 
for the fan filter, a^y +1 = tt / 2. Eq. (9) can be derived by tracing the polarization of the 
transmission maximum wavelength on the Poincare sphere. 

From a theoretical point of view it is more satisfactory to consider the tapering as 
applied to the angle differences a rather than to the quantity p. A fan filter that is 
untapered in a will have the plate angles 0 = first polarizer, a, 2 a, 3a . . . (the folded 
filter would have: 0, a, 0, a . . .-. ) and a transmission: 


t f sinAfx 

2 \ sin 


2 


(ID 


where cos x = cos y cos a 


and M — N + 1 is the number of angle differences in the filter. The versions discussed by 
Sole and Evans (Eq. 3) should then strictly speaking be regarded as tapered in that the two 
extreme angle differences are only half as large as the others. The transmission profiles are 
however practically identical when the filters contain a large number of plates. The same is 
true for the tapered [versions of these filters. 

It is instructive to investigate the transmission profiles resulting from different 
distributions of the angle differences a n . Figure 2 shows computed transmission profiles 
for differently tapered filters. The second example represents the simple untapered filter 
described by Eq. (11). The third example shows the “roof’ tapering which is similar to 
that often used by Sole. This gives a sidetobe level which is acceptable for most practical 
applications. (~jri 



n 


WAVELENGTH X 


Transmission profiles for differently tapered filters. The absolute value of the 
plate angle differences a n are plotted to the right. The tapering functions are 
a ) ‘interferometer’, b) no tapering, c) roof with a 2:1 amplitude ratio. 
d ) cosine, e) triangular and f) gaussian. truncated at 1/100 of its maximum 
amplitude. 
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Table 1 . Bandwidth relative to that of an untapered filter and maximum transmission 
in the first sidelobes for different tapering functions. 


Tapering function 

Bandwidth 

First sidelobe 
(in % of main peak) 

Second sidelobe 
(in % of main peak) 

Interferometer 

0.76 

(90.7) 

(30.8) 

No tapering 

1.00 

11.6 

3.9 

Roof (2:1) 

1.11 

3.4 

2.1 

Cosine 

1.36 

1.8 

.22 

Triangular 

1.47 

.09 

.47 

Gaussian (100:1) 

2.00 

.005 

.0002 


Figure 2 and Table 1 illustrate the general trend towards reduced sidelobes and increased 
bandwidth as the tapering function is taken from the extreme “interferometer” shape to the 
smooth gaussian form. Many other shapes of the main peak such as, for instance, a flat-top 
profile can be produced by suitable tapering functions. In order to obtain wider 
bands than those shown in Figure 2, one simply applies correspondingly narrower tapering 
functions of the same shape. A Sole filter m which the plates can be rotated independently 
can therefore be used as a variable bandwidth device where, in addition, the detailed shape 
of the profile can be chosen to suit the particular application in question. 

The numerical calculations in this paper have been performed using various versions of a 
computer program developed by Beckers and Dunn (1965) and based on the Jones (1941 a, b) 
matrix calculus. 


4. RELATION TO FOURIER TRANSFORMS 

The general shape of the transmission bands and the changes in this shape resulting from 
the various types of tapering illustrated in Figure 2, suggest that the relation between the 
distribution of plate angle differences a n on the one hand and the transmission profile on the 
other is similar to a Fourier transform. 

The general relation to Fourier transforms can be understood with reference to Figure 3. 

At each boundary between two plates (or between a plate and a polarizer) there is an exchange 
between the wave components travelling in the ordinary and extraordinary modes. A certain 
fraction, sm a n ,of the wave component previously carried in the ordinary mode will, after the 
boundary, add vectorially to the component in the extraordinary mode and vice versa. The 
wave emerging from the end polarizer can then be described as the vector sum of field com- 
ponents passing from the input to the output along all possible paths. The different paths 
will produce output field components of different amplitudes, but the phase of every com- 
ponent must have one of the values k 2j radians (k = 0. 1 . 2 . . . . N) relative to that of 
the component that has travelled in the ordinary mode all through the pile (dashed in Figure 3). 

ns- 
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Figure 3 . Illustrating the many different paths by which the light can travel from the input 
to the output of the filter. The heavy line represents an output vector component 
that has crossed over three times between the two propagation modes. It has 
passed through a total of six plates in the extraordinary mode and therefore 
emerges at a phase of 6 • 2 y relative to the component that has stayed in the 
ordinary mode all through the filter (dashed). 


Let g n be the sum of the amplitudes of all field components that have passed through 
the pile in such a way as to produce the phase n ■ 2 j. The output wave field can then be 
written (excluding the frequency factor 


N 

E{ 7) = 2 g n exp (/ 27 n ) 
«=0 


( 12 ) 


This has the form of a Fourier series. The filter transmission is proportional to the square of 
the field strength 


T( 7) ~ I E{y) I 2 


( 13 ) 


Eq. ( 12 ) shows that, independant of the arrangement of the plate angles, the transmission 
profiles must obey certain well known rules of Fourier series mathematics. The transmission 
peaks will be repetetive at intervals of 7T in the coordinate 7 . and the profiles will be 
symmetrical about all points 7 = k ■ it . Furthermore we can deduce that the finesse F for 
a particular filter cannot be made much greater than the number of plates N. The exact 
value depends upon how large sidelobes one is prepared to accept. An untapered filter for 
instance has a finesse of 1 . 25 A' but also 1 1.6 % sidelobes, while a cosine tapered filter has 
F - 0 . 92 iV and only 1.8 % sidelobes. No arrangement of the plate angles can give a perfor- 
mance that is significantly better in this respect. 

Each coefficient g n is the sum of the contributions from all possible paths that 
produce the phase n ■ 2 -y. However, if all angle differences a 1 radian, the by tar greatest 
single contribution will come via the path that makes only one transfer between the two 
modes. The coefficient g n wiil therefore be strongly influenced by the one particular angle 
difference at which this transfer takes place: this explains why the relation between the 
tapering function and the transmission behaves in a way that is similar to a Fourier transform. 
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5. TUNING THE FILTER 

Many different shapes of the transmission profile can be produced by altering the dis- 
tribution of plate angles. An especially interesting possibility, which does not conflict with 
the symmetry requirement derived in the previous section, is that the normal transmission 
band can be split into two symmetrically placed replicas of itself. The distance between the 
two components can be chosen at will and an individual member of such a pair can therefore 
be tuned in wavelength by rotating the plates. 

The modulation theorem in Fourier analysis shows that such a split peak will result if 
we can change the plate angles in such a way that the new coefficients G n are related to 
those of the original filter according to the equation 

G n = 2 g n cos lirsn (14) 

The two component bands will then appear at a distance from the position of the original 
single band, which is ± s times the repetition interval. (Eq. 7) 

There exist general methods for calculating the plate angle distribution that will produce 
a set of desired coefficients G n (Harris, Amman and Chang, 1964), but the mathematics 
becomes discouragingly complex for large numbers of plates. Fortunately, the exact calculations 
will not be necessary in this case: the desired cosine modulation of the coefficients will, to a 
good approximation, result if one simply modulates the angle difference distribution ct n in 
exactly the same way: 


A n = 2 a n cos 2irsn (15) 

In Appendix 1 we discuss the effect on the transmission profile of a modulation of the angle 
difference distribution according to Eq. (15). 

Figure 4 shows the result of numerical calculations for a set of 16 retardation plates 
when a cosine modulation has been applied to the original angle difference distribution a n . 

As the modulation frequency s (expressed in cycles per plate) is carried from 0 to 0.5, 
the filter changes from the fan type, via split peak versions, into the folded type. For s= 1, 
or any other integer, we have returned to the original angle distribution. 

Note that the original angle distribution may be that produced by any desired tapering 
function. The shifted peaks keep the same shape as the unmodulated peak. In this example 
the calculations were made for a cosine tapered angle difference distribution characterized by 


a„ = 


4 (iV+2) 


sin (t r 


N+2 


(16) 


The first factor is the constant required to satisfy Eq. (9) for maximum peak transmission in the 
unmodulated filter. 
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Figure 4. Splitting the transmission bands and tuning the filter. Transmission profiles, plate 
angles co and angle differences a are shown for different modulation frequencies s. 
For s = 0, the plate angles go from 0 to 90°. By modulation through half a cycle 
(s goes from 0 to 0.5) the filter has transformed from a fan filter into a folded filter. 
Note that the bands become narrower and closer spaced at shorter wavelengths when 
plotted on a wavelength scale. The computations were made for a 16 plate cosine 
tapered filter. nQ 


The factor 2 in Eqs. (14) and (15) is only valid when the two components of the split 
peak are well separated. For small values ofy, when the bands overlap, the constant deviates 
from the value 2, approaching unity as s -»■ 0. './hen calculating the examples in Figure 4 
we have used a modified version of Eq. (15): 


A n = 2 a n cos (2 tt s [n — n c ] + ir / 3) 


(17) 


The phase of the modulation at the filter centre, n c —• (N + 2) / 2, is then equal to 7r / 3. 
This has little influence on the transmission profiles when the two bands are well separated, 
but it gives a good approximation to the desired shape also when they are so close as to 
overlap. For 5 = 0, this equation produces the original fan filter configuration. The actual 
plate orientations are calculated from Eq. (10): 

“ n = 1 + 4 t 08 ) 


where, as before, the first polarizer is oriented at co 0 = 0. Observe that the end polarizer, 
which is always oriented at right angles to oj n+ j , will not necessarily be parallel to or at 
right angles to the first polarizer (Figure 5). 

The region around s = 0.25 is best suited for the tuning since neighbouring unwanted 
bands will then be at their maximum distance and may be rejected by other means. The use- 
ful tuning range expressed in bandwidths will clearly be larger than in the example of Figure 
4 if the filter contains a larger number of plates. 



Figure 5. 


The orientation of the last polarizer as a function of the modulation frequency 
v for the filter shown in Figure 4. 



6 . ERROR SOURCES AND TOLERANCES 


When designing and building a filter it is important to know the tolerances within which 
the various design parameters must be kept. Many types of error can be treated as equivalent 
to errors either in the plate angles o o„ or in the plate thicknesses d n These two basic errors 
affect the transmission protile in different ways. Errors in the angles co n will always produce 
disturbances that are symmetrical with respect to the normal fan or folded filter band positions 
because Eqs. (12) and (13) remain valid. The first of these equations was derived on the 
assumption that all plates are identical and errors in the plate thickness can. as we shall see. 
produce both asymmetrical disturbances and small shifts in the position of the main trans- 
mission bands. 


6. 1 Errors in the plate angles 

In Appendix 2 we derive an expression for the average transmission level of spurious 
sidelobes caused by errors in co„ (Eq. 42): 


= 4iVa CJ 2 sm 2 7 (19) 

is the standard deviation of the errors in the plate angles expressed in radians. If a u 
is expressed in degrees, the constant 4 should be replaced by i jq-3 

The average parasitic transmission is zero at wavelengths for which a fan filter has its 
peaks ( where 7 is a multiple of n ) and increases to a maximum at wavelengths for which 
a folded filter has its peaks ( where 7 is an odd multiple of 7 t/2 ). This is independent of 
whether the actual filter is of the fan type, the folded type, or has been tuned to some inter- 
mediate configuration. Figure 6 shows computed examples of sidelobes resulting from 
normally distributed random errors with a large standard deviation ( 1 °). 

The mean parasitic transmission averaged over all wavelengths (all y ) becomes 


e = 2No^ 


( 20 ) 


We have computed e for several filters with random errors in the plate angles 0 J n . The errors 
added to the correct angles were normally distributed with standard deviations eaual to 
0°.3, 0°.6 and 1°.0 . The calculations were made for cosine tapered fan filters with 20 , 40 
and 80 plates. The results are shown in Figure 7 and agree well with the values expected from 
Eq (20). 
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Figure 6. Examples of sidelobe patterns due to errors in the plate angles oj with the large 
standard deviation o u = 1°. The expected mean level according to Eq. (19) is 
dashed and the errorfree profile is dotted; 40 plate cosine tapered filter. 



Figure 7. 

Mean parasitic transmission averaged over 
all wavelengths due to errors in 0 J n for 
fan filters with 20, 40 and 80 plates. 

The standard deviations used in the error 
distribution were = 0.3°, 0.6° and 
1.0° . Each point represents an indepen- 
dent error distribution. The straight 
lines represent theoretical values accor- 
ding to Eq. (20). 
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The ratio of the total energy transmitted in the error sidelobes to that transmitted in 
the main bands will be approximately equal to e times the finesse F For normally tapered 
Filters F ~ N (sections 2 and 4) and we get 


eF* 2N 2 o^ 2 ( 21 ) 

A 40 plate filter, in which the plate angles have been adjusted to a tolerance of ± 0° 5 
(corresponding to o u ** 0°.3) will thus have a total parasitic transmission due to the errors 
in c o n which is only 8 % of that in the main bands. This agrees with the empirical findings of 
Beckers and Dunn (1965) that angle errors of this magnitude have little influence on the 
filter performance. 

This result is somewhat surprising since errors of this magnitude are by no means small 
compared with the angle differences a n themselves, which for a 40 plate Filter are of the 
order of a few degrees. In practice it is easy to control the plate settings to a considerably 
higher accuracy (section 7), and the angle errors should therefore have a negligible influence 
upon the transmission profile of a well designed Filter. 

Apart from producing unwanted sidelobes, the angle errors can also distort the shape 
of the main band. However, it appears from computed examples that this effect will usually 
be less disturbing than the appearence of the sidelobes. 


6.2 Errors in the plate thickness 


The average sidelobe level away from the main bands of an untapered fan filter is 
derived in Appendix 2 (Eq. 47). From computed examples it appears that the formula 
can also be used for tapered filters. 


4 

. -T g °~ 

4 N sin 2 7 


(22a) 


where a 0 is the standard deviation of the plates from their average thicknesses expressed 
in orders of birefringence; the latter is related to the standard deviation a d in the actual 
plate thicknesses by: 


2 7t gt 0 {a d j d) 


(22b) 


The effects of these errors are seen to be more serious for short wavelengths 
( — larger 7, see Eq. 5). Furthermore, the sidelobes increase very steeply as one approaches 
the positions of the main bands because sin 2 7 becomes very small. The same picture 
emerges when the calculations are performed for a folded filter or a tuned filter: in contrast 
to the behaviour of the angle error sidelobes, this error pattern will accompany a main band 
as it is tuned to a different wavelength. 

It should not be concluded from Eq. (22a) that the situation improves for large N. The 
sidelobe level at any specified wavelength does indeed improve as more plates are added. At 
the same time, however, the bandwidth decreases and the sidelobe level at a specified number 
of bandwidths from the main peak sets worse. The result is that the total parasitic trans- 
it 
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mission becomes larger relative to the transmission in the main bands. Eq. (22a) ieads to an 
expression for the ratio of the total error transmission outside the main bands - here taken 
to be the region for which |sin 7 I > 7 T / N - to ti “ transmission within these bands (compare 
Eq. 21 ): 


No 0 2 ( 22 c) 

According to this formula, a 40 plate filter with cr 0 = 1 /40 order should have a total error 
transmission equal to 12% of the main band transmission. Unfortunately, the tolerances 
must often in practice be set stricter than this because the main bands themselves (and 
their immediate surroundings) are very sensitive to errors of this kind. The main profile can 
be seriously distorted and shifted in position by errors which would lead to an acceptable 
parasitic transmission according to Eq. (22c). Figure 8 a shows the computed transmission 
for a filter with very large errors, o 0 =0.12 orders, in the plate thicknesses. The main peak 
has collapsed and the profile is dominated by the sidelobes whose general behaviour is 
described by Eq. (22a). 

The very strict tolerances on the plate thicknesses makes it extremely difficult to 
manufacture filters containing a large number of plates. However, it is relatively easy to 
measure the errors in the individual plates once they have been made. The whole pile of 
plates can then be assembled in such a way that the main effects of the known individual 
plate errors cancel. 

An error in the thickness of an individual plate may be looked upon as causing errors 
in the positions of all the angle differences along the filter axis relative to the positions they 
would have had in an errorfree filter of the same total length (Appendix 2, Eq. 43). If we now 
let one neighbouring plate have an error which is equal in magnitude but opposite in sign to 
that of the first plate, we shall find that all angle differences, except the single one between 
the two incorrect plates, will fall on their correct positions. The actual pile of plates has 
therefore become a much better approximation to the design configuration than when there 
was only one incorrect plate. The main detrimental effects of errors in the plate thicknesses 
can thus be cancelled if the filter is assembled in such a way that neighbouring plates have 
errors which are approximately equal in magnitude but opposite in sign. This can be done 
simply by ranking the plates according to their errors and pairing the plates with the largest 
errors of opposite sign, those with the second largest errors etc.. A further improvement is 
obtained by concentrating the plates with large errors towards the two ends of the pile where, 
as pointed out by Beckers and Dunn (1965), these errors are less critical to the filter 
performance, especially for tapered filters. The example given in Figure 8 and Table 2 
illustrates the general principle and the striking improvement of the filter behaviour that is 
possible by this method. 
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Transmission profiles of a 3 1 plate cosine tapered filter with large errors in the 
plate thicknesses d corresponding to a standard deviation- ct 0 of 0.12 orders of 
birefringence, a) the plates assembled without attention to their individual 
errors, b) the plates assembled so as to cancel the effects of the errors (.see 
Table 2). 
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Table 2. Characteristics of the cosine tapereu filters illustrated in Figure 8. The plate • 
angles are given for both the fan and the folded versions. Column A gives the 
plate thickness errors expressed in orders of birefringence as produced by a 
random number generator (normal distribution with <r 0 =0.12 orders). 
Column B gives the rearranged distribution of the same plates. 


Plate nr. 

Plate an 
fan 

gle co (degrees) 
folded 

Thickness error (orders) 
A B 

Pol. 

.0 

.0 



1 

.4 

.4 

.08 

-.29 

2 

1.2 

- .4 

-.02 

.22 

3 

2.4 

.8 

.02 

-.19 

4 

4.0 

- .8 

.07 

.20 

5 

6.0 

1.2 

-.08 

-.14 

6 

8.3 

-1.1 

-.29 

.08 

7 

11.0 

1.5 

-.09 

-.09 

8 

13.9 

-1.5 

-.22 

.07 

9 

17.2 

1 .8 

.20 

-.05 

10 

20.6 

-1.7 

-.09 

.05 

11 

24.4 

2.0 

.04 

-.03 

12 

28.3 

-1.9 

.24 

.04 

13 

32.3 

2.2 

.22 

-.02 

14 

36.5 

-2.0 

.06 

.02 

15 

40.7 

2.2 

.12 

-.01 

16 

45.0 

-2.0 

-.02 

.00 

17 

49.3 

2.2 

-.02 

.01 

18 

53.5 

-2.0 

-.03 

-.02 

19 

57.7 

2.2 

-.04 

.02 

20 

61 .7 

-1.9 

.02 

-.02 

21 

65.6 

2.0 

.05 

.04 

22 

69.4 

-1.7 

.20 

-.04 

23 

72.9 

1.8 

.08 

.06 

24 

76.1 

-1.5 

-.19 

-.08 

25 

79.1 

1.5 

-.05 

.08 

26 

81 .7 

-i.l 

-.17 

-.09 

27 

84.0 

1.2 

.04 

.12 

28 

86.0 

- .8 

.01 

-.17 

29 

87.6 

.8 

.00 

.20 

30 

88.8 

- .4 

-.01 

-.22 

31 

89.6 

.4 

-.14 

.2d 

Pol. 

90.0 

.0 




fas' 
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7. EXPERIMENTAL TESTS 

The theoretical conclusions arrived at above have been tested in the laboratory. The 
aim was to investigate the practical difficulties and main sources of error, but not to construct 
a final tilter for some special purpose. 1 6 birefringent plates of quartz were used. These 
plates were originally part of a filter for the ultraviolet wavelength region built by Sole’s 
group at the Dioptra Company in Turnov. Czechoslovakia. Each plate is only 0.41 16-t mm 
thick which gives a large free spectral range in the ultraviolet. 

The plates were mounted in a specially constructed filter holder where each plate could 
be independently rotated about the filter optic axis by means of micrometer screws (see 
Figure 9). The plates were immersed in a fluid (Leitz Immersion oil) of refractive index 
1.5 15 (NaD) which reduced the reflection at each surface to 0.0 1 %. HN 32 linear sheet 
polaroids were used as polarizers. 

The tests were carried out at the Technisch Physische Dienst in Delft, Netherlands, using 
a 1-m Hilger-Watt scanning monochromator with a Tungsten ribbon lamp as light source and 
a 1 P21 RCA photomultiplier as detector. The Filter was placed in the collimated beam after 
the exit slit of the monochromator. 

For convenience the tests were carried out in the visible region around 5000 A. The 
slitwidths of the monochromator were chosen to give a spectral resolution of 1.2 A which 
made it possible to study the detailed shape of the profiles, which in the 5000 A region had 
a bandwidth of about 30 A. 

The crystal optic axes of the plates were aligned m the following way. The monochro- 
mator was set at a wavelength corresponding to maximum transmission for a folded filter, 
and the polarizers at each end of the filter were oriented at right angles to one another. At 
this wavelength each plate is a half-wave plate and, if its optic axis is aligned parallel to the 
axis of one of the polarizers, no light will be transmitted but a small deviation from the 
parallel position-is easily detected. The plates were aligned in this w'ay one after the other, 
leaving the earlier aligned plates in their parallel position. This procedure turned out to be 
very accurate and allowed the angles of the optic axes to be controlled to = 0.02°. This is 
much better than actually needed (section 6). 

The spectral response of the filter was determined relative to the transmission when the 
end polarizer had been placed in front of. and parallel to. the first polarizer. With this as a 
reference the transmission of the mam peaks (ordinary peaks as well as tapered and shifted 
peaks) should be 100%. 

The absolute transmission of the filter at 5000 A was determined to 13%. The 
polarizers transmit 34% of unpolarized light while the quartz plates and the oil (21 cm long 
path) transmitted 56% of the incident light. With more transparent polarizers (e.g. Rochon 
prisms) and a reduced pathiength through the oil. the transmission can be considerably 
improved. The filter may also be used m any wavelength region where quartz is transparent 
if a suitable immersion oil and suitable polarizers are chosen. 

No absolute wavelength calibration was performed but the experimental maxima as 
shown on the monochromator wavelength scale fitted the theoretical values to within a few 
Angstroms. The reduction of the measurements was done assuming that the experimental 
and theoretical transmission maxima coincided in wavelength for the unshifted bands. 
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Figure 9. The filter holder used in the experimental tests. The polarizers and'plates can be 
rotated independently about the filter axis by means of the micrometer screws. 


The first test run concerned the tapered profiles illustrated in Figure 2. Table 3 
summarizes the results giving theoretical and experimental parameters for the main bands 
and the first two sidelobes. The measured maximum transmission of the main peaks amounted 
to 100 ± 1 % relative to the reference described above. The error of ± 1 % may be due to 
slow fluctuations m the output from the light source which occurred between actual regis- 
tration and calibration runs. When evaluating the rest of the profiles all transmission values 
are expressed in percent of the main peak. The experimentally determined transmission values 
fit the theoretical values to within 1.5 %. This means that the difference between the experi- 
mental and the theoretical curves would hardly be noticable on the scale of Figure 2. 

InFigure lOthe sidelobes of the straight, the cosine and the gaussian tapered filters are 
shown on an expanded scale. The largest deviation from the theoretical curves occur in the 
second sidelobes of the straight filter and amounts to ± 1 %. The deviations are generally 
antisymmetricai with respect to the main peak and therefore probably due to small errors in 
the plate thicknesses. ian 
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1 . TRANSMISSION 



Figure 1 0. Result of laboratory measurements on a set of 1 6 retardations plates. Theoretical 
(full drawn) and experimental (dashed) transmission curves are given for the 
straight (untapered), the cosine tapered and the gaussian tapered arrangements. 


Table 3. Experimental results for a i6 plate filter with different tapering functions. Of 
the two experimental values given for the sidelobes. the first refers to the long 
wavelength side and the second to the short wavelength side of the main band. 
Computed theoretical values are given in brackets. 


Tapering function 

Main band 
ax AXt 

4 A 

First sidelobe 

T 07 

x max ° 

Second sidelobe 
T % 

4 max ,c 

Interferometer 

1 .002 

24 

(23) 

91 .6 
88.9 

(90.1) 

29.3 

32.0 

(30.5) 

No tapering 

1 .003 

30 

(30) 

11 .5 
10.8 

(11.1) 

2.4 

4.4 

(3.47) 

Roof 

0.990 

35 

(34) 

3.4 

2.9 

(2.90) 

1.5 

2.4 

(1.7?) 

Cosine 

0.997 

41 

(41) 

1 .6 
1 .5 

(1.52) 

0,1 

0.3 

(0.17) 

Triangular 

1 .007 

46 

(44.5) 

0.3 

0.3 

(0.08) 

0.3 

0.7 

(0.32) 

Gaussian 

1 .005 

60 

(61.5) 

- 

(0.003) 

- 

- 
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Experimental results of tuning a cosine tapered filter with 1 6 plates starting 
from the folded configuration (s = 0.5). Band 1 is tuned towards shorter 
wavelengths, band 2 towards longer wavelengths. Computed theoretical values 
are given in brackets. 


Modulation T max Distance between 

frequency s the peaks in A 


0.50 


0.997 

0 

• (o) 

41 

(41) 

0.44 

band I 
2 

1 .008 
1.007 

63.; 

; ( 65 ) 

40 

41 

(40) 

(41.5) 

0.58 

1 

0.997 

139 

(139) 

40 

(39) 


2 

1.002 



44 

(42) 

0.25 

1 

0.995 

303 

(305) 

38 

(37.5) 


2 

0.998 



42 

(43) 

0.12 

1 

1 .013 

561 

(564) 

37 

(36) 


2 

1 .004 



42 

(44) 


Table 4 summarizes the results of shifting the peaks of a cosine tapered filter for some 
of the examples illustrated in Figure 4. Also in this case the agreement between the theoretical 
and experimental profiles is such that the discrepancies would not be noticable on the scale 
used in that figure. The largest deviation amounts to 1.3% of the maximum transmission. An 
adjustable and tunable filter based on these principles is clearly feasible. 
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APPENDIX 1 The transmission profile of a filter with a modulated angle difference 
distribution 


The state of polarization of light passing through a pile of birefringent plates can be des- 
cribed in terms of the Jones (1941 a. b) matrix calculus (see also Shurcliff 1962). The light, 
as it emerges from a particular plate, is described by the Jones vector: 


' E x + AE X \ (e + i7 0 \f cos a sin a 


, Ey + A Ey.' 


0 e~i~tj \— sin a cos a 


(23) 


E x and E y are here the elements in the Jones vector description of the polarization of the 
light before entering the plate, a is the angle difference between this plate and the preceding 
plate, and 2y radians is the retardation of the plate at the wavelength in question (Eq. 5). 

We shall apply the Jones equation to Sole filters consisting of a large number of plates and 
in which all angle differences a n "4 1 radian. Treating the pile of plates as a continuous 
birefringent medium in which the optic axis orientation oj is a function of the position / 
along the pile, we can from Eq. (23) derive the differential equations for the Jones vector 


elements E x 

and 

E y : 


E* 

- 

i x-/ 2 E x 

- E a E y 

E' 

C-y 

+ 

j k/2 E y 

= — a E x 


E x and Ey are derivatives with respect to /. ail) is the derivative dco / dl of the optic 
axis angle; for a filter consisting of a pile of plates, a (/) becomes an array of delta functions 
a n . k is the retardation per unit length of the birefringent material at the wavelength in 
question. A plate of thickness d has a retardation 2y given by 


2 7 = k ■ d 


radians of phase 


(25) 


Let the light be 100 % polarized and its intensity be normalized to unity as it emerges 
from the first polarizer at 1 = 0. The Jones vector describing the light at this point is then 


/ E x ( 0 ) 

\ Ey ( 0 ) 



(26) 


The end polarizer is oriented at right angles to the optic axis at l ~ L. The intensity of the 
light at the output of the filter is then given by 


(27) 


/= I £ v (L) I 2 


iRO 
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In order to obtain the transmission of the filter for unpolarized light, this normalized output 
intensity must be multiplied by the absorption loss factor t / 2 (Section 2). 

Eqs. (24) can be solved for some special cases. a(l) - const, represents a ‘continuous’ 
fan type filter in which the optic axis rotates smoothly throughout the birefringent material. 
The solution 



sin 2 (3 L 


where j3 = [ ( k/2) 2 + a 2 ] ^ 


(28) 


can also be derived from Eq. (3) or Eq. (II) as the limiting case for a pile of constant 
thickness L as the number of plates N -> °°. A single peak with t / 2 maximum trans- 
mission is obtained at k = 0 when a - it / 2L, i.e. the optic axis has turned through one 
right angle between the input and the output of the filter 

There will clearly be other special forms of a (l) which can also be solved explicitly. 
However we are interested in the effect on the filter transmission of a modulation of the 
angle difference distribution as specified by Eq. (15). If the original optic axis derivative is 
a (l), then the modulated version will have the derivative: 

a mo d ~ 2 a(l) cos ml (29) 

where ( = n • d and m = 2 ir s / d 


Introduce the new variables P and Q by the substitution 
E x = P exp ( + / k/2 l ) 

E y = Q exp {-/ k/2 l) 

Eqs. (24) then take the form 

P' = + Q a exp (— j k l ) 

Q ' - — Pa exp ( + / k l) 

The corresponding eaquations for the modulated version of the same filter become 


(30) 


(31) 


P'm = + Q m 2 a cos m l exp (—/«/) 

O' = — P 
^ m ± m 


2 a cos m l exp ( + / k I ) | 


( 32 ) 
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The problem can now be stated as follows. Assuming that we know the solution to Eqs. (31 ). 
then what is the solution to Eqs. (32) for the modulated version 0 

If a (l) - 0. then P m and Q m are constants all through the filter. We now make the 
assumption that a(l) is so small, that the increments AP m and AO m are always 1 when 
calculated over an interval occupied by one full modulation cycle. We make the further 
assumption that the tapering function over the same interval can be approximated by its 
value at the centre of the interval. This essentially means that the angle differences a n in 
the unmodulated version of the filter do not change significantly over this interval. These 
conditions will, in general, be satisfied for normally tapered filters which are modulated in 
such a way that there are many full cycles along the filter. Eqs. (32) can now be integrated 
over individual modulation cycles while treating P tn , Q m and a as constants. The modul- 
ation cycle nr. k has its centre at 

l c = (k— Vi) 2it/m (33) 

and the increments for the cycle centered at l c become 

2 K 

A P m = + Q m a — sin ( t r k / m ) exp ( - / k l c ) 

k~ —m~ 

(34) 

2 K 

AQ m = - P m a sm ( 7t k / m ) exp ( +/ k l c ) 

The same increments over the same intervals (or, for negative k, their complex conjugates) 
are produced by the functions P and Q defined by 


P ' = + Q a m exp [ — / ( i k i — m ) / ] 

(35) 

Q ' = - P a m exp [ + j ( I k | — m ) l ] 
where a m ~ a • 2 | k [ / ( | k | + nt) 

Thus, under the assumptions discussed above, these equations can replace the original Eqs. (32). 
They have the same form as those for the unmodulated filter (31) but with k replaced by 
( j x 1 — in). Consequently we shall now expect maxima at k = - m instead of. as before, at 
k — 0. In the neighbourhood of these maxima we have a m =“ a which shows that the shifted 
bands will have the same shape as that of the unmodulated version. When the filter consists 
of a large number of identical plates, the double band pattern must repeat about the normal 
fan filter positions. In terms of the parameters 7 and s we find' that K~tm corresponds to 

7 — integer -ir - stt (36) 


= (normal position of fan filter bands) ~s (repetition interval) 

[ c i2y 
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The influence of errors in the plate angle co and the plate 
thickness d 
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When dealing with filters consisting of a large number of plates between which all angle 
differences a n < 1 radian, we can make some simplifying approximations 
for wavelengths (values of k) well removed from the mam transmission bands. Under 
these circumstances, the light will never depart significantly from a state of linear polarization 
parallel to the local optic axis direction. This becomes obvious if one traces, on the Poincare 
sphere, the polarization of such a wave as it passes through .the filter. Then \Q(l)\ < 1 and 
we can use the approximation P - 1 since the deviations of P from this value will be of the 
order of \Q(l)\ 2 . Eq. (31) for Q' can now be integrated directly: 

Q(L) = _ f L a(l) exp(+/ k l) dl (37) 

o 

If the filter contains N plates of thickness d n , mounted with the angle difference distri- 
bution a n 


lV+1 

Q (L) = — 2 cx n exp (+/ k /„) 

n = I 


(38) 


where l n is the position along the filter axis at which the corresponding angle difference occurs. 
The transmission of the filter is (Eqs. 27, 30): 

T = j\Ey a) I 2 =“I2(Z)| 2 

(39) 

= ~ I Qo (L) + Q e (I) | 2 


Q 0 is here the ideal value according to the design and Q e the error in this quantity due to 
errors in the plate angles or the plate thicknesses. We are concerned with wavelengths well 
removed from the mam bands, and the transmission if significant, will be caused mainly by 
the filter errors. The parasitic transmission T e , expressed as a fraction of the maximum 
possible transmission, t / 2, then becomes: 

T e *\Q e (L).\ 2 (40) 


Errors in the orientations of the plates 

The error Aa n m the angle difference a n between plates number n and (n— 1) is 
clearly equal to the difference between the errors A co n and A in the actual plate 
angles. Hence, for a filter with errors only in the plate orientations, Eq. (38) gives 
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iV+l 

Qe (i) - — i ( A oj„ - A ov-j) exp ( + j 2y n) 

tV 

- 2} sin 7 I A gj„ exp ( + j 2-y [n — 'A] ) (41 ) 

n — 1 

Assuming that the errors A are randomly distributed about zero with a standard 
deviation radians, we can derive an expression for the average sidelobe level T e - \ Q e (L) | 2 

■^e = 4 N <? w 2 sin 2 7 (42) 


Errors in the thickness of the plates 

Consider a filter in which all plates are identical apart from plate number n e that has a 
small error Ad in its thickness. Compared with an ideal filter of the same actual total length 
Z, all angle differences 0 ^ (except the first and the last) will appear slightly displaced. The 
error A l n in the position of the angle difference number n is easily shown to be 


Ad- (n—l)/N 
Ad-(n-l)/N - Ad 


(n<n e ) 
( n > n e ) 


(43) 


The actual position of the angle difference a n becomes: 

l n ~ i n ~ OZ /N + A l n (M) 

When this is substituted into Eq. (38) we can, after some algebra, derive the error Q e due to 
this one plate error. The answer depends in a complicated way on the distribution of the 
angle differences. For an untapered fan filter, i. e. one in which all angle differences are 
-equal, we get. 


Q e (L) 


a ■ Ay 
sin 7 


• exp Q 2y [n e -■/.]) 


(45) 


where 27 is the retardation of a plate whose thickness is exactly L / .V, and 


2 Ay = k Ad < 


(46) 


is the retardation error in the faultv plate caused bv the thickness error Ad. We now turn to 
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27 

a filter in which all the piates have small errors A d n . Adding the various individual error 
contributions statistically we get the mean sidelobe level. For a normally constructed 
untapered fan filter, a = it / 2 (iV + 1). and wc <-et. 


, _ g o 2 

e 4 At sin 2 y (47) 


o 0 is the standard deviation of the plates from their average thickness expressed in orders of 
birefringence; this is related to the standard deviation a d in the plate thicknesses from their 
average value d = L / N by 

2iro 0 =2y(o d /d) (48) 
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A procedure for the synthesis of birefringent networks having arbitrarily prescribed transfer functions is 
-presented. The basic network configuration consists of n identical cascaded birefringent crystals between an 
input and an output polanzer. The crystals are cut with their optic axes perpendicular to their length. The 
variables deter min ed by the synthesis procedure are the angles of the optic axes of the crystals and the angle 
of the output polarizer. Any transfer function which is periodic with frequency and whose corresponding 
impulse response is real and causal can, in theory, be realized. A network of « crystals allows the approxima- 
tion of a desired function by (rt-i-1) terms of a Fourier exponential series. Bandwidths of less than 1 Aappear 
possible. 


I. INTRODUCTION 

T HE advent of the laser has made possible various 
types of optical systems. This has produced a 
need for optical elements or networks whose transfer 
functions can be arbitrarily prescribed as a function of 
frequency. In a manner analogous to that used at radio 
frequencies, such optical networks could be utilized as 
discriminators and ratio detectors, equalizers and com- 
pensators, frequency selective hybrids, and delay net- 
works, to name just a few. Of particular importance is 
the possibility of realizing very narrow-band filters 
having prescribed transmission characteristics. 

The purpose of this paper is to present a basic network 
configuration and synthesis procedure whereby optical 
networks having arbitrary transfer functions can be 
constructed using a set of cascaded birefringent crystals. 
Although synthesis procedures exist for other types of 
optical devices, 1 1-4 the very narrow bandwidths and 
tunability of birefringent devices make them particu- 
iarlv attractive for the above-mentioned applications. 
The type or network to be considered is shown in Fig. 1 . 
In simplest form, it consists of a number of identical 
birefringent crystals placed between two polarizers. 
Although Fig. 1 pictures a network containing four 
stages (four birefringent crystals), any number can be 
used. In principle, either uniaxial or biaxial 5 crystals 

* This work was supported at Stanford University by the Space 
Systems Division of the U. S. Air Force Systems Command under 
Contract Number AF 04(695)-305 and at Sylvania by the Air 
Force Avionics Laboratory at Wright-Patterson Air Force Base, 
Ohio, under Contract AF 33(657)-8995. 

1 H. Pohlack, Jenaer Jahrbuch, 1962, p. 181 (in German). 

5 L. Young, J. Opt. Soc. Am. 51. 967 (1961). 

3 J. S. Seeley, Proc. Phys. Soc. (London) 78, 998 (1961). 

4 R. J. Pegis, J. Opt. Soc. Am. 51, 1235 (1961). 

5 If biaxial crystals are used, crystals in the monociinic and 
tridinic systems will probably not be satisfactory since the direc- 
tions of their principal axes are dependent upon temperature and 
wavelength. 
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may be employed, but for simplicity we will assume 
uniaxial crystals are used. Each crystal is cut with its 
optic axis perpendicular to its length and with end faces 
which are flat and parallel. The S s and F’s in Fig. 1 
denote the crystals 1 “slow” and “fast” axes, respectively. 
If a negative crystal is used, the fast axis will be the 
optic axis, while for a positive crystal the slow axis will 
be the optic axis. The variables to be determined by the 
synthesis procedure are the angles to which the crystals 
are rotated, the angle of the output polarizer, and the 
length L of the crystals used. In the following sections, 
we will show that by property choosing these variables, 
it is possible, in theory, to synthesize any desired trans- 
fer function, subject only to the restrictions that it be 
periodic with frequency and that it satisfy the usual 
requirements imposed by the necessity for a real and 
causal impulse response. The basic periodicity' of the 
network response is determined by the type and length 
of birefringent crystals used. For example, if calcite 
crystals 1 cm in length are used, the basic period of 
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the response will be about 175 Gc (about 2 A in the 
red). 

An important modification of the basic configuration 
of Fig. 1 is the addition of a variable optical compen- 
sator 6 before or after each birefringent crystal. The 
compensators allow one to tune the network transfer 
function without distortion over its basic period and, 
in addition, compensate for slightly incorrect crystal 
lengths. 

The optical network described here is a lossless or 
nondissipative network in that it does not contain any 
internal polarizers ; if the final polarizer is nonabsorbing, 
e.g., a Rochon prism, then all of the optical energy 
incident on the first birefringent crystal is, in principle, 
available at the network output. It is planned to con- 
sider the synthesis of dissipative birefringent networks, 
i.e., networks containing internal polarizers, in a follow- 
ing paper. 

A central idea of this paper is the consideration of the 
impulse response of a system of birefringent crystals. 
This approach, was used by Mertz 7 to analyze the Sole 
birefringent filter and was independently suggested as 
an approach to the synthesis problem by Harris. 8 It is 
first presented and then used to obtain an exact synthesis 
procedure. The question of tunability is considered and 
an example given. 

n. HISTORY OR BIREFRINGENT DEVICES 

Before proceeding further, it is appropriate to note 
that two birefringent filters having particular transfer 
functions have been proposed considerably earlier. The 
first of these was proposed in 1933 by the French astrono- 
mer, Lyot, 9 who suggested a birefringent filter consisting 
of alternating polarizers and birefringent crystals. The 
length of each crystal is twice that of the preceding 



6 H. G. Jerrard, J. Opt. Soc. Am. 38, 35 (1948). 

7 L. Mertz, J. Opt. Soc. Am. 50 (June I960) (advertisement 
facing p. hi). 

* S. E. Harris and'E. 0. Ammann, Proc. IEEE 52, 411 (1964). 
5 B. Lyot, Compt. Rend. 197, 1593 (1933). 



crystal. A four-stage Lyot filter is shown in Fig. 2. The 
transfer function of the Lyot filter has the form sin.-r/.r. 
repeated at periodic intervals. More recently, Sole 10 
proposed two types of birefringent filters, termed fan 
and folded filters. Figure 3 shows a four-stage Sole fan 
filter. These filters have the same structural form as our 
basic network. In the Sole filters, however, the relative 
rotation angle between each successive crystal is related 
in a simple manner to the number of birefringent crystals 
employed. In contrast, the relative angles of the crystals 
in our network are determined by the choice of optical 
transfer function — which may be arbitrary. Complete 
discussions of both the Lyot and Sole filters have been 
given by Evans. 11 - 12 

Numerous Lyot and Sole filters have been built 
and operated. 11 - 13-18 These filters are used primarily in 
astronomy where their very narrow bandwidths are 
utilized to observe solar prominences. Recently, Steel 
et al. 17 have constructed a Lyot filter with a bandwidth 
of | A in the red. By using the synthesis techniques 
proposed in this paper, it should be possible to attain 
similar bandwidths with prescribed transmission 
characteristics. 


HI. GENERAL CONSIDERATIONS 

A. Impulse Response of a Series of 
Birefringent Crystals 

Analysis by means of impulse response is a concept 
that is familiar to electrical engineers. 19 If an impulse, 
i.e., a Dirac delta function in time is applied to a 


»L Sole, Czech. J. Phys. 3, 366 (1953); 4, 607, 669 (1954); 3, 
114 (1955). 

a J. W. Evans, J. Opt. Soc. Am. 39, 229 (1949). 
a J. W. Evans. J. Opt. Soc. Am. 48, 142 (1958). 
i»Y. Ohman. Nature 141, 157 (1938); Nature 141, 291 (1938); 
Pop. Astron. Tidskrift, No. 1-2, 11, 27 (1938). 

11 J. W. Evans, Publ. Astron. Soc. Padnc 52, 305 (1940). 

15 J. W. Evans, Genoa Invest. (Buenos Aires) 3, 365 (1947). 
15 B. H. Billings, J. Opt. Soc. Am. 37, 738 (1947). 

17 W. H. Steel, R. N. Smarts, and R. G, Giovanelli, Australian 
J. Phys. 14, 201 (1961). 

18 J. W. Evans, Appl. Opt. 2, 193 (1963). _ 

19 J. A. Aseltine, Transform Method in Linear System Analysts 
(McGraw-Hill Book Company, Inc., New York, 1958). 
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Fig. 4. Impulse re- 
sponse of a single bire- 
fringent crystal. 


OUTPUT | 



linear network, the Fourier transform of the impulse 
response of the network is the frequency domain trans- 
fer function of the network. 

We first consider the impulse response of the single 
birefringent crystal of Fig. 4. The crystal is cut with its 
optic axis perpendicular to its length and with end faces 
flat and parallel. A linearly polarized impulse of optical 
electric field is assumed to be normally incident on the 
crystal. Since the incoming signal is normally incident, 
double refraction will not occur. The impulse will divide 
into orthogonally polarized ordinary and extraordinary 
impulses whose amplitudes are dependent on the polari- 
zation of the incident impulse with respect to the prin- 
cipal axes of the birefringent crystal. These impulses 
travel with different velocities, therefore emerging at 
different times. The difference in the times at which 
they emerge from the crystal is given by 


ts—h=L&ri/c, (1) 

where Atj is the difference between the extraordinary 
and ordinary' indices of refraction of the crystal, L is 
the crystal length, and c is the velocity of light in a 
vacuum. 

We assume here that Aq is a constant independent of 
frequency. This is not the actual situation, however, for 
A 17 will be a function of frequency, at least to some de- 
gree. The birefringence of calcite, for example, varies 
approximately 11 % between 4000 and 8000 A. The 
effect of the dispersion of Aq has been ignored in this 
paper for two reasons. First, to include its effect would 
greatly complicate the synthesis procedure and obscure 
the basic ideas. Second, the effects of dispersion upon 
the resulting transfer function will- generally be small, 
particularly if the synthesized network has a small 
bandwidth. Existing analyses of the Lyot and Sole 
filters have also neglected dispersion; yet experimental 
results have agreed quite well with theory. 

Thus, the impulse response of a single birefringent 
crystal is two orthogonally polarized impulses whose 
amplitudes depend upon ©, the angle between the prin- 
cipal axes of the crystal and the incident optical polar- 
ization. If 4> is equal to zero, all of the light will emerge 
at time fs; if ^ is equal to 45°, the light will emerge as 
two equal impulses at rimes h and is- 

We next consider the impulse response of several 
cascaded birefringent crystals having arbitrary lengths 
and orientations, as shown schematically in Fig. 5. This 


figure contains information about the time of emission 
of the impulses, but none about their polarizations. First 
consider the case of two crystals. The output of the first 
crystal is, in general, two orthogonally polarized im- 
pulses. Each of these impulses is incident on the second 
crystal and produces two more impulses. Thus, in 
general, the impulse response of two cascaded bire- 
fringent crystals is four impulses, two of which are polar- 
ized along the fast axis and two along the slow axis of 
the second crystal. With more crystals this process 
continues, giving us the result that the impulse response 
of n birefringent crystals having arbitrary lengths and 
orientations is a set of 2" impulses. The magnitudes and 
polarizations of these impulses are determined by the 
crystal angles, while their relative times of emergence 
from the crystal are determined by the birefringence 
and lengths of the crystals used. Thus we reach the 
important conclusion that the impulse response of a 
series of birefringent crystals is a train of impulses of 
finite duration. In contrast, the impulse responses of 
Fabry-Perot and multilayer dielectric-film filters con- 
sist of infinite trains of impulses. 

Now suppose that all of the n crystals are chosen to 
be identical, i.e., the same material and equal lengths. 
The output will now consist of only («+ 1) rather than 
2 " impulses. Furthermore, the emerging impulses will 
be equally spaced in time. The reason that fewer impulses 
emerge when the crystals are chosen of equal length is 
seen by examining the two-crystal case. For two crystals 
of equal length, the impulse which travels along the 
fast axis of the first and the slow axis or the second will 
emerge at the same time as the impulse which travels 
along the slow axis of the first and the fast axis of the 
second. These two combine, and the output, therefore, 
consists of three rather than four impulses. 

Thus we are led to the network configuration of Fig. 1. 
The basic idea of the synthesis procedure rs to utilize 
the relative angles of n birefringent crystals and one 
output polarizer to control the amplitudes of (»-rl) 
equally spaced output impulses. The first step of the 
procedure is to specify the desired impulse amplitudes 
at the output of the final polarizer. These amplitudes 
may be selected arbitrarily as is seen in the following 
section. We then use a systematic procedure to arrive at 
angles for the network elements so this final set of im- 
pulses is obtained from a single impulse incident on the 
first crystal of the network. This is equivalent to saying, 
of course, that the desired set of impulses is the impulse 
response of the network. 

— — 

2 CRYSTALS * OUTPUT IMPULSES 

* _ ‘ i' 1 

Fig. 5. Impulse re- □ — [] — Q 

sponse of several bite- .1 cHTSTALS z a output impulses 

frirgent crystals. 
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Fig. 6. Impulse responses and corresponding transfer functions 
for a network whose impulse response is (a) g(i)> end (b) g(f) 
sampled. 


B. Specifying the Desired Response 

Let us now consider what types of responses we can 
realize and how we specify them. As in lumped-element 
circuit theory, a convenient approach is to first choose 
an ideal response and then approximate this to the 
necessary degree. 

We should note that the frequency transfer function 
of the optical network must be periodic. This can be seen 
readily from Fourier theory' or sampling theory'. Suppose 
that a network has an impulse response g{t) and a cor- 
responding transfer function G(<a), where both g{t) 
and G(oj) are continuous and aperiodic as shown in Fig. 
6(a). Next, suppose another network has an impulse 
response which is g(t) sampled at a uniform rate of 1/a 
samples/sec. This is the case for a network consisting 
of a set of birefringent crystals, each of whose length is 
such that ts—h of Eq. (1) equals a seconds. This net- 
work will have a periodic transfer function like that 
shown in Fig. 6(b), which is the original G(w) replicated 
with a period of 2~/a rad/sec. 20 Figure 7 shows the trans- 
fer function periodicity that can be obtained using 
readily available lengths of some common crystals. 

Assume that a desired periodic transfer function G(oi) 
has been chosen. The next step is to find a satisfactory 
approximation to G( o>) which can be realized using the 
optical network of Fig. 1. The approximation is made 
by an exponential series containing a finite number of 
terms. 


C(u) = C 0 +C ie~ iaw 7cC*e~' 2aaJ r • ■■+C n e~ {naa ‘ 


n 


= E C k e~ iUu . 
0 


( 2 ) 


The impulse response corresponding to Eq. (2) is 
found by taking the inverse Fourier transform, giving 

C(0=*CoS(/)+C,S(/— a)+C-S(/— 2«)+ - • • 

+C n S(/-«a) (3) 

= E CkS(l-ka). 

jfc— 0 

“E. A. Guillemin, Theory of Linear Physical Systems (John 
Wiley & Sons, Inc., New York, 1963), p. 430. 


Thus it is clear why an exponential series is used to 
approximate the desired transfer function. The exponen- 
tial series has a Fourier transform consisting of uniiormlv 
spaced impulses, and this is the form of the impulse 
response of our optical network. If there are «+ 1 terms 
in C(w) C as there are in Eq. (2)], an w-stage optical 
network is required. 

There are various methods available for finding the 
C, of Eq. (3) from a given G(a). One obvious possibility 
is to choose the C,- to be the Fourier coefficients of the 
series. However, if the desired G(u>) contains discontinu- 
ities, some other approximation such as a Cesaro ap- 
proximation may well be more desirable. Such topics 
have been treated in detail elsewhere, 31 so we will not 
discuss this problem further. 

It is likely that |G(<ui)J 3 or arg G(io) will sometimes 
be given instead of G(cj). It will then be necessary to 
approximate JG(gj)| 3 or arg G(co) in a suitable manner 
and calculate C(u) from this. 

Two points should be noted concerning the approxi- 
mating functions C(u) and C (l ) . First, since the impulse 
response of a physical network must be real, the real 
and imaginary' parts of C{oi) must be even and odd 
functions of frequency, respectively. This means that all 
Ci must be real. Second, it is not necessary that C(co) 
and C{t) be causal. While it is true, of course, that the 
impulse response of a network must be zero for IK 0, we 
are free to shift our time scale to a new origin when writ- 
ing C(w) and C(0 if this will be more convenient. Thus, 
in writing Eqs. (2) and (3), we have neglected most of 
the uniform time delay' associated with the network, 
he., the time delay accumulated by passage of the signal 
through each crystal, in the space between crystals, 
and in transit to the point of detection. We have chosen 
our new time origin to be the time at which the first 
output impulse occurs. For this choice of origin C(G) 
is causal, but equally well, we could have chosen a time 
origin which results in a noncausal C(u). As far as the 
synthesis procedure is concerned, the important point 
is that only the relative positions in time of the various 
impulses are important. In this paper, we will always 



PERIODICITY OP TRANSFER FUNCTION — Gc/««c 

Fig. 7. Periodicity of network response for several types of 
birefringent crystals. Q. quartz, in =0.009; M: mica, in =0.04; 
C: calcite, i»=0.17; S: sodium nitrate, in =0.24. 


“Ref. 20, p. 408. 
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Fig. 8. Summary of impulse 
notation: Impulse pyramid for 
a two-stage network. Top: 
input; neat to top: output 
from first crystal; next to 
bottom: output from second 
crystal; bottom: output from 
polarizer. Solid strokes: polar- 
ized along fast axis of crystal. 
Broken strokes : polarized along 
slow axis of crystal. 


choose our time origin to be synonymous with the 
occurrence of the first impulse of the train. 

The number of birefringent crystals that are neces- 
sary to synthesize a desired function will depend- on the 
nature of the function and on the closeness of the approx- 
imation desired. Many applications of the synthesis 
procedure to problems of optical communications will 
require functions which do not possess discontinuities 
and whose width is equal to their basic periodicity. 
(One such function is the triangular waveform of Fig. 11 
which might be used to convert a frequency-modulated 
light signal to an amplitude-modulated light signal.) 
For functions of this type, the first five or six terms of an 
exponential series (and, therefore, four or five bire- 
fringent crystals) will generally yield a satisfactory 
approximation. 

For narrow-band filter applications, it is necessary to 
synthesize transfer functions whose basic periodicity 
is considerably wider than their width. An estimate of 
the number of crystals necessary' for this case may he 
obtained from sampling considerations and can be 
written 

periodicity 

Number of crystals necessary — 5 , (4) 

bandwidth 

where q is an integer which generally will be between 
2 and 7. This statement can be understood by noting 
that the length of the time-domain impulse response is 
approximately related by the reciprocal width property 
of Fourier transforms to the bandwidth of the transfer 
function, and may be written as ^/bandwidth, where q 
is the aforementioned integer. By the length of the im- 
pulse response, we mean the time between the first and 
the last impulses which have significant amplitude. The 
number of necessary impulses is then the length- of the 
impulse train divided by the spacing between impulses, 
plus one. Since the spacing between impulses is the 
reciprocal of the periodicity, and since the number of 
necessary birefringent crystals is one less than the neces- 
sary number of impulses, Eq. (4) follows. The integer q 
will depend on the function chosen, the degree of ap- 
proximation desired, and on the definition of band- 
width. As an example, q— 2 if the desired function is 
sintyx and bandwidth is defined as the number of cycles 
between its first zeros. 
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IV. SYNTHESIS PROCEDURE 

The object of the synthesis procedure is to find the it 
birefringent crystal angles and the output polarizer 
angle which give the desired transfer function C(gj). 
The C, of Eqs. (2) and (3) can have any value, provided 
that each is real. 


A. Notation 


The notation and conventions used in the synthesis 
procedure are discussed here. We refer repeatedly to 
Fig. 1 which pictures the basic optical network. 

Rather than dealing with the <p’s of Fig. 1, it is more 
convenient to solve for the relative angles (additional 
angles of rotation measured from the preceding com- 
ponent) of the crystals and output polarizer. Therefore, 
we define 


6->—<j>2 — <pl, 


(5) 


d-p — 

The magnitudes of the impulses composing the im- 
pulse train emitted from the network are denoted by 
the C, of Eqs. (2) and (3). It is also necessary to de- 
scribe quantitatively the impulse trains which occur 
between the various stages within the network. In 
describing them, we must convey information about 
the polarization of the impulse train, as well as about 
the magnitudes of the individual impulses. For although 
we know that C(i) is polarized parallel to the transmis- 
sion axis of the output polarizer, the impulse train which 
leaves one of the birefringent crystals on its way toward 
the output has components polarized parallel to both 
the S and F axes of that crystal. This points up a 
fundamental difference between the synthesis procedure 
described here and conventional synthesis procedures 
in other fields. Namely, we must be concerned with 
not only the time variation of the signal, but also with 
its polarization as it passes through the network. 

We illustrate the impulse notation with the aid of 
the “impulse pyramid” of Fig. 8 . Suppose a single 
impulse (polarized parallel to the transmission axis of 
the input polarizer) is incident upon a network consist- 
ing of two birefringent crystals plus an output polarizer. 
The resulting output from the second birefringent crystal 
contains components polarized in both the S and F 
directions of that-crystai. 

P(0 = Fo 2 5(0+Fr5(f-a), (6a) 

S 2 (/)=Si s S(f— aHS 2 5 5(;-2a). ( 6 b) 

S denotes that an impulse is emitted polarized parallel 
to the slow axis of the crystal, while F denotes polari- 
zation parallel to the fast axis. In Fig. 8 , slow-axis and 
fast-axis polarizations are denoted by dotted and solid 
lines, respectively. The superscript 2 means that we are 
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Fig. 9. «-stage network. Compare with two-stage 
network in Fig. 8. 


dealing with the output from the second crystal of the 
network. The subscripts give the time of occurrence of 
the impulses. The first impulse, emitted at (=0, has 
the subscript 0; the next two impulses, emitted at t=a, 
have the subscript 1; and so on. Notice, in particular, 
that So 2 and F : 2 are zero. 

Since the impulses are evenly spaced in time, it is 
not necessary henceforth to - write the delta functions 
when describing an impulse train. All the information of 
Eqs. (6) is given when F 0 2 , Ff 2 , Si 2 , and S»- are stated. 

As noted earlier, the desired transfer function and 
corresponding set of impulses are denoted by C(A>) 
and C„ respectively. There is also an orthogonally polar- 
ized component which is stopped by the output polar- 
izer. This signal and its corresponding set of impulses 
is denoted by D(cS) and D ; . Finally, the area of the 
impulse incident on the first crystal of the network is 
denoted by J 0 °. The notation is further summarized in 
Fig. 9. 

B. Procedure 

At the outset, two points should be stressed. First, 
it is assumed that the birefringent crystals of the net- 
work are lossless. This means that at all points between 
the input and output polarizers, energy must be con- 
served. Energy conservation places certain important 
restrictions on the F, and S» which are derived and listed 
in Appendix B. Secondly, it should be noted that 
F,-‘=So : =0. This is just a statement of the fact that the 
first and last impulses out of the ith crystal must have 
propagated along its fast and slow axes, respectively. 

We begin by assuming that C(w) and, therefore, the 
desired C, of Eqs. (2) and (3) have been chosen. We 
must next find the orthogonal signal, i.e., the signal D («) 
that is stopped by the output polarizer. By conservation 
of energy, we have 

D{<S)D*(p>)= (I<?Y—C(u)C*(u). (7) 

The left side of this equation must be non-negative for 
all frequencies and, therefore, for the equation to be 
valid, (Jo 0 ) 2 must be chosen greater than the maximum 
value of C(&>)C*(<u). As long as (J 0 0 ) 2 exceeds this value, 
its choice is arbitrary. However, it will generally be 
desirable to choose (Jo 0 ) 2 equal to the maximum value of 
C(aj)C*(co), since this insures 100% transmission at the 
frequency at which this maximum occurs. Appendix A 
shows one method for calculating D(w) from D(cT)D*(cS). 
It is al£o shown in Appendix A that as long as (Jo 0 ) 2 
is chosen sufficiently large, at least one real set of D f 
can always be found. Once (Jo 0 ) 2 has been chosen, D(iS) 


is calculated and written in the form 


D{u) =Co+ b D n tr inaa . (8) 

The corresponding orthogonal impulse response is then 

J7(f)=J?o"b79i5(f — a)-r-Di5(f — 2o)-b • • • 

+D n Z{l-na). (9) 

With the Ci and D t specified, we now have a complete 
description of the input to the output polarizer. This, of 
course, is also the output from the iast (»th) crystal. 
It is convenient here to transform this output into the 
principal axis system of the final crystal. With the help 
of Fig. 10(a), we have 



where 8 P is the relative angle of the output polarizer. 
As mentioned earlier, a requirement is that 

F„ n =So n =0. (11) 

Using Eq. (10), we see that Eq. (11) will be satisfied if 
tan0 p =D n /C n (12a) 

and 

tanflp = — Co/ Do. (12b) 

In order for Eqs. (12a) and (12b) to be satisfied simul- 
taneously, it must be true that CoC n -rD(sD n —Q. But 
we know this is satisfied from conservation of energy, 
since it is Eq. (B13) of Appendix B. 

Thus by using either Eq. (12a) or (12b), the angle of 
the final polarizer is determined. Then, substituting this 
calculated value of 9 P into Eq. (10), we obtain F," and 
S, n , the outputs along the fast and slow axes of the last 
crystal. We now must find the rotation angles of the n 
crystals. 

To accomplish this, we first find expressions relating 
the input and output of each crystal. This is a matter of 
taking projections along S and F axes of the crystals. 
With the help of Figs. 10(b) and 10(c). we find that 
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Fig. 10. Angle conven- 
tions used in the synthesis 
procedure : (a) output polar- 
izer; (b) reladve crystal 
angles; (c) input polarizer. 
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From the pattern established, we can write for the ;th 
crystal 
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Our procedure is to start with the output from the last 
crystal. From these F," and S,- n , we calculate the crystal 
angle and the input to the crystal (the F,-' 1-1 and S,- n_1 ). 
Since the input to the nth stage is the output from 
the («— l)th stage, we can repeat the entire process for 
the (»— l)th crystal. Thus we work our way back 
through- the entire network alternately finding crystal 
angles and crystal inputs. 

The calculation of the angles and inputs is accom- 
plished as follows : Consider, for example, Eq. (13c) which 
relates the input and output of the third crystal. We 
know the output (the F, 3 and S, 3 ) and wish to find #?, and 
the input (the F,- and Sr). In the language of linear 
equation theory, the problem may be restated as, “Does 
the system of nonhomogeneous equations (13c) have a 
solution?” 

A set of nonhomogeneous equations has a solution if 
and only if the rank of the matrix of the coefficients is 
equal to the rank of the augmented matrix.- For Eqs. 
(13c), this means that a solution exists if the rank of 

3 D. C. Murdoch, Linear Algebra for Undergraduates (John 
Wiley & Sons, Inc., New York, 1947), p. 30-31. 
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0 

COS#3 


equals the rank of the augmented matrix 


COS#3 

0 

0 

0 

F,<] 

0 

COS#3 

— sin #3 

0 

FT 

0 

0 

0 

— sin #3 

FT 

sin #3 

0 

0 

0 

ST 

0 

sin#3 

C0S#3 

0 

ST 

0 

0 

0 

COS#3 

ST 


(13d) 


Since the rank of the coefficient matrix is 4, the rank of 
the augmented matrix must also be 4 for a solution to 
exist. Several procedures exist- for determining the 
rank of a matrix. Applying one of these, we find the 
rank of the augmented matrix to be 4 if 


and 


tan# 3 = — (F> 3 /Ss 3 ) 
F 0 W-Si 3 S, 3 =O. 


(14a) 

(14b) 
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Table I. Related sets of D; and their corresponding 9,-. 



1st 

set 

Solutions for Dt 
2nd 3rd 

set set 

4th 

set 


Corresponding crystal and polarizer angles 
1st 2nd 3rd 4th 

set set set set 

Do 

do 

—do 

A„ 

-A, 


0t ' 

-0i 

©„ 

-e„ 

Di 

At 

-At 

A„_t 

” drv— I 


02 

— 0* 

e„ 

-©„ 

Do 

&2 

— dj 

dn~2 

— 


©» 

— 03 

©*-i 

— 0n- 1 

Do 

At 

-A, 

drv— 3 

— A„_j 

. » . 

. . . 




. . . 

* * * 

• * • 

... 

* * * 

0n-I 

0TV-1 

— ©n_t 

©i’ 

-©i 

^n-l 

dn_l 

— d*_i 

At 

-At 

9„ 

B n 


©2 

— 02 

D„ 

A„ 

-A* 

do 

—do 

Sp 

©r 


©i 

-0, 


The first equation- gives the angle of the crystal. Using 
this angle in Eq. (13c), we can now calculate the input 
(Fir, Fy, Sr, and Sr). The calculation is an easy one, 
involving for any stage no worse than the solution of 
two simultaneous equations. Appendix C shows a 
systematic method of performing this calculation. Equa- 
tion (14b) is seen by comparison with Eq. (B9) to be 
simply a restatement of the fact that the F, 3 and S, 3 
must satisfy conservation of energy. This requirement is 
automatically satisfied by the F, and S,- of all stages 
since 2?(«) was calculated using conservation of energy. 

In a similar manner, the conditions for existence of 
solutions to Eqs. (13a), (13b), and (13d) result in the 
equations: 

First Crystal 

tan0i= — (Fo l /Si l ), (15a) 

(F 0 1 ) 3 -h(S l 1 ) 3 =(/oO) 2 , (15b) 

Second Crystal 

tan0 2 = — (Fr/'S 2 -), ( 16a) 

F„ ; Fr+SrSr=0, (16b) 

ith Crystal 

tan0,= — (F.^i'/S, 1 ), (17a) 

Fo i F I _i t +Si*S, , =0. (17b) 

The crystal angles are given by Eqs. (15a), (16a), and 
(17a), while Eqs. (15b), (16b), and (17b) are statements 
of conservation of energy. We now have all the infor- 
mation necessary for performing the synthesis. The 
entire procedure is summarized below. 

C. Summary of Synthesis Procedure 

(1) Choose the desired output response C(u) and 
write it in the form of Eq. (2). The C< must be real. 

(2) Calculate the crystal length L from L — ac/Aij. 
The quantity a is obtained by comparing the C(ai) 
written in step (1) to C(«) as given by Eq. 2. A rough 
estimate of L can be obtained from Fig. 7. 

(3) Choose a value for /o°; the choice is arbitrary so 
long as (Jo 0 )'- exceeds the maximum value of C(<a)C*(u). 

oc'f 


It will often be advantageous to make (Zo°) 2 equal to 
the maximum value of C(a)C*(w). 

(4) Calculate D(w)Z)*(o>) from Eq. (7). Solve for 
Z>( w) from Z)(w)Z?*(m) using the method of Appendix 
A (or some equivalent method). The D t must be real. 

(5) Calculate the output polarizer angle d p from 
Eq. (12a). 

(6) Calculate the F,” and S,-’ 1 from Eq. (10). 

(7) Calculate the crystal angle 8 n of the last stage 
using Eq. (17a). From Eqs. (Cl) and (C2) calculate 
the input to the last stage (which is the output from the 
preceding stage). 

(8) Repeat the procedure of (7) on each succeeding 
stage until all crystal angles have been found. 

D. Humber of Possible Networks 

It has been stated that at least one real set of Z),- 
can always be found. It would perhaps be more correct 
to amend this to read that at least four real sets can 
always be found, for the calculated sets of Z>, can always 
be placed conveniently into groups of four. The rela- 
tions between the D, : of these four sets and between the 
corresponding 0,- are shown in Table I. We see that these 
four sets give four necwork configurations which are 
related. For example, the optical network corresponding 
to the second set is the 1 ‘mirror image” of the network 
obtained from the first set. It can be obtained from 
it simply by rotating each crystal and the output polar- 
izer a negative, instead of positive, angle. 

In addition, it is of interest to note that the network 
of the third set is precisely the same network that is 
obtained by turning the first set network end for end. 
This means that the output of a network will be the 
same, regardless of which end is used as the input end. 
Finally, the network resulting from the fourth set is the 
mirror image of that network obtained from the third 
set. Therefore, these four sets of Zh- do not really give 
four different networks, but rather one network and 
three variations. 

It is stated in Appendix A that a desired transfer 
function can be realized by 2 c '*~ lsvrU different networks, 
where m is the number of complex roots of Eq. (AS). 
If we consider that the networks of Table I represent 
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only one, rather than four, networks, the statement 
should read networks. 

V. EXAMPLE 

A sample calculation will now be performed to illus- 
trate the synthesis procedure of Sec. IV. Suppose that 
the ideal transfer function Gta) which we wish to ap- 
proximate is the triangular wave of Fig. 11. A network 
having such a transfer function might be used as a 
linear discriminator to accomplish the conversion of 
frequency-modulated light to amplitude-modulated 
light. 23 As shown in Fig. 11, G(<a) is real and has a basic 
period of 2 ir/a rad/sec. We must first approximate G(&>) 
by a finite exponential series. A series containing six 
terms will be used. The number, of terms is arbitrary, 
but in the case of the triangular wave six terms give a 
satisfactory approximation. For this example the Fourier 
approximation is used to find the series coefficients, 
although there are other approximations which could 
have been used. 

The exponential Fourier series approximated to the 
triangular wave is 

K (gj) = 4/-7r[(l/ 25)e^ ,5o “-F (l/9)e+* au -\-e iaa 

(i/9)e-‘ 3a “-J- (l/25)e -,5<, “], (IS) 

which is plotted in Fig. 11. Note that K(oi) is the trans- 
fer function of a noncausal network. It is often more 
convenient to first calculate the approximating function 
in a noncausal form such as Eq. (18), and then make the 
function causal. We can make K{<x>\ causal by multi- 
plying it by which gives 

C (&>) = tr tS * a K (&j) = 4/ 7r£l/25-f (l/9)e -,3o "-re -,4<, “ 

j-g-.6cw.j_ (l/9)e-i3«»+(l/25)e- ,10a “]. (19) 

Multiplication by e~‘ iaa is equivalent to introducing a 
pure time delay in the time domain. Thus the network 
impulse response and transfer function are essentially 
unchanged by_this operation. 

Since alternate harmonics in Eqs. (18) and (19) are 
zero, we may let 2<Kt>=ta. Using this in Eq. (19), we 
obtain the final form for C(u) 

C(«) = 0.01621-f0.04503e- l6 “+0.40528e-' ;:6 “ 

+0.40528e -,36 “+0.04503e~ l44 “-i-0.01621e - ” 4u . (20) 

We must now calculate D(cS). From Eq. (7) we have 
| D(u) \ 2 =D(u)D*(u) = (/rfO s -C(«)C*(«), 

= (Jj 0 ) 2 — 0.33309 —0.40443 costa 
—0.09928 cos2ta— 0.03034 cos3ta 

—0.00292 cos4ta— 0.000526 cosota. (21) 

The area L? of the input impulse must now be chosen 
in order to obtain j Z) (w) j 2 . It may have any real value 
as long as (Jo 0 ) 2 is larger than the maximum value of 
C(u)C*(fj). From Fig. 11 we see that the maximum 
value of C(w)C*(o>) occurs at «=0 and has a value of 

a S. E. Harris, Appl. Phys. Letters 2, 47 (1963). 



Fig. 11. Ideal and approximating transfer functions of example. 
Ideal transfer function is shown by dotted line and approximating 
transfer function by solid line. 


0.87059. Let us choose Jo°=l. Equation (21) then 
becomes 

|D(aO | 2 =0.66691— 0.40443 costa-0.09928 cos2ta 
—0.03034 cos3ta— 0.00292 cos4ta 

-0.000526 cos5ta. ( 22 ) 

We will now use the method outlined in Appendix A to 

calculate D(u). We first form Eq. (A5) 

-O- CC02.63 

0, 00146.tr— 0.0 1517.V 3 — 0.04964a-' 

— 0.20222x4-0.66691— 0.20222a:- 1 — 0.04964.x- 2 
- 0.015 17x" 5 - 0.00146x~*- 0.000263x~ 5 =0. (23) 

We next wish to put Eq. (23) in the form of (A6). To 
determine the we equate similar coefficients in (A3) 
and (A 6) which gives 

Bs=A; 

A 4 

B3~A^—5Az 
jB« = A2 — LI 4 
3i=.4i+5.4,-3.4*= -0.15803, 

5o=.4i) 4-2.4 4 — 2.4 j— 4-0.76327. 

Substituting these into (A6) and letting (x-r.%'~ l l = y, 
we have 

-0.000263y 5 -0.00146y 4 -0.01385y ! -0.04380y 2 

— 0. 15803y4-0.76327 = 0. (24) 

The roots of (24) are 

yi— -4.073794-13.93269, y 2 = -4.07379- 13.93269, 
yz= 0. 1895 7+ 16.39532, nq = 0. 1 8957 — 16.39532. 

V5= 2.2 1289. (25) 

From Eq. (A7) the corresponding x, are found to be 

Xi— -3.950664-14.05920, x 2 = -3.95066- 14.05920, 

xa=0. 185254-16.54791,' x 3 = 0.18525— 16.54791, 

x 5 = 1.57997: (26) 

*r l = -0.12313-10.12652, x -!= -0.123134-10.12652, 
■ xr 1 = 0.00432 - 10. 1 5260, x 4 “ l = 0.004324- 10 . 15260, 

X5 -1 = 0.63293. 




= -0.00146, 
= —0.01385, 
= -0.04380, 
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Set 


Da D\ 


Dz Di Di Pi 


xixzXzXiXi 

XlXzXsX&s 

XiX2Xi~'xi~h:s 

xi~ 1 x:~ l X3XtXs~ l 

*r»*»-Awwr.- 1 

xixtxt tvs' 1 
xixixi~hii bn 1 

xr l xrbctx*xi 

x\~bci~ l xtXAXi 
xixzxsxi xC l 
XlX»T3X4Xs~ ! 

x t~b!t~’xi~ 1 xi~b:s 
xi~ 1 xi~ l X3~bc~ l xs 


-0.75607 

0.29887 

0.07414 

0.75607 

-0.29887 

-0.07414 

—0.00055 

-0.00207 

-0.02091 

0.00035 

0.00207 

0 02091 

-0.01762 

0.01334 

-0.75640 

0.01762 

-0.01334 

0.75640 

-0.01491 

-0 09415 

-0.29188 

0.01491 

0.09415 ’ 

0.29188 

-0.01115 

0.01901 

-0.48006 

0.01115 

-0.01901 

0.48006 

-0.02356 

-0.17107 

-0.63730 

0.023S6 

0.17107 

0 63730 

-0.47854 

0.64236 

0.15462 

0.47854 

-0.64236 

-0.15462 

-0.00055 

-0.00379 

-0.03696 

0.00055 

0.00379 

0.03696 


0.02091 

0.00207 

0.00035 

-0 02901 

-0.00207 

-0.00035 

-0 07414 

-0.29887 

0.75607 

0.07414 

0.29887 

—0.75607 

0.29188 

0.09415 

0.01491 

-0.29188 

-0.09415 

-0.01491 

0.75640 

-0 01334 

0.01762 

-0.75640 

0.01334 

-0.01762 

0.63730 

0.17107 

0.02356 

-0.63730 

-0.17107 ’ 

-0.02356 

0.48006 

-0 01901 

0.01115 

-0.48006 

0.01901 

-0 01115 

0 03696 

0.00379 

0.00055 

-0 03696 

-0.00379 

—0.00055 

-0.15462 

-0.64236 

0.47854 

0.15462 

0.64236 

-0.47854 


Since there are four complex roots to Eq. (24), there will 
b e 2( n -WU = i6 real sets of Di which can be obtained 
by multiplying the factors (jc — £,) together in various 
ways. Eight of these sets are simply the negatives of 
the other eight. Consider the set that is found by con- 
structing the polynomial 

(x-xi) (x-x 2 ) (x—x 3 ) (X-Xi) (x- x s ) . 

Performing the indicated multiplication, we obtain 

ri>+5.95085.++60.16845a,- } +213.29090x i 

+859.85 121a;— 2175.20862. 

As stated by Eq. (All), a set of D { is proportional to 
the coefficients of this polynomial. 

D 0 = -2175.20862?, Z?j.= 859.85121g, 
Z?»=213.29090<7, £> 3 = 60. 168455, - (- 7 ) 

Z> 4 = 5.95085<7, D-,—q. 

The value of q is different for each set of £>,-. For the 
above set, q is found from (A12) to be 

4 = ±3.47586 X 10 -4 . 

Substituting this value back into Eq. (27), we find that 
one set of D , is 

Do= -0.75607, 2?i.= 0.29887, 

£>2=0.07414, £> 3 = 0.02091, 

£> 4 =0.002068, ‘ £>5=0.000348. 

All 16 real sets of Di are shown in Table II. We now go 
through, in detail, the synthesis procedure for the first 
set. 


We first calculate the output polarizer angle from 
Eq. (12a). Doing so, we obtain 

tan0 p = Di/'C 5 = 0.02144, 

which gives 

0j,= l o i4'. 

Several equations provide checks on the numerical 
computations and should be used during the synthesis. 
For example, we should also calculate 9 V from (12b) 
to verify that (12a) and (12b) do indeed give the same 
result. These checks are available at various points in 
the synthesis procedure and will be pointed out when 
appropriate. 

Equation (10) is now used to calculate the F and 
Sri, giving 


Fo 5 

= 

0.73625 , 


Sri' 

— 

0.05143' 

Fri 


-0.29784 


Sri 


0.40678 

F> 3 


-0.06543 

. 

Sri 


0.40564 

Fri 


-0.01222 


Sri 


0.04507 



-0.00110 


C_5 

V 3 * 

10.01621 


We are now able to calculate 9 5, the angle of the last 
birefringent crystal. Using (17a) we find 

tan0 3 =-(Fri/S 5 s ) =0.06799, 

which gives 

5s=3 0 53'. 

As a check, we should see that Eq. (1/b) is satisfied. 

The input impulses to the fifth crystal are calculated 
next from Eqs. (Cl) and (C2). 


Fo 4 l 

1 

'Fri Sri' 

r sri 1 


■ 0.75799' 


— * 

Fri Sri 

-Fri 


-0.26955 

E l 

f 2 4 

{ (Fri) a +(Ss 5 ) 3 } i 

Fri s 5 5 


—0.03777 

Fri 


Fri Sri 


-0.00913 

LFriJ 


LFri Sri, 


l 0 j 


*lO& 
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Table EH. Summary of results of example. 


Set 

0i 

02 

0j 

04 

0s 

B P 

X&iXtX&i 

• —88*46' 

3*53' 

29*21' 

2Q°2r 

3°53' 

1*14' 

XiXiXiUxs 

88°46' 

-3*53' 

— 29°2V 

— 29°21 r 

— 3°53 / 

-1*14' 

Xl~ l Xi~ , Xz~ , Xi~ l Xi~ l 

— 1*14' 

-3*53' 

— 29°2V 

_29°21' 

-3*53' 

88*46' 

iCiCrEV-ti" 1 

1*14' 

3*53' 

29°21 / 

29*21' 

3*53' 

-88*46' 

XiX:Xi~ L xi~ l Xs 

—47*23' 

60*25' 

-68*34' 

-68*34' 


42*37' 

XlX°Xz~ l Xt~ l Xi 

47*23' 

-60*25' 

68*34' 

68*34' 

-60*25' 

-42*37' 

xC l xi~ l X)XiXC l 

—42*37' 

-60*25' 

68*34' 

68*34' 

-60*25' 

47*23' 

xr t xr l XiXiXi~ L 

42*37' 

60*25' 

-68*34' 

-68*34' 

60*25' 

-47*23' 

XiXzKi \xi l Xh~ l 

-34*32' 

64°2S' 

-64*24' 

— 6a°2a' 

64*2S' 

55*2S' 

XlX2X3~ 1 xr l X-~ l 

34*32' 

-64*28' 

64*24' 

64*24' 

-64*28' 

-55*28' 

X 

-55*28' 

-64*28' 

64*24' 

64*24' 

-64*28' 

34*32' 

Xl ~ l Xt~ 1 XiX&s 

55*28' 

64*28' 

-64*24' 

-64*24' 

64*28' 

-34*32' 

xt.ti.rj r l 


7*56' 

45*40' 

45*40' 

7*56' 

1*56' 

Xtfl-tj.ttfs 1 


-7*56' 


-45*40' 

-7*56' 

-1*36' 

Xt“ l Xj~ 1 .r3~ ! .r4” 1 .T5 

-1*56' 

-7*56' 

H19I 


-7*56' 

88*04' 


1*56' 

7*56' 

45*40' 

45*40' 

7*36' 

-88*04' 


fSo 4 ] 

Si* 

S 2 4 

s, 4 

Is 4 4 J 


1 


fFo 5 Sr 3 ] 

f F -r 5 ] = 

' 0 ' 

Fr Si 3 

LS a 3 J 

0.42605 

F 2 5 S 3 3 


0.40914 

F s 5 S 4 3 


0.04579 

.Fj 5 S 5 3 . 


0.01625. 


We can now calculate the angle of the fourth birefringent crystal using Eq. (17a), which gives tan9 4 = — (F 5 4 /S 4 4 ) 
=0.56197, and f? 4 =29°20'. Equation (17b) again affords a check. 

The synthesis procedure may now be completed by alternately using Appendix C and Eq. (17a) until all crystal 
angles have been determined. The steps are given below: 


fFo 3 ' 1 

1 

"Fo 4 Si 4 ] 

F 1 3 

F 2 3 


F 1 4 S 3 4 
F; 4 S 3 4 

Lf 3 3 J 


If 3 4 s 4 4 J 

rso 3 ' 

1 

Fo 4 Si 4 ' 

Sr 3 

S 2 3 

~ {(Fjy+issy-}* 

F 1 4 S 2 4 
F 2 4 S 3 4 

lS 3 3 . 


If, 4 s 4 4 J 



0.86952' 
-0.03454 
-0.01049 * 
. 0 . 



r 0 

0.48873 

0.05842 

.0.01864. 


tan0,= - (F 2 VS 3 3 ) = 0.56268, 0 3 =29°2O'. 


(FJ) 

F: 2 

[f 2 2 

(So-') 

Si 2 

Sr 


1 

Fo 3 Si 3 ] 

{(F 2 3 ) 2 +(S s 3 ) 2 }* 

F1 3 S 2 3 
,F« 3 S3 3 . 

1 

Fo 3 S : 3 ' 

{(F 2 3 ) ! +(S 3 3 ) 2 }* 

Fc S 2 3 
F 2 3 S3 3 . 

tan 0 2 =-(Fr/Sr)=O.O 6 

1 

[Fo 2 Sr 

~{(F 1 2 ) 2 +(S 2 -) i )i 

l_Fr Sr 

1 

rFo 2 Sx 2 

{(Fr) 2 + (S 2 2 ) 2 } J 

LFr Sr 


= r 0 ■ 
0.06785 
0.02139 


taitf - (FoV'Sr) = -46.62959, 6 l = -88°46', 


and the synthesis is completed, 
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The angles calculated from all sixteen real sets of D % 
are s umm arized in Table III. Notice that it is necessary 
to go through the. synthesis procedure for only four of 
the sets of D The angles for the other 12 sets can be 
deduced from Table I. The results of the example have 
been verified by applying the matrix method of Jones 21 
to the resulting networks. 

VL DISCUSSION 

An important modification of the basic network of 
Fig. 1 results from associating a variable optical com- 
pensator with each crystal of the network. Such compen- 
sation can be accomplished either internally to the 
crystal (for example, by thermal control) or externally 5 
(for example, by using a Soleil compensator). To the 
extent that the transfer function is sufficiently narrow 
band that the compensation may be considered achro- 
matic, the transfer function may be tuned, without 
distortion, over its basic period. If we associate a 
compensation of 9 rad with each crystal of the network, 
the resulting transfer function becomes 

c tu »«i(*>)=£: « 

*-o ( 28 ) 

= Cuutuned ( w ^/°) ' 

The tuned C(w) is thus equal to the original C (w) shifted 
by 9/2- of its basic period. Since the required compensa- 
tion for each crystal is identical, a simple method of 
tuning such as uniform temperature variation of the 
entire° filter might be attempted. Methods of tuning 
birefringent filters have been considered by a number of 
authors. 3-17 

The synthesis procedure is based on the assumption 
that all crystals have the same length. At first this may 
seem to be a rather severe restriction, but in reahty it 
is not, for networks containing crystals of different 
lengths can result from the procedure. It is possible 
that one or more calculated angles 0, will be zero, and 
two crystals with a relative angle of zero degrees are 
equivalent to a single crystal of twice the length.. 

An exact procedure for the synthesis of birefringent 
networks possessing arbitrary transfer functions has 
been presented. Interesting problems which merit 
further investigation include: (1) consideration of the 
effects of crystal misalignment, changes in birefringence, 
and errors in crystal length ; (2) analysis of the angular 
aperture of these networks and maximization of it; and 
(3) consideration of the effects of dispersion of Aij. 

APPENDIX A 

In this Appendix, we give a method for calculating 
D{ w) from |D(«)[ S . In addition, we show that at least 
one real set of exists, provided J Z)(co) [ 2 never becomes 
negative. 


Suppose we are given the positive semidefinite 
polynomial 

jD(«) S 2 =Ho-r2.4i cos<kj-| h2 A n cos naoi. (Al) 

Rewriting (Al) we have 

| D(w) \-=A„e tnaa +A M i*‘°"+-4o 

K4 n _ie - ‘ (n-1,a “-i-.4 n e~' nau . (A2) 

Notice that the zeros of (A2) appear in reciprocal pairs. 
Equation (A2) can, therefore, be factored as 

(D(«) j 2 = (Dv+D^+Die *™- 1 \-D n e‘™“) 

X(A>-bDie -, °“4 rD n e-™“). (A3) 

The D , are not unique, but rather there are 2 n * 1 possible 
sets of them. Since ] D(oi ) j 1 is even and always positive, 
we may write it as 

i£»(w)i 2 =D(a>)U*(«). (A4) 

Comparing (A3) and (A4), we see that (A4) can be 
satisfied only if the D % of (A3) are real. Therefore, at 
least one real set of the coefficients must exist. 

The following method of obtaining the D, is due to 
Pegis. 4 For more details and explanation of the pro- 
cedure, the reader should refer to his paper. We begin 
with [ D (cS) | 2 as given by Eq. (Al). Form the equation 

.4 „x"-K4 n -[X n- H K4iX-r-4<rr-4 

-K4 -r .4 „x -n = 0. (A5) 

Put Eq. (A5) into the form 

5„(x+.r -1 )’ 1 +5 n _i(x-fx- l ) n - 1 + • - ~hBo=0. (A6) 

and obtain the B , from the .4, by equating similar coef- 
ficients. Make the substitution 

x-i-x -1 =y (A 7) 

into Eq. (A6), which gives 

B n y n +B n - iy"“4 !-So=0. (A8) 

Solve for the n roots of (AS) and call them yi, y 5 , • ■ 
y n . Using Eq. (A7), solve for the reciprocal pairs of 
roots 

Xi, 1/xi, 

x 2 , l/x 2 , (A9) 

Xn. l/x„. 

Next, construct all possible equations having real 
coefficients d, using one root from each row of (A9) ; 
e.g., one possibility would be 

(x— xi) (x— 1/ x 3 ) (x— x.i) • - ■ (x— x„) 

= x n 4-dn_iX' i- H rdi.ri+tiiX+do. (A10) 


“it C. Jones, J. Opt. Soc. Am. 31, 488 (1941). 
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The D x are proportional to the d ( 

Do—qda, 

Z>i=?fi t (Ail) 

The quantity q is found from 

fidt+dH~~+d*)-At, (A12) 

and upon substituting this value into (All), we obtain 
the D;. 

The number of real sets of D, will depend upon the 
number of y,- which are complex. If m of the y\ are com- 
plex, there will be real sets of D x . Half of these, 

however, will just be the negative of the other half, for 
q can be negative or positive. 


FoTV-i- • • • 4- F I -_3 i F,-_i , 4- S t l S j‘4- • • ■ ■ +S«*S,*'=0, (B8) 

Fo'F_i , +S 1 { Si i — 0. (B9) 

It should be pointed out that C(o>) and D(u) also satisfy 
conservation of energy, giving the equations 

(Co)H- (C t )'+ r (C„)'+ (Do)-+ (Di) 2 + ■ • • 

+ (Z?„) 2 =(/o°) 2 , (BIO) 

CoCi+CjCad — .■+C n -iC n -i-DQD l J rD l D»-\ 

+IW>„=0, (Bll) 

CoC»-rCiC3+- — rC r .-2C ri J rD<yD 2 J rDiD2-r ■ • - 

-fZ?„_ 2 Z) n =0, (B12) 
C o C„+DoD n =0. (B13) 


APPENDIX B 


APPENDIX C 


We derive here the conditions which the F, and S, 
satisfy because of conservation of energy. Assume, for 
convenience, that we are dealing with a four-crystal 
network. Since the birefringent crystals are assumed to 
be lossless, the energy in the fast-axis output plus the 
energy in the slow-axis output of the fourth crystal 
must equal the input energy. Mathematically, this is 
expressed by 

F>)F’*(<o)+S 4 (tDS 4 *(u) = (/a 0 ) 2 . (Bl) 

Writing out (Bl) and equating similar coefficients, we 
obtain - 

(F„^-f (F^-d- (F 2 r-+ (Fj 4 )“-t (S, 4 )-+ (S 2 4 )- 

+ (Sy)=+(Sri) 2 =(/o # ) 2 , (B2) 

Fo 4 Fi 4 -f- Fi 4 F 2 4 -i- F 2 4 F 3 4 t Si 4 S2 4 4* S; 4 Ss 4 +S 3 4 S4 4 = 0, (B3) 
Fo 4 F 2 4 -r F pF i 4 -r Si 4 S 3 4- r S 2 4 S4 4 = 0, (B4) 

Fo 4 F, 4 -fS l 4 S, 4 =0. (B5) 

Similarly, we can derive for the £th stage 

(F t -) 2 + (FrOH- • ’ • + (F;_i') 2 + (SxD 3 -^ (S 2 ') 2 + • • • 

+ (S,-’) 2 =(/o 0 ) 2 , (B6) 

F#fFi*+Fi , Fs , -f rF^ 2 i F^.i , -fSi‘S» i 

-rS 2 *S 3 ; + • • • +S,-_ l *'S i *= 0, (B7) 


This Appendix gives a systematic and rapid method of 
calculating the input to a crystal once the output is 
known. This is simply a formalized procedure of solving 
for the F l_I and S— 1 of Eq. (I3d) once the F* and S'- 
are known. In matrix form, the expressions are 


’ Fo* -1 

1 

’ Fo' 


Fi J_1 

Fo*” 1 

{(F f _P) 2 ri-(S t *) 2 }* 

l'l* bo* 

F f _V-h 


lF M f 

sV. 

f So- 1 ' 

1 

Fo* 

Si 4 ' 

Si 1-1 

{ (F f-iD" - ! - (S r‘)~} 4 

Fi* 

S 3 ‘ 

.S_i* -1 . 


lF,-_x* S,‘J 



One convenient check is. that the calculated values 
F;_[ ! ~ l and So 1 ' -1 should always be zero. 
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A second technique for the synthesis of birefringent networks having arbitrarily prescribed spectral 
transmittance is presented. The network consists of an input polarizer followed by n cascaded stages. Each 
stage contains (in general) a birefringent crystal, an optical compensator, and a polarizer. The quantities 
determined for each stage by die synthesis procedure are the angle to which the crystal is rotated, the amount 
of delay to be introduced by the optical compensator, and the angle of the polarizer. A desired function con- 
sisting of (»i-f 1) terms of an. exponential series can be realized by an n-stage network and. in certain cases, 
by a network containing fewer than n stages. The synthesis procedures of Part f and Part II are compared, 
and their relative merits discussed. Finally, two examples are given using the procedure of Part II. 


I. INTRODUCTION 

I N Part I a procedure for the synthesis of birefringent 
networks having arbitrarily prescribed periodic 
spectral transmittance was given. 1 The basic network 
consisted of n identical cascaded birefringent crystals 
between an input and an output polarizer. Such a net- 
work was termed a lossless or nondissipative network, 
since it does not contain any internal polarizers. 

Part II describes a second procedure for the synthesis 
of birefringent networks, which results in a network 
containing internal polarizers. As before, this procedure 
allows realization of an arbitrary spectral transmittance, 
provided it is periodic. 

The type of network obtained from the synthesis 
procedure of Part II is shown in Fig. 1. It consists of an 
input polarizer followed by a series of stages, each stage 
containing a birefringent crystal, optical compensator, 
and polarizer. This network contains three stages: how- 
ever, any number of stages may be used. The birefring- 
ent crystals in all stages are identical (with a few im- 
portant exceptions, noted later), each crystal being cut 
with its optic axis 1 perpendicular to its length and with 
end faces which are flat and parallel. The crystals’ 
“slow” and “fast” axes are denoted by S and F, respec- 
tively, in Fig. 1. The quantities determined for each 
stage by the synthesis procedure are the angle to which 
the crystal is rotated, the amount of delay to be intro- 
duced by the optical compensator, and the angle of the 
polarizer. In addition, the length L of the crystals is 


♦This work was supported at Sylvania by the Air Force 
Aviomcs Laboratory at Wright-Patterson Air Force Base, Ohio, 
under contracts AF 33(657)-S995 and AF 33(615)-1938. and at 
Stanford University bv the U. S. Office of Naval Research under 
contract NONE 225(24). 

1 S. E. Harris, E. O. Ammann, and I. C. Chang, J. Opt. Soc. Am. 
54, 1267 (1964). [Editor’s note: the term “transfer function” used 
in this reference (Part I of this series) has been changed to the more 
explicit “spectral transmittance” and “amplitude transmittance,” 
as the case may be, in this Part III 
5 In principal, either uniaxial or biaxial crystals may be em- 
ployed. For simplicity we assume that uniaxial crystals are used. 

j Preceding page blank^ 


determined by the periodicity of the desired spectral 
transmittance. 

The optical compensators contained in the network of 
Fig. 1 are assumed to be achromatic and are therefore 
impossible to realize in practice. For the range of 
frequencies over which their behavior is approximately 
achromatic, the network spectral-amplitude transmit- 
tance is the desired C(cj). Outside this range of fre- 
quencies, the actual and desired characteristics diverge. 
This is not a severe limitation, particularly since bire- 
fringent devices are used primarily to obtain extremely 
narrow bandwidths. 

In the synthesis procedure of Part II and the pro- 
cedure of Part I, we have two different techniques (and 
two different birefringent networks') for realizing a given 
spectral transmittance. The relative merits of these two 
synthesis procedures are discussed, and the expected 
performances of the two types of networks are com- 
pared. Finally, two examples are given, one of which 
shows how a Lyot rilter can be obtained from the syn- 
thesis procedure of this paper. 



Fig. 1. Basic configuration of optical network (three stages). 
Polarizers are shown shaded. F and S denote the “fast" and “slow” 
axes of the birefringent crystals and optical compensators. 
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H. SYNTHESIS PROCEDURE 

In this section we show that the network of Fig. 1 is 
capable of producing any desired spectral transmittance. 
Expressions are derived for the crystal angle, the optical 
compensation, and the polarizer angle for each stage. 
Several of the topics pertinent to this section are dis- 
cussed at greater length in Ref. 1. 

We begin by assuming that a desired spectral- 
amplitude- transmittance function, written in the form 
of Eq. (1), has been chosen. 


output of the jth stage are found to be related by 
/E U '\ A 0\/ cos(y,—<pj) sin(7,— 

\2v/ _ \0 oA— sin(7— &•) cos (to —<£,)/ 


X 

X 


/ e~' b 0 \re~ iau 0 \ 

Vo lAo 1/ 

/ cos(^,— 7;-i) sin (4>j— 7a-i) \ / •£« 
\— sin(<£, — fi- 1 ) cos(^), a- i)J\E, 


( 5 ) 


where E denotes the complex amplitude of the electric- 
field vector of the light. The « axis is parallel to the 
transmission axis of die polarizer of the preceding stage. 
The birefringent crystal introduces a phase difference of 
m rad between the S and F components, with a~ L^n/c. 
(The quantity L is the crystal length, At; the bire- 
fringence, and c the velocity of light in vacuum.) The 
quantity b is the phase difference introduced by the 
optical compensator and is always between 0 and 2tr 
rad. The optical compensator is assumed to be achro- 
matic; this is the only approximation involved in this 

procedure. . 

Perhaps a more familiar form than that used m Eq. 
(3) for the matrix of a birefringent crystal is 



( 6 ) 


C («) * Co+Ci^-hC^-^ri r C ( 1 ) 

The C, may be real or complex. (Recall that the syn- 
thesis procedure of Part I requires all C, to be real.) 

Equation (l) can be considered a polynomial in 
e! -1 ““ and rewritten as 

C(to) = C „C(C#/C„)+ {Cl/C a )<r’°"-r • • ■ -T<r ( 2 ) 

=Ca(-arhe~ ,au ) (-=j+«" , ou ) ’ • * (-3 n +e“ ! ' uw ), 

( 3 ) 

where the ris are the zeros of the polynomial. These 
zeros are, in general, complex. If we express each zero in 
terms of its magnitude {zj and phase angle e w , Eq. (3) 
becomes 

Cfo)«C,(-|*il« fal +*- to ) 

X (— S S2 i «**+*-*") • * • (— i 3- 1 . A) 


If we factor e 1 ™* out of (6), the matrix used in Eq. (5) 
results. Furthermore, the factored e ia “'~ term can be 
dropped without affecting the-resuits. 1 

From Eq. (5) we see that it is more convenient to deal 
with relative angles (measured from the preceding com- 
ponent) than absolute angles. Consequently, we define 

0i— <Pi» 

d«=<fo— 7i> 

t> 

and 

j3i— 72 — <£>», (b) 

,dj=7j— d>j- 


We now show that each factor in Eq. (4) can be as- 
sociated with one stage of the network of Fig. 1. 

Let us consider one stage (say the yth stage) of the 
network of Fig. 1. This stage contains a crystal, an 
optical compensator, and a polarizer as shown in Fig. 2. 
Using the Jones-calculus formulation, 3 the input and 

3 R. C. Jones, J. Opt. Soc. Am. 31, 488 (1941). 


Performing the matrix multiplication, indicated in 
Eq. (5) and noting that E., Is zero, we obtain 

£ u , = e ~‘h cosOj cos3,(-e‘ 6 ‘ tan 0/ tanrirf e~' au )E, t . (9) 

The amplitude-transmittance function for the entire net- 
work (ail stages) is the product of the amplitude- 
transmittance functions of the individual stages. Thus 


0.1^ 
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we have for the entire network, 4 

C'(a)=e~' l,T cosfli cos/3i cos0o cos,S 2 - • -cos5„cos/3„ 

X (— e* dl tan#i tanfli+e -1 ’' 1 ") 

X (— e ii - tan#2 tanj3e+s -1 °“) • • • 

X (— e ibn tan #„ tanj3„+e _{o<J ) I (10) 

where 

(e- ,6t ) (e~ ib -) (e- ,i3 ) • • • (<r‘ 4 ») = er ib T. (11) 

If all C) are real, then er' hT = ± 1, since all complex roots 
will then occur as conjugate pairs. 

We see that Eqs. (4) and (10) have the same form. 
Equating similar terms, we find 

tanfli tani3i= |zi|, b\=a\, (12a) 

tan#2 tan#>= |zo|, 62=0:2, (12b) 

tan#, tan^,= |z,[, 6,- = a,-. (12c) 

In Eqs. (4) and (10), the order of the factors is, of 
course, unimportant. It is only necessary to equate each 
of the factors in Eq. (10) with one of the factors in Eq. 
(4). Note that if a root is real and positive, a= 6=0, and 
an optical compensator is not required for that stage. 

Terms in Eqs. (4) and (10) may also be equated in a 
slightly different manner, namely, 

tan#i tan£h=— |zi|, 6i=ai+ir, (13a) 

tan(?2 tanfJo^ — |zi|, 6o=a2-rT, (13b) 

tan#, tariff,- — — [ z,- [ , 6, = a, +t. (13c) 

Here if a root is real and negative, an optical com- 
pensator is not required for that stage. Either Eqs. (12) 
or Eqs. (13) may be used for obtaining #, 13, and 6 for a 
particular stage. 

We have shown that it is possible to choose a crystal 
angle, polarizer angle, and value .of optical compensa- 
tion to match any factor of Eq. (4). Thus any C(«j) can 
be realized to within a multiplicative constant, by use of 
the network of Fig. 1. This multiplicative constant will 
be real if all C, are chosen real, and will be complex if 
one or more of the C, are chosen complex. That the 
actual and ideal C(co)’s differ by a complex constant is 
not of consequence provided the network spectral trans- 
mittance is relatively narrow hand. 

Returning to Eqs. (12), we see that # and ,3 are not 
uniquely determined for a particular stage. There are an 
infinite number of combinations of #,- and /3y which 
satisfy the equation tan#,- tan0,= |s,-|. Thus an addi- 
tional criterion may be imposed when choosing the 
particular and 3, to be used. 

One important possibility is to choose #,- and 8, so 
that the magnitude. of the output is maximized. When 
we satisfy Eqs. (12c) [or (13c) 1, we ensure that the 

4 C'(w) refers to the actual amplitude-transmittance function of 
the birefnngent network, while C(w) refers to the desired 
amplitude-transmittance function. The two diner only by a con- 
stant multiplier. 

rxb 


C / have the proper relative values. However, the magni- 
tude of the entire response depends upon the particular 
choices for the #,- and /3,. We therefore wish to maximize 
the magnitude of one of the C/ subject to the con- 
straints imposed by Eqs. (12). 5 Let us maximize the 
magnitude of C„', which is found by comparing Eqs. 
(4) and (10), to be 

| CV 1 = cos#i cos|3i cos#2 cos, Si • • • cos# n cos, Sn. ( 14) 

This problem can be solved by the method of La- 
grange multipliers. We obtain for the result 

tan#i= tanSi= ± j zi| I, 
tanS2=tam32=±]z2] (15) 

tan#,-= tanS/= i |s,| L 

If we maximize Eq. (14) using Eqs. (13) instead of 
Eqs. (12) as the constraint, we obtain 

tan#i= — tanfii= db j Zy j *, 
tan# ; = — tanff ; = i j z-> j 1, 

tan#,-= — tariff, •= ± j s,-| k (16) 

It is interesting to note that if the Eqs. (13) and (16) 
are used, all of the polarizers of the network will be 
oriented with their transmission axes parallel to the 
transmission axis of the input polarizer. This occurs 
because ,S,= — #,- for each stage of the network. If Eqs. 
(12) and (15) are employed, the polarizers will be 
rotated at various angles. 

Networks Containing Crystals of Unequal Lengths 

In general, the synthesis procedure just described 
requires an K-stage network to realize a C(w) containing 
(m-t* 1) terms. Occasionally, however, it is possible to 
realize a C(«j) using fewer stages with longer crystals in 
those stages. This comes about in the following manner. 

We have shown that each of the factors of Eq. (3) 
can be associated with one stage of the network. Each 
stage contains a birefringent crystal of length L, an 
optical compensator, and a polarizer. Suppose now that 
two of the factors of Eq. (3), when multiplied together, 
give a term of the form 

(-5+e-- 2 ^). (17) 

It is apparent that (17) can be realized by a single stage 
containing a crystal of length 2L, an optical com- 
pensator, and a polarizer. In general, if r factors of 
Eq. (3) multiply together to produce a term of the 
form 

(-s+s-”““), (18) 

this term can be realized by a single stage containing a 
crystal of length rL, an optical compensator, and a 

3 Since the relative values of the C’s are fixed, maximizing any 
one of them maximizes ail of them. 
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polarizer. As before, the crystal angle, polarizer angle, 
and the optical compensation are calculated from the 
magnitude and phase angle of 2 . 

Once the zeros of C(&>) have been found, it is an easy 
task to determine whether factors can be combined to 
produce a term similar to (18). The following rule is 
useful. If r of the zeros have the same magnitude and 
have a’s which differ by 2-z/r, the corresponding factors 
can be multiplied together to produce a term of the 
form of (18). 

in. DISCUSSION' 

Suppose we wish to realize some C (a>) with all C, real. 
We now have two methods of accomplishing this— the 
synthesis procedures of Part I and Part II. It is of 
interest then to consider the relative merits of the two 
procedures (and their corresponding networks) in order 
to determine which should be used in a particular 
situation. We compare them on the following points. 

A. Number of Components Required to 
Synthesize a Given C(t>>) 

It is usually desirable to have an optical network 
composed of as few components as possible. By mini- 
mizing the number of components, we reduce the 
number of surfaces at which reflection can occur, and 
also minimize the number of crystal surfaces which 
must be ground and polished. The required number of 
components is of particular interest when a C (w) con- 
taining a large number of terms is required. We com- 
pare the two synthesis procedures by discussing for 
each procedure: (1) the number of components re- 
quired per stage ; and (2) the number of stages required 
to realize a given C(o»). 

Theoretically, each stage of the network of Part I 
consists of only a birefringent crystal while each stage 
of the network of Part II contains a birefringent 
crystal, optical compensator, and polarizer. In practice, 
however, an optical compensator is probably also 
needed with each crystal of the network of Part I. Thus 
the main difference between the two networks is often 
one component (a polarizer) per stage. 

Both types of networks, in general, require n stages 
to realize a C(w) containing (ji-j-1) terms. However, in 
certain instances, it is possible to reduce the number of 
stages needed for the network of Part I, while in still 
other instances, it is possible tO' reduce the number of 
stages needed for the network of Part II. 

Consider first the network of Part I. When two or 
more successive crystals are rotated to the same angle, 
the situation is equivalent to a single crystal of greater 
length. Unfortunately, efforts to determine what 
restrictions must be placed on C{cS) to cause several 
crystals to have the same angle thus far have been 
unsuccessful. 

On the other hand, it is relatively easy to determine 
which C(u)’s result in fewer stages when the synthesis 

2-K 


procedure of Part II is employed. Section II notes that 
if r zeros (written in polar form) have the same magni- 
tude and differ successively by 2 w/r phase angle, then r 
of the stages can be combined into a single stage having 
a crystal of length rL. Therefore, once the zeros of C (a) 
are known, it is immediately apparent whether multiple- 
length crystals can be used. In some cases, it may even 
be feasible to adjust some of the zeros so that they 
satisfy the above condition. It is necessary, of course, to 
make certain that this does not cause an unacceptable 
change in C( «). 

B. Magnitude of Output 

A second basis of comparison involves the magnitudes 
of the outputs of the two types of networks. Suppose 
that we use both the synthesis procedure of Part II 
and that of Part I to obtain networks having the same 
desired C ( 01 ) with all C, real. Will the amplitudes of the 
responses of the two networks be the same? If not, what 
will the relative magnitudes be? 

To answer these questions, we first assume that 
•‘■perfect” polarizers are used in both networks. In 
addition, we assume that the desired C(a 1 ) has a max- 
imum magnitude of unity. Consider the network ob- 
tained from the procedure of Part I. Its amplitude- 
transmittance is identical to the desired C(w); i.e., both 
the relative and absolute values of the C/ are identical 
to those of the C,. 

Next consider the network obtained by the synthesis 
procedure of Part II. Its amplitude-transmittance func- 
tion contains C/ whose relative values are correct (i.e., 
Co'/Cn, Ci'/CV, ■•’C 1 , , _i/Cn), but whose absolute 
values probably are not. This discrepancy occurs 
because we are trying to use n stages to produce the 
(>t-j-l) different C,-. Thus we have one less degree of 
freedom than is necessary. 

In most instances, the actual C/ obtained from the 
network of Part II are smaller than the desired C,. In a 
few cases, the two are the same. The C/ can never be 
larger than the C; [[unless the maximum magnitude of 
the desired C(to) is less than unity]. We determine 
below: (1) under what conditions the.C/ and C, have 
the same magnitudes; and (2) what the reduction in 
magnitude is when the C/ and C,- are not the same. 

Let us begin with point (1), keeping in mind that the 
following discussion assumes that all C, are chosen real. 
As stated earlier, the desired C (01) has a magnitude of 
unity at least once per period. In order for the network 
of Part II to have unit transmittance at some fre- 
quency, each stage must have unit transmittance. 
Consider two stages of the network which correspond to 
two complex roots (a conjugate pair). From Eq. (9), 
their amplitude-transmittance functions are 

(— sin 2 0-r-e -,a " cos 2 0) \—e~' b sin 2 0-re~ , °“ cos-0). (19) 

We have made $—Q, as prescribed by Eq. (15), for 
maximum transmittance. 
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In order for the first factor of (19) to have unit 
magnitude, it must be true that 

„ gib — g-icua 

which gives 

— b=au-rpTr, ( 20 ) 

where p is any odd integer. If we similarly require the 
second factor of (19) to have unit magnitude, we obtain 

-\-b — aui+yx, (21) 

where q is any odd integer. Solving Eqs. (20) and (21) 
simultaneously, we find that the only possible values 
which b can have (between 0 and 2x) are 0 and x. These 
values result in unit transmittance at 

oaj=ir, ox, ox, - ■ • 

and 

aw—Q, 2x, 4 t, • 

respectively. 

In other words, the networks of Part II can have 
unit transmittance (once per period of their transmit- 
tance function) iE: (1) all roots of the desired C(u) are 
real and positive; or if (2) all roots of C(w) are real and 
negative. Only under these two conditions do all stages 
have 100% transmittance at the same frequency, 
thereby resulting in C/ which are identical in magnitude 
to the desired C,. 

If the roots of C(w) do not fit into one of these two 
categories, the output from the network of Part II will 
be smaller than the output from the corresponding 
network of Part I. We now determine how much 
smaller it is. To do this, we compare the magnitudes of 
C,' of the two networks. 

For the network of Part I, C-l is identical to C„. For 
the network of Part II, we find from Eqs. (14) and (15) 
that 

CJ— cos J 0i cos 2 #;- • -cos 2 0„. (22) 

We can solve for cos 2 0, in terms of j t,| by noting from 
(15) that 

tan 2 0,-= |z,|. (23) 

From (23), it is easily shown that 

cos : 0/= 1/(1+ 1 ( ). (24) 

Equation (22) can now be rewritten as 

C7= [1/(1+ j sit )J[1/(1+ 1 sal )3* * ■ D/(l+ 1 )], 

(25) 

which is the desired result. Thus, by calculating C«' 
from Eq. (25) and comparing this to C„, we have our 
comparison between the amplitudes of the outputs of 
the two networks. 6 

If nonideal polarizers are used in the birefringent 
networks, the networks of Part II will tare even more 
poorly on the basis of output magnitude compared with 

* Equation (25) can also be used to calculate [C„'l when one or 
more of the C,- is complex. 


the networks of Part I. Polarizer losses are especially 
damaging if the network contains a large number of 
stages. 

The relative merits of the two networks can also be 
argued on the basis of various other criteria such as 
angular aperture, eSect of crystal misorientation, etc. 
These and other topics remain to be investigated. 

As a final comment, it is of interest to note that the 
synthesis procedure of Part II is computationally much 
easier than the procedure of Part I. Once the roots of 
C(oi) have been found, the work is essentially com- 
pleted. 

IV. SUMMARY OF SYNTHESIS PROCEDURE 

(1) Choose the desired spectral amplitude transmit- 
tance C(cu), and write it in the form of Eq. (1). It is 
usually desirable to choose the C,- so that C(<u) has a 
maximum magnitude of unity. The C, may be real or 
complex; however, in most instances it is expedient to 
use a real set. 

(2) Rewrite Eq. (1) in the form of Eq. (2) and solve 
for the roots (the z } ) of the polynomial. Each root 
should be written in polar form, i.e., in terms of a 
magnitude I c,-{ and a phase angle e !a >. Each factor of 
Eq. (3) can be associated with one stage of the network 
of Fig. 1. 

(3) If r of the zeros have the same magnitude and 
have as which differ successively by 2 x/V, the factors 
containing these zeros can be multiplied together to 
produce a term of the form of (18). This makes possible 
the replacement of r stages by a single stage containing 
a crystal of length rL. where rL = rac/ Aij. (Otherwise, 
the required crystal length L for a stage will be L 
— ac/A-q.) 

(4) If maximum transmittance through the network is 
desired, the crystal angle 6;, polarizer angle <3/, and 
optical compensation b : - of the jth stage should be 
calculated from 

0 /= 3, = tan~ l (+i ::,!*), 

or 

0 J =-tf ; =tan- t (ri = !3,jI), o ; =a,+x. 

If the condition of maximum transmittance is not 
necessary, Eqs. (12c) or (13c) should be used. Some 
other criterion is then necessary to determine 8j and 
3; uniquely. 

(5) If the d, and d; are calculated to give maximum 
transmittance, the amplitude of the network’s actual 
spectral transmittance can be compared to the ampli- 
tude of the ideal spectral transmittance by calculating 
jCn'l from Eq. (25) and comparing it to C,. The actual 
spectral transmittance usually is smaller than the 
desired transmittance. 

V. EXAMPLES 

Two examples are given to illustrate the synthesis 
procedure. The first example is concerned with obtaining 


2 ((/ 
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Fig. 3. Ideal and approximating amplitude-transmittance func- 
tions of first example. Ideal amplitude-transmittance function is 
shown by dotted line, and approximating function by solid line. 


a network whose spectral amplitude transmittance 
approximates a triangular wave. This is recognized as 
the example used also in Part I. As before, we approxi- 
mate the triangular wave by the first six terms of its 
exponential Fourier series, 

K (a) = (4/ii 2 )C(l/25)e l3 “"+ (l/9)e £3o "+e ia “+e -,<, “ 

+ (1/9) - (1 /25)e-' 5 ‘ J "]. (26) 

The ideal and approximating transmittance functions 
are plotted in Fig. 3. We next multiply K (to) by e to 
cast the transmittance function in the form of Eq. (1), 

C(o>) = e~'^K («) - (4/+)[(l/25)+ (l/9)«-‘ 2 - 

(i/9)g-is™_{_ (l/25)<r ,10 °"]. (27) 

Finally, letting 2 oo>=foo, we obtain the final form for 
C(w), 

C (w) = 0.01621+ 0.04503e _,tu +0.40528e" ,3S “ 

+0.40528e- i3i,w +0.04503e--’ 41 ' 1J +0.01621e'■ ^5^ ' 1, . 

(28) 

Putting Eq. (28) in the form of Eq. (2), we have 

C(u) = 0.01621 (l+2.7777Se- , ' 6 “+25.00000fi- ,:: ' > “ 

+25.000006-’ 36 “+2.77778e-- 46 “+e- !56 “) (29) 

= 0.01621 ( — 1 zj. { e“i+<r ,4 “) (- 1 z 2 i e M5 +e- ,ij ) 

X (— ! c 3 ie“ 3 +e- i! “-) (— 1 z i \e,' aiJ re-' ia ) 

X ( — l^si «‘“ s +e - ’ 4u ). 

Solving for the roots of Eq. (29), we obtain 
1 3l | =0.208275, ai~ 100°14', 

1 s»l =0.208275, a 2 = - 100°14', 
jz 3 j =4.801344, a 3 = 100°14', 

1 3 4 i =4.801344, ou— -*100°14', 

1 3 5 1 =1.000000, 0:5= 180W. 

Upon inspecting these roots, we are unable to find r 
roots whose amplitudes are equal and whose phase 
angles diner by 2tr/r. Five stages are therefore required 
in the birefringent network and the length of the crystal 
for each stage is given by L—bc/ Ajj. 

9,1 k 


Let us choose the crystal angles 9, and polarizer 
angles ft- so the output amplitude is maximized. Using 
Eq. (13) to calculate the b, and Eqs. (16) to calculate 
the 8, and jSy, we have 

8i=—0i= tan -! j 2i j i=24°32', &i=«i+ 180°=280°14', 

0 2 = — j3„ = tan -i | za 1 1 = 24°32', 6«=a 2 +18Q°= 79°46', 

d t = —fa— tan -1 |s s | i =65 0 28 / , 5 3 =« 3 +lS0°=280°14', 

f? 4 = -fa= tan-* |=4| 5=65°28', 6 4 -«4+180°== 79°46', 

9i—— ft= tan -1 |zsj 1=45 °00', 55=a:5+180 o = 0°00', 

and the svnthesis is complete. Notice that by using 
Eqs. (16) and (13) on the fifth stage instead of Eqs. 
(15) and (12), we have eliminated the need for an 
optical compensator. 

We now compare the amplitudes of the spectral 
transmittances of the networks of Parts I and II. The 
network of Part I has C/ =C5= 0.0 1621. The CY for the 
network of Part II is found from Eq. (25) to be CY 
=0.01018. Thus we see that the amplitude-transmit- 
tance function of the network of Part I is greater than 
that of the corresponding network of Part II by a 
factor of 1.592. 

Let us now turn to the second example. Suppose we 
wish to obtain the amplitude-transmittance function, 

K{oi) — y (cosatu+ cosoaw+ cos5au+ cos7iku+ cos9<zw 

+cosll<Kd+cosl3ffa)+cosl5aa) . (30) 

JL ^ »15<x g— tI3au_|_£-Hllaw _|_ g-ri9«wj_ g-riTaw 

gr to au g*r i3<z « g*H a u g— to« JL g— 3 « _L g— 1 3 « « 
i9a<j_j_0— tllau_i_g— ittau J-g— i!5«wJ b 

Equation (30) is plotted in Fig. 4 where it is seen that 
K(u) has the form of a bandpass-filter characteristic. 
To put the amplitude-transmittance function in the 
form of Eq. (2), we multiply Eq. (30) by e -,n “" and let 



Fig. 4. Amplitude-transmittance function of second example. 
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boi=*2a<j}, which gives 

C (co) = e_ ’ 3 5<,, + e ' 14 6 “ 

_J_ g— to 16 6<j g— tT »S &u 

_!_ g— 19 -j— g^iIO b w _j_ g— til g — iJ- 

g— 1!3 &u_^ g— g— tl5&u\ ^ 


Solving for the roots of Eq. (31), we find 


11 

«i« 22.5°, 

1*1 = 1 , 

o 8 = 180.0°, 

1*1-1, 

0 : 2 — 45.0°, 

l * 1 = i. 

a,=202.5°, 

IL 

ii 

a 3 = 67.5°, 

l*o| = 1, 

aio= 225.0°, 

1 * 1 =i, 

« 4 = 90.0°, 

|*i| =1, 

ai i=247.5°, 

1*1 = 1 , 

« 5 = 112.5°, 

|sk!=i, 

o 12 = 270.0°, 


135.0°, 

bis! = i, 

0x3=292.5°, 


0 : 7 = 157.5°, 

!*<! = !> 

an=315.0°, 


Nis! = i, 

aj5=oo/.o . 



The fact that all roots have the same magnitude sug- 
gests that we should look carefully for possible group- 
ings of roots which will result in fewer stages for the 
network. We find that the roots can be grouped in the 
following fashion: 

r— 1 and 


1*1 

- 1 , 

Og= 180°, 



r=S 


r 

=2 

!*l 

= 1 , 

ox= 22.5°, 

1*1 

=i, 

o- 90°, 

i -3 ! 

-l, 

03 = 67.5°, 

*:| 

=i. 

0 x 2 = 270°, 

!*l 

= L 

05=112.5°, 


r 

= i 

!*1 

- 1 , 

07=157.5°, 

!*i 

-i, 

02 = 45°, 

1*1 

= 1 , 

09=202.5°, 

! 1 

-i, 

06=135°, 

i*u| 

- 1 , 

011=247.5°, 

* 0 ! 

=i, 

0x0=225°, 

jsioS 

- 1 , 

0x3=292.5°, 

*■»! 

=i, 

0x3=315°, 

1 =13 1 

= 1 

ais—oo/.O . 


Each group consists of r roots of the same amplitude 
whose phase angles differ successively by 2 t jr. This 
means that the 16 factors can be combined to give four 
factors, 

C(«)=^(l+e _, >) (l+e-- 6 “) (1-W - ‘ 4t “) (l-i-e- ,siu j. 

(32) 

Thus, the required network consists of only four 
stages. The length of the crystals in these stages will be 



L, 21, 4L, aird 8 L, 

where L= 

■be/ A t]. The four 

zeros of 

Eq. (32) 

are 








!-xi 

-1, 


01= 180°, 




M 

= 1, 


oo=180°, 

(33) 



1*1 

= 1, 


03= 180°, 



1*1 

-1, 


03=180°. 


Using 

Eqs. 

(13) 

to calculate the 5, and Eqs. 

(16) to 

calculate 

: the 

8, and /3j, we obtain 


tfi— 

-0i— 

tan -1 ! 

*!> 

=45° 

&! = «»+ ISO 0 

= 0°, 

6»=- 

-J81- 

tan -1 j 

!*r 

=45°, 

bz = <x-yir 1S0 Q 

=0°, 

63=- 

-ft= 

tan _! 

1*1 - 

=45°, 

, 180° 

=0°, 

e,=- 

-A= 

tan -1 

1*1* 

=45°, 

, bi — 

=0°, 


and the synthesis is complete. Optical compensators are 
not required (in theory) on any of the stages of this net- 
work since all bj are zero. The synthesized network is 
shown in Fig. 5 and is recognized to be a four-stage Lyot 
filter. 7 Thus it is interesting to note that the Lyot niter 
can be obtained by use of the synthesis procedure of 
Part II, while the Sole filter can be obtained via the 
synthesis procedure of Part I. 
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Part I of this series reported a procedure for synthesizing birefringent networks having a prescribed 

amplitude transmittance. The desired transmittance C(< j) waswrittenasC(w) =Co+Cie“’“ u -f f- 

C n e~' na “, where the C, could be arbitrarily chosen as long as each was real. The synthesis procedure of this 
paper is a generalization of the procedure of Part I and allows for the realization of C(w) having complex C>. 

The resulting network consists of n stages between an input and output polarizer, with each stage containing 
a birefringent crystal and (achromatic) optical compensator. The form of this network is essentially the same 
as the practical form of the network obtained from Part I, and hence the additional versatility is obtained at 
no extra cost in network complexity. 

Index Headings: Polarization; Crystals; Filters; Birefringence. 


I. INTRODUCTION 

P ART I of this series 1 described a procedure for 
synthesizing birefringent networks whose ampli- 
tude transmittance could be specified. The purpose of 
this paper is to describe a generalization of that pro- 
cedure which provides still greater flexibility in the 
synthesis of birefringent networks. 

The procedure of Part I allows the realization of a 
birefringent network whose amplitude transmittance 
C(o>) is of the form, 

C(oj) = Co-rC I e- 1 ' <, “-t-Cae-‘ 2o “-{ \-C n e~' n,lu . (1) 

The number of terms employed in C(to) is finite but 
arbitrary. The choice of the coefficients (the C,-) is also 
arbitrary as long as each C t is real. The form of the net- 
work obtained from the synthesis procedure of Part I 
is shown in Fig. 1. The network consists of a series of 
identical cascaded birefringent crystals between an 



Fig. 1. Basic configuration of birefringent network (4 stages) 
obtained from the synthesis procedure of Part I. F and 5 denote 
the “fast” ana "slow” axes of the birefringent crystals. 


* Work supported by the National Aeronautics and Space 
Administration under Contract NAS8-20570. 
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input and output polarizer. The network may be thought 
of as composed of several stages, with each stage con- 
sisting of one birefringent crystal. A network containing 
n stages is required for a C(m) having »+ 1 terms. Once 
has been chosen, the rotation angles (the ©,•) of the 
crystals and the output polarizer can be calculated from 
the synthesis procedure. 

The synthesis procedure of this paper allows greater 
freedom in the choice of C(u) and results in a network 
whose basic form is shown in Fig. 2. The desired ampli- 
tude transmittance C(w) is still written in the form of 
Eq. (1), but the C, may now be complex. An K-stage 
network is again required to realize a C(o>) having n-j-l 
terms, but each stage now consists of an optical 
compensator 2 and a birefringent crystal. The synthesis 
procedure determines the rotation angle of each crystal, 
the retardation introduced by each compensator, and 
the rotation angle of the output polarizer. 

The networks of Part I have been termed lossless bi- 
refringent networks since there are no energy-dissipating 
components between the input and output polarizers. 
The networks of this paper are lossless in the same sense, 
since no internal polarizers are required. 

The following sections contain a description of the 
synthesis procedure and give an example of its applica- 
tion. 

H. SYNTHESIS PROCEDURE 
A. General 

The object of the synthesis procedure is to find the n 
birefringent-crystal angles, the retardations of the n- f- 1 
optical compensators, and the output-polarizer angle 
which result in the desired amplitude transmittance 
C(ca). For a given C(o>), 2«-}-2 network parameters are 
to be determined. This matches the number of quantities 
in C(u) which we are free to choose, for we may specify 
the real and imaginary parts of the n-f-l coefficients C,. 
The length L of the crystals (all crystals have the same 
length) is determined by the periodicity of the desired 
amplitude transmittance. 

2 H. G. Jerrard, J. Opt. Soc. .Am. 38, 35 (1948). 
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The notation, conventions, and approaches used here 
follow closely those used in Part I. Hence for brevity it 
is assumed that the reader is familiar with that refer- 
ence, and much of the information contained therein is 
not repeated here. Because of this, an understanding of 
Part I is important to the understanding of this paper. 

In this paper, optical compensators play an important 
role. A compensator is used with each crystal of the 
network and with the output polarizer. Since compen- 
sators were not required (in theory) in Part I and hence 
were not discussed, we briefly describe their operation 
and analysis. Optical compensators behave essentially 
the same as very short birefringent crystals. A com- 
pensator introduces a phase difference of b radians 
(where 0 < 6 < 2-) between slow-axis {S) and fast-axis 
(F) components. It is assumed that this phase difference 
is independent of w, an assumption which is approxi- 
mately valid for most cases of interest. If this assump- 
tion is valid, light passing through the compensator 
polarized in the 5 direction is operated upon by e~ ti , 
while light polarized in the F direction is operated upon 
by unity. 

We assume in this paper (as in Part I) that the bire- 
fringent crystals and optical compensators of the net- 
work are lossless. This means that energy must be con- 
served at all points within the network between the 
input and output polarizers. Energy' conservation 
places certain important restrictions on the F ; and S„ 
and on the C, and D„ These restrictions are derived and 
listed in Appendix B. 

As in Part I, it is convenient to deal with relative 
angles (0.) of the stages instead of absolute angles (?>.)• 
By relative angle, we mean the additional angle of rota- 
tion measured from the preceding stage. The relative 
angles are given in terms of the <6, of Fig. 2 by 

0i=d>u 

05 = ip2 — <b\, 

bp — 4>p <£n. 

B. Procedure 

As mentioned in Part I, a useful approach to the 
synthesis problem is to consider the impulse response 
of the network. Since the inverse Fourier transform of 
the amplitude transmittance of a network yields its 
impulse response, we obtain, by taking the inverse 
Fourier transform of Eq. (1), the impulse response of 
the network of Fig. 2 : 

CW-C««(0+CiJ(f“fl)+Crf(/-2o)+* • * 

+CJ{t-na). (2) 

Thus the impulse response of our network consists of 
a series of equally spaced impulses whose areas are given 
by the C,. Since the C, are complex, the impulse response 



Fig. 2. Basic configuration of birefringent network (4 stages) 
obtained from the synthesis procedure of this paper. 


is also complex. The explanation of this apparent para- 
dox and its significance is given in Sec. III. 

In the synthesis, we begin with the desired C(u>) as 
given by Eq. (1). This is equivalent to prescribing the 
impulse reponse C(t) of the network. We next proceed 
from the last component of the network (the output 
polarizer) back to the first (the input polarizer), calcu- 
lating the impulse trains which exist at all intermediate 
points. The areas of the individual impulses of these 
trains are denoted by the FJ and S, 3 of Fig. 3, where 
the F t J impulses are polarized along the fast axis of the 
preceding (_/th) crystal and the 5V impulses along the 
slow axis. In the course of calculating these impulse* 
trains, the crystal angles, compensator delays, and. 
output polarizer angle are determined. 

.Assume that C(oi) and therefore the desired C,- of 
Eqs. (1) and (2) have been chosen. We must next find 
the signal D(a) which is polarized perpendicular to 
C (a) and therefore is stopped by the output polarizer. 
Since the network is lossless (between the input and 
output polarizers), the signal energy entering the first 
crystal must equal the sum of the energies in the C («) 
and D( gj) outputs. In equation form, this gives 3 

C(u)C*(»)+n(o)D*(u)= (h°)\ (3a) 

where L? is the area of the impulse which is incident 
upon the first crystal. Rewriting this, we have 

D(u)D* («) = (Zo # ) s — C {a>)C M (w) . (3b) 


INPUT 1st 2nd 3rd ntn OUTPUT 

POLARIZER STAGE STAGE STAGE STAGE POLARIZER 



— 

M 

— 

T •> 
FT 

n 

i? -rn 


Cl 







■ 1 


'q 


l 3 ! 


•> 

u 

t «HJ 

*? 

5 , 


< 1*1 

COimFETiSATCR 


Feg. 3. n-stage network. Each stage contains a birefringent 
crystal and optical compensator. 

8 Asterisks are used in this paper to denote the complex conju- 
gate of a quantity. 
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FINAL 

COMPENSATOR 
F. 


x 


x 


S (OUTPUT POLARIZER 
/TRANSMISSION AXIS) 


/ 


9, 


\ 


x 


(A) 


N (OUTPUT POLARIZER 
REJECTION AXIS) 


nth STAGE 


F 



S 



Fl °- 4. Angle conventions used in the synthesis procedure: 
(a) final compensator (and output polarizer): (b) jth stage- (c) 
input polarizer. ' ° v ' 


We are now ready to choose a value for I 0 °. The left 
side of (3b) must be nonnegative for all frequencies; 
thus (Jo 0 ) 2 must be chosen greater than, or equal to, the 
maximum value of C(«)C*(«). Having chosen Jo 0 , we 
can calculate D(a>) from D(oi)D*(oj) using the method 
given in Appendix A. 

Doing this, we obtain D(u) in the form 

D(u)=Do'-fDiV«"+D 2 V rfa *4 -j -D n 'e- ina *, 

where the D/ are in general complex. It is important 
to note, however, that if D(u) is a solution of Eq. (3b), 
then e il ‘D(oi) is also a solution. Hence a more general 
solution for D(cu) is 

D(c j) = e Die~ iaa +Do'e~' 2aa -{ 

+D n ' e- {nau 2 

^Do+DKr'^+Dxr^-i f-Z7„e- , ' no ". (4) 


Although the method of Appendix A gives us the values 
of the D‘, it does not determine a value for fi. The quan- 
tity n must be determined from other considerations 
and, as is described shortly, has a value which is fixed 
by the manner in which the synthesis is formulated. 

Let us now relate the inputs (the F” and 5/) and 
outputs (the C, and D ,) of the final compensator. It 
should be remembered that the F, n and S, n are com- 
ponents along the fast and slow axes of the preceding 
(nth) stage while the C, and Dt are components along 
the slow and fast axes of the compensator. With the aid 
of Fig. 4(a), we find 


f f ex P W ‘ s i n #? 

Lf.-’J Lexp(f6p)-cos5 ? 



( 3 ) 


where d p is the relative angle of the final compensator 
(and hence also of the output polarizer), and b p is the 
compensator delay. 

We must next determine the quantities n, d p , and b P . 
To do this, we derive and solve three simultaneous 
equations. The first of these equations is obtained by 
noting that the first impulse to leave the nth stage must 
have a real area. This is equivalent to stating that F 0 n 
must be real. This condition arises from our convention 
of Sec. HA which states that light passing through a 
compensator polarized in the F direction is operated 
upon by while light polarized in the F direction is 
operated upon by unity. Since the first impulse to leave 
the nth stage must have been polarized along the F 
axis of each preceding stage, this impulse will have been 
operated upon by unity in each compensator and will 
therefore be real. From Eq. (5) we obtain for F 0 n 

iV=exp(tf y ) • (sin0 p ) -CW"- (cosd P )-D a '. 

Equating the imaginary parts of the left- and right-hand 
sides of this equation, we obtain the first of our three 
desired equations, 


O=sm0p£Im(C o ) cos6 p -f Re(C 0 ) sin£ P ] 

— cos#j,[Tm(.ZV) cosu-f- Re(ZV) sin/i], (6a) 

where Im and Re denote the imaginary and real parts 
of the quantity in question. The remaining two equa- 
tions result because the first and last impulses leaving 
the «th stage must have been polarized along its fasr 
and slow axes, respectively. This means that 


Fn’' = S 0 n - 0, 

which, with (5), gives 

expC*(5p-M)] - tan 0 p =JV/C« (6b) 

and 

expC— 2'(5 P — M)]-tan0 p =C o /IV. (6c) 

Taking the complex conjugate of both sides of Eq. (6c), 
we obtain 


<12-0 


expp(6,-j»)] - tan0 P = — (C 0 */D 0 '*). 
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Combining this equation with Eq. (6b), we obtain 

C a *C»-fZV*2V=0, (7a) 

the relation which must be true if Eqs. (6b) and (6c) 
are to be satisfied simultaneously. Noting that 
Di—e-^D,, we can rewrite (7a) as 

Co*C n +D 0 *D n =0. (7b) 

But Eq. (7b) is automatically satisfied from conserva- 
tion of energy since it is identical to Eq. (B9) of Ap- 
pendix B. 

Since the C, and D' are complex, we can rewrite 
(6b) in the form 

exp[i(i p — ju)]- tan0p— \D„'/C n \ exp(/a„), (8) 

where in (8) we have expressed (iV/C«) as a magnitude 
and phase angle. It is apparent from (8) that the rota- 
tion angle 6 P of the polarizer and compensator should be 
chosen to be 

tan0„= \D n '/Ct\. (9) 

By further manipulations of Eqs. (6a), (6b), and (6c), 

we obtain 

tanJ p = — Im(C 0 )/Re(Co) (10) 


and 

H=b p —a p . (11) 

Having determined a p , b P , and u, we can substitute 
these values into (5) to obtain and S the outputs 
along the fast and slow axes of the »th stage. We must 
next find the rotation angles and compensator delays 
of the n stages of the network. 

To do this, we write expressions relating the input 
and output of each stage. With the help of Figs. 4(b) 
and 4(c), we obtain 

First Stage 

rWl r -sin*! "j 

! ^ F«°l (12a) 

L5i l J Lexp(— i6i)-cos6iJ 


Second Stage 


'Ff' 


cosfl; 

0 

F{- 


0 

— sin0» 

sc- 


exp(— ibi) -sinf7> 

0 

u5Y-j 


0 

exp (—ib 2 ) -COS 02 . 


Third Stage 


Fo r 


COS0J 

0 

0 

0 


Ft 3 


0 

COS0-J 

— sin^3 

0 


fPo-'' 

FJ 


o 

0 

0 

— -sin0 3 


Ei 2 

s? 


exp(— ibt) ■ sin0 3 

0 

0 

0 


s? 

Si 3 


0 

exp(— ibr) -sindr 

exp(— ib,) ■ cosd. 

0 


1-SrJ 

■WJ 


0 

0 

0 

e::p(— ib^-cos&i 



and in general,' 


jth Stage 


' Fy 


cosS,- 

0 

0 

0 

0 

0 


Fi’ 


0 

cos e r 

0 

0 

0 

0 


Fy 


0 

0 

COS0, 

0 

o- 

0 


F/-F 


0 

0 

0 

• - — sintf/ 

0 

0 


F ,-i 


0 

0 

0 

0 

— sinS. 

0 

1 

Fj- 1> 


0 

0 

0 

0 

0 

—sin#, 


Fy 


exo(— toy) 

sintf, 0 

0 

0 

0 

0 


Fy 


0 

exp(— ibj)-sm8j 

0 

0 

0 

0 


Sz’ 


0 

0 

exp (—ib/) -sin 6/ 

0 

0 



F,_y 


0 

0 

0 

••• exp(— ib,) -costf, 

0 

iii 

0 


Sj-i‘ 


0 

0 

0 

0 

exp(— ib,) -cosB, 

0 


F/ 


0 

0 

0 

0 

0 

exp(— Wj) -coidjj 



FV -1 ' 

Fr > 

Fy-i 

F,—V -1 

F,.J~' 

F,'-« 

Fy-‘ 

F 3 ’“ l 

s,-^ 


(12c) 


. (12d) 


Putting j—n in (12d), we have the input and output 
relations for the ?rth stage. We know the output (the 
F; n and S, n ) and wish to find 9 n , b n , and the input. As 
discussed in detail in Part I, an input exists which 
produces our given output provided that 

esp (#„) • tan<?„= -F n -i’'/S n n = 

Xexp(ia„) (13a) 
and 

F^Fn-S+Sx^Sn^O. (13b) 


Note that a n includes the effect of the minus sign 
which precedes F n -iV5 n n . 

We can satisfy Eq. (13a) by properly choosing b n 
and dr., while (13b) is automatically satisfied by con- 
servation of energy. Knowing bn. and 0,„ we can then 
calculate the input to the nth stage from (12d). This, 
of course, is also the output from the it— 1 stage; hence 
we can repeat the procedure just described to determine 
br.-i and Q n - 1 - In this fashion, we can work our way 
back through the entire network until all rotation angles 


*2^1 
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and compensator delays have been determined. The 
general equations for the jth stage are 

exp(i ib,) • tan0 ; -= — F;_iV5/= [ F,_ri/S/ \ 

X.expO'a,), (14a) 
and 

F^Fj^+S^S^O, (14b) 

which gives 

b,=aj (15a) 

and 

tan0 ; = | Fs-i’/Sj’l . (15b) 

As seen from Appendix B, Eq. (14b) is always auto- 
matically satisfied by conservation of energy. 

Note that if a,-=0, a compensator is not required (in 
theory) for that particular stage. Furthermore it is 
possible to eliminate the compensator from a stage 
which has a,=?r. This is because when a,-— it, an alter- 
nate solution to Eq. (14a) is 


*,= 0 , 

(15c) 

tan0,= — | Fj-py 5/| . 

(15d) 


Hence whenever a } — Eqs. (15c) and (I5d), rather than 
(15a) and (15b), should be used to determine b, and 6,. 

We now have sufficient information to synthesize a 
birefringent network. The procedure to be followed is 
summarized below. 

C. Summary of Synthesis Procedure 

(1) Choose the desired amplitude transmittance 
C(aj) and write it in the form of Eq. (1). The C, may be 
complex. 

(2) The required length L for all crystals is given 
by L—ac/ At?, where c is the velocity of light in a vac- 
uum and Ajj is the difference between the extraordinary' 
and ordinary indices of refraction of the crystal. The 
quantity a is determined by* comparing C( ai) as written 
in step (1) to C(w) as given by r Eq. (1). 

(3) Choose a (real) value for I a °. The choice is 
arbitrary as long as (Jo 0 ) 2 is greater than or equal to the 
maximum magnitude of C(oj)C*(oj). 

(4) Calculate D(o)D*(ui) from Eq. (3b). Use the 
method of Appendix A to solve for D (w) from D (u)D* (a>) . 
This gives the D' of Eq. (4), but does not determine fi. 
Several different D(u) result, and each of these, when 
used with C(u) results in an acceptable network. The 
D/ of these Z)(oj) are, in general, complex. The remaining 
steps should be carried out for each D(a i). 

(5) Calculate the rotation angle 6 P of the output 
polarizer and final compensator from Eq. (9), the phase 
delay' b v of the final compensator from Eq. (10), and /i 
from Eq. (11). 

(6) Calculate the F," and S? from Eq. (5). 

(7) Using Eq. (15b), calculate the rotation angle 0„ 
of the last stage. The compensator delay b„ for that 
stage should be computed from (15a). Using Eqs. (Cl) 


and (C2), calculate the input to the last stage (which 
is the output from the preceding stage). 

(8) Repeat the procedure of step (7) on each suc- 
ceeding stage until the rotation angle and compensator 
delay of each stage have been determined. If a,=- for a 
particular stage, Eqs. (15c) and (I5d) rather than (15a) 
and (15b) should be. used to calculate bj and 6,-. 

3H. DISCUSSION 

We now consider the implications of being able to 
choose C % which are complex. In Part I, we were limited 
to amplitude transmittances having all C,- real. This 
meant that we were limited to C(cd)’s whose real parts 
were even and whose imaginary parts were odd. These 
restrictions have now been removed; the real and 
imaginary portions of C(cj) can now be asymmetrical. 

An objection might be raised that since the C, are 
complex, our network has an impulse response, given 
by Eq. (2), which is complex ; but it is well known that 
the impulse response of a physical network must be real. 
This dilemma arises because our theory' requires the 
use of achromatic optical compensators in the network. 
The theory assumes that these compensators introduce 
a delay which is independent of o>. Such a delay is not 
realizable in practice. Compensators can approximate 
this behavior over a limited frequency' range however. 
Hence the response of the synthesized network closely' 
approximates C(w) over the frequency range for which 
the compensators may be considered achromatic. 
Outside of this frequency range, the transmittance 
departs from C(u>). Since birefringent networks are 
ordinarily designed for use over a limited frequency 
range, this is an acceptable situation. 

Thus we see that C(o>) accurately describes the net- 
work’s transmittance over only a limited spectral 
range. But when we take the inverse Fourier transform 
of (1) to obtain the impulse response given by (2), we 
are (incorrectly) assuming that Eq, (1) is valid for all 
possible values of u. Hence it is not surprising that the 
result is a complex impulse response for the network. 
Even though (2) does not accurately give the network 
impulse response, the time-domain approach is very 
useful for visualizing and understanding the synthesis 
procedure. 

Part II of this series 4 described a second synthesis 
procedure which achieved the same goal as the pro- 
cedure of Part I, but via a different form of birefringent 
network. Moreover, the procedure of Part II can be 
used when complex C, are present in C (w). The network 
which results, however, contains internal polarizers and 
hence is not a “lossless” network. For that reason, the 
network of this paper is preferable to that of Part II for 
most applications. 

The network resulting from the synthesis procedure 
of this paper contains an optical compensator next to 

J E. 0. Ammann and I. C. Chang, J. Opt. Soc. Am. 55, 835 
(1965). 
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the output polarizer. In practice, it is often possible to 
remove this optical compensator. Suppose for example 
that we have synthesized a network which has a desired 
C(co). If we now remove the final compensator from that 
network, the new transmittance is exp (ib?)-C(G). Thus 
the new transmittance differs from the desired transmit- 
tance by only a constant phase factor. Often the intro- 
duction of this phase factor is of no consequence, and 
hence the final compensator can be removed. Further- 
more, we note from Eq. (10) that if C 0 is chosen to be 
real, b v =0 and the need for the final compensator is 
automatically eliminated. 

Finally, we note that (as seen in Figs. 1 and 2) the 
network of this paper contains a greater number of 
components than the network of Part I. It should be 
emphasized, however, that Figs. 1 and 2 show the net- 
works predicted by theory. In practice, the network of 
Part I requires the use of an optical compensator with 
each crystal of the network to compensate for slightly 
incorrect crystal lengths. Thus the practical forms of 
the networks of this paper and of Part I are identical; 
the additional flexibility is obtained at no expense in 
actual network complexity. In this paper, each optical 
compensator serves the dual functions of (a) introducing 
the delay required by theory, and (b) compensating 
for incorrect crystal length. 

IV. EXAMPLE 

A sample calculation is performed to illustrate the 
synthesis procedure of Sec. II. Suppose we wish to 
approximate the real transfer function G(u) shown in 
Fig. 5. Since G(u) is neither even nor odd, complex 
coefficients are required in the approximating exponen- 
tial series. For this example we use a seven-term complex 
Fourier series. 



Fig. 5. Ideal and approximating amplitude transmittances of 
example. Ideal transmittance is shown by dotted line and ap- 
proximating transmittance by solid line. 

The Fourier-series approximation to the ideal transfer 
G(u) is given by 

K(u)= (1/jt)[( 4/9— i2/9)e ,3ou — e ,2a “ 

-f (4+ n2)e‘ a "+ir ! /4+ (4- i2)er' au -e- ,laa 

+(4/9-j- i2/9)e~ i3a “'], (16) 

which is plotted in Fig. 5. Following the method of 
Part I, we convert this noncausal approximating func- 
tion to a causal function by multiplying by e _l3a ", 
which gives 

C{<*)=e~'*™K{u)= (l/+)[(4/9- i2/9) — e -,a “ 

+ (4+/2)«-’ 2a "-F (ir 2 /4)e-' 3o “-f (4— i2)e~' iau 

— e - ,3a “-{-(4/9-rt2/9)e - ‘ So “]. (17) 

Multiplication by e _ ' 3a " is equivalent to introducing a 
pure time delay in the time domain, and thus the im- 
pulse response and transfer function are essentially 
unchanged. Since the series contains seven terms, the 
synthesized network contains six stages. 

We now calculate D(m). From Eq. (3b) we have 


|D(m) p=H(<o)Z)*(m)= (Jo 0 )"— C(w)C*(w)= (7o 0 ) 2 — 0.44257— (0. 11139+ i0.14695)e ,a "— (0.11139— i0.14695)e~’ a “ 

- (0.09990+ i0.12775)e' 3a "— (0.09990- i0.12775)e-’ 2a “- (-0.05961- i0.05232)e l3a “ 

— (-0.05961+i0.05232)e- ,3a “-0.05589e i4a “-0.05589e- Ma ‘'-(-0.00913+i0.00456)e ,5,; “ 

- (-0.00913-i0.0W56)e- ;5a “- (0.00152-70.00203)*“““- (0.00152+70.00203)e-« a ". (18) 

The area I<P of the input impulse must now be chosen in order to obtain ! Z3(co) j 2 . It may have any real value as 
long as (/ 0 °) 2 is larger than the maximum value of C(a>)C*(u). The maximum of C(co)C*(ai) has been calculated 
to be 1.035. Thus let us choose In°= 1.050, which gives (la 0 ) 2 — 1.1025. Equation (18) then becomes, after making 
the substitution x—e~ ttta , 

| D(<G) | -= - (0.00152+i0.00203)+- (-0.00913- i0.00456)+-0.055S9+- (- 0.05961+ i0.05232)+ 

- (0.09990- i0.12775)+- (0.11139-i'0.14695).r+0.65993- (0.11139+ iO. 14695).*+ 

- (0.09990+ i0.12775)z -2 — (- 0.05961 - i0.05232).iT 5 - 0.0558++ 

- (— 0.00913+ i0.00456)z -3 — (0.00152-/0.00203):*+, (19) 


which is in the form of Eq. (A2). Following the procedure of Appendix A, we find the roots of (19) to be 


xi— 0.06608— 70.27538, 
xi— —0.09690—i0.27436. 
x 3 =— 0.67656— i0.06373, 
.?4= 0.17633+70. 17387, 
ss— 0.57518+70.17898, 
ir 4 = 0.59387+71.30936, 


(l/.vi)*= 0.82394- 13.43353, 
(!/*.)*= - 1.14455-73.24064, 
(l/x 3 )*= - 1.46526- 70.13704, 
(lAr-t)*— 2.87546+72.83537, 
(1/xj)*— 1.585 10+ iO.49323, 


(l/z 6 )*=0.28729+70.63342. 

*>23 
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There are 128 (2"' H ) possible sets of Z?,- which can be obtained from these roots. However, sixty-four of these sets 
are simply negatives of the other sixty-four. We consider only the set that is formed by constructing the polynomial 

(.r— *i) (x— X-.) (x— Xi) (x— x,) (x—x 5 ) (x— x 6 ) . 

Performing the indicated multiplication, we obtain 

x s -h (—0.63801— 71.04187).'e 5 + (0.02599— 70.29300)++ (0.06553+70.44610).+ 

+ (-0.23903-70.05436).++ (0.04871- 70.00793).i;+ (- 0.0072 1+70.00961). (20) 

As stated in Eqs. (A9), a set of £>,' is proportional to the coefficients of this polynomial. Evaluating |g| using 
(A10), we find that 

| $1=0.45943, 

and so 

£>o'= — 0.00331+ 70.00441, £>,'=0.03011+70.20496. D s '= -0.29312- 70.48203, 

ZV= 0.02238— 70.00364, £>,'= 0.01 194-70.13461, £> 6 '=0.45943. 

ZV= -0.10982- 70.02495, 

From Eqs. (9), (10), and (11) we may now calculate 9 P , b v , and ix. The results are 

0 P =83° 45', b p = 0.46365 rad, ^=—5.35589 rad. 


Using Eqs. (A9), we find that 

£>o = = — 0.0055 2+ 70, Z> 3 =e‘"ZV= -0.14590+70.14706, £> 5 =e+D s '= 0.20976- 70.5237 2, 

£>i = e'^Di = 0.01634+70.01572, £>,= <+£>,'= 0.11485- 70.07122, Z) 6 =e+£> 6 '=0.27566+70.36755, 

£>2=e , <‘£>2'=— 0.04593— 70.10282, 

and hence £>(u) is completely known. Equation (5) is now used to calculate the F, s and 5T, giving 


*Fo 6 ' 


0.05065+70.00000' 


Ui 6 ' 


' 0.00637+10.01069' 

2V 


-0.09187-70.04675 


u .. 6 


-0.01604-70.06272 

TV 


0.27526+70.37154 


5, 6 


-0.12067+10.15836 

TV 


0.23817+70.09512 

) 



0.16353-70.07079 

Ft 6 


0.43791+70.00776 


Us 6 


0.19863-10.52554 

uvj 


-0.11293+ 70.01201 




0.27731+70.36975. 


As a check, we should note that F <> 5 must be real and 
that F « 6 and 5o s must be zero. As a further check, we 
can verify that Eq. (14b) is sadsfied. 

We are now able to calculate 0$ and b 6 , the relative 
angle of the last stage and the optical compensator 
delay. Using (15b), we find 


05=13° 48' 

and from (15a), 

56=5.24997 rad. 

The input impulses to the sixth stage are now calcu- 
lated from Eqs. (C3) and (C4). Equations (15b) and 
(15a) are then applied again, yielding 


and 


05=36° 45' 


& 5 — 6-11153 rad. 


By alternately applying Eqs. (C3) and (C4) and Eqs. 
(15a) and (15b), we obtain the remaining 0 ; and 5,-. The 


summarized results of the synthesis are 


0 i 


' 6 ° 15'" 

02 


13° 48' 

h 


36° 45' 

01 


43° 00' 

05 


36° 45' 

0 a 


13° 48' 

kj 


83° 45' 


IV 


2.10838 

62 


2.96994 

bz 


0.74123 


= 

0.74123 

bi 


2.96994 

h 


5.24997 

K 


.0.46365. 


radians. 


The Jones calculus 3 can be used to verify that these 
angles and compensator delays give the desired transfer 
function of Eq. (17). 
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APPENDIX A 

We describe in this appendix a method for calculating 
D( qj) from |D(u)[ 2 . The method is similar to that given 
in Appendix A of Part I, but differs in its details. The 
differences are necessary because (a) we now begin 
with a C( w) containing complex C„ and (b) complex 
values of D , can now be tolerated in D(fS). 

We begin with the positive semidefinite polynomial 

|Z>(«) | 4 =L>(«)L*(a>) = (/o“)*-C(«)C*(«), 



+ A r-4 n-L*e _, ' (,1_1)o “ 

(Al) 

Letting x=e~ iatJ and reversing the order of the terms, 
Eq. (Al) becomes 

• -+.4i*aH-Ao 

r-4„_iX- ( '*- l> -i-ri n .t- n . (A2) 

Assume that £1 is a root of Eq. (A2). Then 

.4 n*x l n +A M I*.vi+i4 o + A ixrH 

-K4n-i*r (n_1> +-4n*r’ 1== 0. (A3) 

If we now take the complex conjugate of Eq. (A3), we 
obtain 

ri„(x 1 *) n +ri„_ l (^)- 1 +--- 

+-4 1 .Ci*+-4o*+-4i*(xi*)- I + • • ■ 

+.4 n-i* (5fi*) -(n-1, +-4 n* (*i*)~ n 7 s 0* (A4) 

Equation (A4) can be rewritten as 

-4„(lA l *)- n +-4^i(l/a: 1 *)- ( ^ I, + - • • 

+.4 x (1/ *i*)“ l +-4 <>*-K4 x*(l/ Jti ¥ )+ * ’ • 

+ A {IM^+A n * (1 Ai*) “ - 0. (A5) 

But we now see that (A3) and (A5) have identical 
coefficients, with Xi being the variable in Eq. (A3) and 
(l/xf) the variable in (A5). Thus if % is a root of (A2), 
then (lAx*) is also a root. One of these two roots is 
associated with LA) and the other with D*(x). Hence 
we associate half of the roots of Eq. (A2) with D(x) 
and half with D*(x). D(x) [and hence LA)] can then 
be constructed (to within a multiplicative phase factor) 
from a knowledge of its roots. 

To summarize, begin with | Z3 (to) j = written in the 
form of Eq. (Al). The A { are in general complex. Form 
the equation 

A „*»”+. 4 n-iA' 1_1 -r • • ■ +.4 iA+.4 o+-4 i«r l + ■ • • 

+A 0. (A6) 

Solve for the 2 m roots of this equation. These roots 


always exist in pairs of the form 
*j, 1A1* 

Xi, l/Xi*, 
Xz, 1/^3 j 

(A7) 

Xn, 1/ * 



Construct all possible equations using one root from 
each row of (A7). One possible grouping, for example, is 

(*— *0(®-*0(*-lA3*)- ‘ • fc-iAv*) 

= 1; '’+rf rt _i.r' l-I -p • ■ ■ -j-dn.ri-f-di.r+do. (AS) 

Each different grouping of roots results in a different 
D(ai). 

The D, are proportional to the di, where q, the con- 
stant of proportionality, is in general complex. Writing 
q in the form q— [ 5I e** 1 , we obtain 

D 0 = j2je‘"do=AZV, 

Di-\q\e :> ‘di=e i >‘Di, 

D n ~ Sg|e‘>d„ = e'»‘L n '= ( g | e 1 '*, (A9) 

where 

D/— j$|d,. 

The necessity of allowing q to be complex can be seen 
by noting that if D(cS) is a solution of Eq. (3b), then 
e‘AD(co) is also a solution. 

The quantity |?| is calculated from 

[jlW+iAH- • •+A_id n _C-rlj=-4o. (A10) 

In order to calculate the phase angle p, however, addi- 
tional information must be provided. The necessary 
information is obtained from the restriction that F 0 " 
must be real, a condition which results from our 
formulation of the synthesis procedure. With this re- 
striction, p is uniquely determined (see Sec. lib) and 
D(co) can be obtained. 

Thus the method of this appendix allows us to find 
D(co) to within a multiplicative phase factor A. We 
obtain values for the DA, where 

Dfa)=e^Do'+Di'er*"+D t , g- a ~+-- • 

= Da-rDie~ iaj -\-Die~'~ au -r * • • 

(All) 

APPENDIX B 

In this appendix, the restrictions placed upon the 
F % and 5,- (and upon the C, and L>.) because of conserva- 
tion of energy are derived. Consider the ith stage of 
the network of Fig. 2. Since the network is lossless, the 
energy in the fast-axis output plus the energy in the 
slow-axis output of the ith stage must equal the energy 
incident upon the first stage. Stated mathematically, 
this gives 

2r f («)Jf-(«)+S l («)5 t,, («) = (To 0 ) 1 - (Bl) 

If we write out Eq. (Bl) and equate the coefficients of 
corresponding terms, we obtain the equations 

Fo 1 *Fo’4-F 1 '*F 1 ; + • • • + F^F^+S^SS 

+Si* f St t + ■ • • + S t '*SA= W)\ (B2) 
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Fo i¥ F, i +Fi ff Fa i + • • • 

+Sz’*St i + ■ ■ ■ +5 w '*5/= 0, (B3) 

F 9 i *F i i +F 1 '*F i i + ■ ■ ■ +F i J*F t J+Si* t S» t 

+SF*S/+ • ■ ■ +5 < _ 2 i S, i =0, (B4) 

FfFtJ+S&Sf-O. (B5) 

C(w) and £>(&>) must also satisfy conservation of 
energy, giving the following restrictions on the C.; and D { . 

Co*Co+Ci*Ci-f • ■ • +C/C n /D/D 0 -/D/D x + ■ - • 

+£.*£,= (Id 0 ) 2 , (B6) 

C*Ci+Ci*C«-F * • -+C^i*Cn+D 0 *D 1 +D l *D i +-- ■ 

+D n ./D n = 0, (B7) 

Wi+Ci*C»+ • • • +C n -z*C n +D 0 *D i +Di'D i + • • • 

-fD»_ : ’j9„=0, (B8) 

Co*C n +2VT>n=0. (B9) 


APPENDIX C 

This appendix gives a systematic and rapid method 
of calculating the input to a stage, once the output is 
known. This is simply a formalized procedure of solving 
for the F 1 * 1 and 5 ;_1 of (12d) once the F 1 and S 1 are 


known. The expressions are similar to those of Appendix 
C of Part I but differ somewhat due to the complex 
quantities involved. 

We begin by defining F,-_p and S/ in polar form : 

Fj- /— | F 1/| exp (Cl) 

S/= | S, J | exp (is/). (C2) 

Using these definitions, we find the expressions for 
the F >~ l and S-’ -1 in matrix form 


' Fa*- 1 ' 

1 

■ F / SF 

Fp~ l 

exp(~w, J ) 

Fi 1 S / 

JW- 


-F,-F S/ 

' 5 O^ 1 1 


r 2V S/ 

sp- 1 

exp(tfy) • exp(tV) 

FP SF 



-F;-P S/. 




(C4) 


As before, the calculated values F,--F~ l and 5V 1 
should always be zero. 
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Birefringent Filter for Millimeter Waves 

BERNARD M. SCI I IFEM AN, mi-.mblr, ihhh, and LEO YOUNG, i-hu.mv, tht.ii 


Abstract— A scale model (/„ =«20 (III,) of si Snle-lype bircfrinqcnt 
. waul llllcr for millimeter sviivcIciiKlhy is descrilis’il. 1 lie JUler consists ot 
.. fi ' c cascaded identical half-wine plates, or crystals, each composed of an 
artiliciul anisotropic dielectric mediant with its reference a\is tilted at 

• tome prescribed angle to the plane of the input polarization. The design 
| and analysis of an indiwiluai plate, using Collin's second-order theory of 

the birefringence of artificial anisotropic dielectrics, and the analysis of 
_ multielement alters (tillers composed of m.ui> plates), aided by Kraus' 
matrix method, are discussed. The experimental iilter was tested in the 
; range of 18 to 33 (ill/, and its measured performance was lound to 
; compare well with the theoretical performance oyer a major portion of 
the range of frequencies used in the tests. 

A synthesis procedure for optimum (cquai-ripple stopband) response 

- multielement fitters is given, together with tables of plate angles for such 
. filters. In this procedure, the Dolph approximation and the Harris syn- 

• thesis ore combined. 

1. Introduction 

A. General 

npHE SCOPE of this research included the design and 
testing of a scale model of a plate of artificial bire- 
fringent medium for the millimeter-wave region, the 
construction and testing of an experimental filter composed 
of several plates, and the investigation of methods of syn- 
.thesizing optimum configurations of the plates of a filter, 
'with a view toward providing convenient tables of filter de- 
’• signs (plate angles). 

- Optical filter techniques that were originally developed 
loexploit the birefringence property of certain naturally oc- 
curring transparent crystals (such as quartz and calcite) can 

-be adapted for millimeter or shorter wavelengths. This idea 
was first proposed by one of the authors. 1 ' 1 

• Birefringent filters were first invented in 1933 by Lyot/ 21 
a French astronomer. These first filters required crystals or 

. plates of unequal length and lossy polarizers between each 
■ pair of adjacent plates. Later, Sole, 13 !- 16 ' in Czechoslovakia, 

. invented the form of filter in which all plates are equal 
.length and only two polarizers, one at each terminal, are 
'.required. The birefringent filter has recently been further de- 
■vclopcd at Stanford. 171 • 1S| The Sole-type filter is the subject 
/of this article, with emphasis on the design of filters with 
‘equal ripples in the stopband. 1 " 1 

' Optical birelj ingem filters have very nanovv passbands, 1 "' 1 
owing to the large number of optical wavelengths m the 
path through the birefringent material. The presentation of 
an exact design theory, plus numerical tables, should there- 
fore be of some significance. The experimental confirmation 

. t * 
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til them ics i elating, to the design of Imcii ntgriii fillets tt( 
milimtclei wavelengths was canted out al ccntimctci wave- 
lengths, anil it was thus demonstrated that birefringent filters 
can also be const! uctcd and operated down to mictowave 
Itequencics. Here they ate equivalent to dircelion.il (non- 
relketing) filters, and should be suitable for use in highcr- 
niode-ltee beam waveguides, pattieularly at millimeter wave- 
lengths. 

Ollier filler design techniques 1 " 1 11,11 common to both 
optical and microwave technology are not discussed herein. 

B. The Birefringent Tiller 

The birefringent filter is a four-port, intrinsically refiection- 
less passive device. Its mode of operation is similar to that 
oi a directional filter in microwave technology and is differ- 
ent from conventional icflection-type filters. The four 
“ports” are simply the two oilhogonal polarizations of a 
plane wave at the input and output ends of a birefringent 
filter. The filter response depends on: 1) the length of a 
plate, 2) its birefringence (differential phase shift per unit 
length tor the two polarizations, which is a function of fre- 
quency), 3) the angles between the plate axes and the input 
polarization, and 4) the choice of output port (angle of out- 
put polarizer). 

A transmission line equivalent circuit of the birefringent 
filter is shown in the Appendix. 

C. The Birefringent Plate ( Filter Component Element) 

1) General Properties Required for Filter Work: The term 
birefringence means double refraction as applied to an un- 
polarized beam of lightstrihing the surface of an anisotropic 
plate, as shown, for example, in Fig. 1. However, the condi- 
tion under which no beamsplitting oceuts, as shown in Fig. 
2, is precisely that required for birefringent filters. In this 
report, the reference axis will be a direction normal to the 
optic axis rather than the optic axis itself. Here the optic 
axis, also called the fast axis (of polarization), in con- 
formance with the characteristics of the laminated dielectric 
sandwich type of artificial birefringent medium used in the 
fillets deset ibed herein, is noimai lo a lamination. 

2) The 1 lulj -Ware Plate; Cascades of Half-Wave Plates: 
Fig, 2 shows a biicfringent plate that we will assume is 
impedance-matched to free space. We further assume that 
linearly polarized waves normal and parallel to the plate 
reference axis suffer a dill'erential phase change of ISO 
degrees at/ u . the design center frequency. 

Note that in Fig. 2 the output wave is at an angle d to 
the plate axis. Thus, a rotation of the axis of a half-wave 
plate by an angle d from the piano of polarization of the 
incoming wave causes the plane of polarization of that 
wave to be rotated by an angle 2d- The horizontal and verti- 
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Fig. 1. 


Optical birefringence An unpolari/eii ray ofliglu it. split 
into two linearly polarized rays. 



Fig. 2. 


Rotation of the plane of polarization of a linearly polarized 
wave by a half-wave plate. 


cal components of the output wave are 

Kv — A'ijj cos 2/i ami Ji a — H in sin 2/3. 


(D 


When /S=45 degrees, it is seen that the half-wave plate can 
become a one-element filter, because all power at frequency 
/o emerges as a horizontally polarized wave (£V=0, E (l = 1). 

Consider now, a cascade of two half-wave plates. Let / 3 P be 
the angle of polarization at the output. It can then be shown 
that 


th - Hi = 1 Mp 


( 2 ) 


is the general solution for the necessary plate angles of a 
two-plate filter. 

D. Frequency Response of a One-Plate Filter 

Consider now the complete frequency response of a 
single-plate filter with unit input. Instead of a frequency 
variable /, we will use the birefringence parameter y, which 
is one-half the differential phase shift of the plate. The fre- 
quency response of the single-element filter is given by the 
well-known formulas 


Hr = cos 7 tuul i'.n — j sin y. 


GO 


Equation (3) is based on an assumption that at y=~/2, the 
fast axis advances the phase by 90 degrees whereas the 
slow axis retards the phase by the same amount— all re- 
ferred to some output reference phase which these equations 
state is zero. 1 The plate angle is /3 = 45 degrees. 


1 Physically, the rate of change of phase with frequency is propor- 
tiona'Uo time delay and must be positive. There is no similar lestriction 
on phase, and the initial value of phase is like a constant of integration 
that may be assigned an arbitrary value, conveniently zero. 


F.. Arti/icnt! tin cfnnyynt M minim 

The construction of a hircfiingcnt filter for millimeter . 
waves icquiics an artificial bitcfringenl crystal or medium. 
Our choice was the air-dielectric sandwich, which has been 
analyzed by Collin. 1 " 1 Collin's second-ordei llicoiy of hire- \ 
ft ingenec in an air-dielectric sandwich mulct ial enables us to ■ 
predict how the biieliingence-vetsus-fiequeney function 
deviates from linearity and helps ns to choose suitable dimen- " 
sums for the filter stuiclure. 

II. Dlsign op an Arhiicial Birei-ringent Plate 
A. The Anisotropic Medium 

Rough plate dimensions were calculated, based in general * 
on the equipment to be used in testing the filler and in par- 
ticular on the cross section and extent of the radiant beam , 
that could be generated. On that basis, it was decided to 
make each plate aperture ten inches square, so that it would '* 
encompass the lest beam, and to make the length of the filter 
not much greater than its width to minimize the effects of • 
any beam divergence. An upper limit of about three inches 
was thus placed on the thickness of a single plate in, say, a 
four-element filler. 

Fig. 3 shows four possible response shapes of a four-plate 
filter. The lowest passband, at frequency f a , was chosen as 
the main passband (the lower right sketch in Fig. 3), in 
order to keep the overall length of the filler reasonably short 
The width of the passband to the half-power points was , 
computed from an approximate formula derived from one 
given by Sole 131 (also approximate) for filters with equal plate 
angles . f 

AT//* = 1.2/zVt. (4) _ 

Here, N is the number of elements or plates and k is an ' 
integer representing the order of the passband. In this case, 
we use k— 1. According to (4) for N=4 and k= 1, we can 
expect passbands of the order of 30 percent of the center 
frequency. Each plate would thus have to be matched over 
a wide band by tapering or stepping the edges of the dielec* j 
trie laminations. These were made of Rexolite 1422 (relative 
dielectric constant k,i= 2.53), which has good machinability ■ 
and dimensional stability, as well as low loss. 


B. Design of A Half-Wave Plate 

The plan for plate construction, excluding framework, is 
shown in Fig. 4. Heie, t is the maximum thickness of the _ 
dielectric material (Rexolite) and 5 is the spacing of the '. 
sheets of tins material. In the lapeied regions, which occupy 
two-thirds of the plate length (thickness), the sheet thick- 
ness t' varies linearly from 0 to / over more than a wave- 
length for both polarizations, yielding wide-hand impedance 
matching. The normalized design parameters for the com- 
posite material arc the ratios t S for the inner region, t'/S 
(varying from 0 to t/S) in the two tapered regions, and S/\ 
where ,\ is the wavelength in free space. The reference axis 
is parallel to the thin edge of a sheet of dielectric. 

The most efficient use of the dielectric laminations is ob-3 
tained when the ratio t/S is approximately 0.5. The bire-3 

*2^8 fri .f.Tiv-; JrliV-rJ. ■ 
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Fig. 3. Fundamental response characteristics of 
equal-length birefringent filters 



Fig. 4. Sketch of the internal construction of an impedance-matched 
artificial birefringent plate. 


Fig. 5. Sketch of a plate lamination, showing dimensions. 


PHSHOLIC 
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fringence for the static case is then near maximum for a 
given material. When. frequency effects are considered, as in 
Colhn's theory, h- 11 the optimum ratio is a function of fre- 
quency and generally is less than 0.5. Excitation of grating 
lobes will be prevented if 5 is less than Xd. where \ t is the 
wavelength in the material of the dielectric sheets. 2 With a 
relative dielectric constant of xv=2.53 and a free-space wave- 
length of 0.59 inch (at / u =20 GHz), we find that S/X„ 
should be no greater than 0.628. A sheet thickness (/=0.125 
inch) was chosen for the plate, and the value t/S was chosen 
as 0.4, which provided near-optimum efficiency, according 
to calculations based on Collin's theory. Combined, these 
values yield S/X 0 = 0.53, which is less than the 0.628 calcu- 
lated above for the allowable maximum with respect to the 
generation of grating lobes. 

The dimensions of each tapered lamination arc given in 
Fig. 5. These dimensions were based on interpolated data 
with respect to the tapered regions, and the complete plate 
was designed for/u = 20 GHz. A direct leealculation of the 
center frequency, rather than an interpolation front previ- 
ously computed data, yielded /„=20.35 GHz as the half- 


Fig. 6. Front view of a half-wave plate assembly. 

wave plate center frequency. A sketch of the front view of 
the plate is shown in Fig. 6. 

C. Test Results on the Half-Wave Plate 

Two horn- reflector antennas were lined up in parallel 
(without the half-wave plate) so that the' maximum signal 
(winch was made the reference level) was received. The test 
frequency used was 19.9 GHz. The half-wave plate was then 
inserted midway between the transmitting and receiving 
antennas, and at various positions, the level of the received 
signal was noted, and compared with the reference level. 
The results are plotted as attenuation (ilB) veisus orientation 
of plate (degiees) in Fig. 7. Two experimental curves of this 
characteristic, plus a theoretical curve based on (I) are 
given in Fig. 7. 

In addition to testing the plate near the calculated value 
of/o at various angles, tests were made to determine the ac- 
tual center frequency. These yielded a center frequency 
/o=20.65 GHz, with an estimated measurement accuracy of 
±0.15 GHz. (Later measurements on a filter composed of 
■.five identical plates gave / O =20.4 GHz.) 


•This limit is for the extreme case, 
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Fig. 7. Theoretical and experimental direct-wave transmission of a 

linearly polarized beam through a half-wave plate for varying 

plate angles. 

Ip making the described measurements, it was necessary 
to fully absorb or divert (that is, reflect out of the system) 
the output wave orthogonal to the desired wave. Since ihe 
undcsired component was horizontally polarized, plane 
gratings made of parallel thin wires spaced one-eighth inch 
apart were placed on each side of the test plate. The wires 
were horizontal, and the grating planes were at 45 degrees 
to the propagation path. The undesired component was thus 
reflected out of the system, while the desired component was 
transmitted freely through the two gratings. Also, thin 
absorbent cards were placed inside each horn so that the 
desired component was transmitted freely and the undesired 
component was absorbed. These precautions were necessary 
to provide proper termination of all four possible ports of 
the network. 

In this first test on a single birefringent element, there 
appeared to be little or no reflections from the plate; the 
insertion loss was found to be very low, the measured center 
frequency was quite close to the design value, and the 
transmission-versus-plate-angle characteristic was generally 
close to theoretical. 

III. Design and Test of A Five-Element Filter 
A. -Design 

The formulas used here for the plate angles of the folded 
type of filter are 

j8< — j3, (i odd), 0i — — /3, (i even), (5) 

and 

= 90 degrees (6) 

where 

d = -lo/iV degrees. (7) 

Four additional plates identical to the first test plate were 
constructed so that a filter with up to five plates could be 
tested. The computed response of a five-plate filter is shown 
in Fig. 8. 

The dashed line in Fig. S is the complementary output 
(absorbed component) of the five-element filter and is 
labeled “direct wave,” since its E field lies in the same plane 
as the input wave. It would appear that the stopband rip- 
ples, other than those closest to the passbands, are missing. 



Fig. 8. Computed relative power of the direct and orthogonal outputs 
of a five-element equal-angle filter with the filter-element structure 
of Fig. 7. 



Fig. 9. Measured and computed attenuation response of the orthog- 
onal (bandpass) output of a live-element equal-angle filter. 


however, this is only because their amplitude is impercep- 
tible on the scale used in Fig. 8. These minor ripples are 
shown in some of the following figures. (There are actually 
two ripples in the lowest stopband — four in all the others 
of a five-element equal-angle filter.) 

B. Test 

The five-element folded-type filter was tested as a band- 
pass filter over the range of 8-35 GHz. The test results to- 
gether with the calculated response (filter attenuation versus 
frequency) are shown in Fig. 9. (The method used in cal- 
culating the response of birefringent filters is outlined in the 
next section.) Here, measurement accuracy depended on 
precision attenuators. Photographs of the assembled filter 
and the test set-up are shown in Figs. 10 and 1 i, respectively. 
The experimental points plotted in Fig. 9 were obtained by 
two methods. In the frequency range above 22 GHz, the 
measurements were made at discrete frequencies; at lower 
frequencies, the frequency was swept electronically. The 
experimental points in the tcgion below 22 GHz also in- 
cluded some pomi-by-poini measutcmenls us a lurther 
check. The reference lex els were measured when the test 
horns were (polarized) parallel and Lhe filter was absent 
from the path of transmission. The receive horn was then 
rotated 90 degrees, causing the received signal without the 
filter m position to be attenuated by about 40 dB or more. 
The filter was subsequently inserted- in the path of trans- 
mission and the signal level wag^again measured. 

A plot of the. filter response for the bandstop mode is 
shown in Fig. 12 ovOF'lhe range 16-33 GHz. For reference 
purposes, thi^tftSilateS theoretical responses of both modes 
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Fig. 10. Photograph of the experimental five-element filter. 
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Fig. II. Photograph of ihe instrumentation used for measuring the 
attenuation versus frequency response of the filter of Fig. 10. 


are plotted on the same scale in Fig. 13; however, here the 
abscissa is the birefringence parameter 7 , so that there is no 
crowding of the response shape in the upper part of the 
spectrum such as occurs when frequency is used as the 
independent variable (Figs. 8 . 9 and 12). The filter response 
shown in Fig. 12 was made with both antennas aligned paral- 
lel, and they remained so throughout the test; no rotation 
of a horn was required. 

The test results (Figs. 9 and 12) lend to confirm the 
validity of Collin's second-order theory of the birefringence 
of artificial anisotropic dielectrics .* 141 and Sole's theory with 
respect to equal-length birefringent filters. **> Sole had. of 
course, constructed filters at optical frequencies, while the 
work at Stanford Research Institute was done at frequencies 
many orders of magnitude lower. 

The deviation of the measured points from the computed 
line in the upper stopband (Fig. 9) may have been caused 
by trapped resonant modes of the undesired (direct-wave) 
response, in turn due to imperfect horns and the quasi- 
optic nature of the experiment. 
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Fig. 12. Measured and computed response of the tiller of Fig. 10 for 
(lie direct wave 1 bandstop) mode. 



I OCGRCES 

Fig. 13. Computed attenuation response of the five-element equal- 
angle filler with i as the independent variable. 


IV. Analysis and Synthesis 
A. Analysis of Fillers with Equal- Length Plates 

Evans * 151 has described a method of calculating the re- 
sponse of birefringent filters composed of equal-length ele- 
ments using a matrix multiplication technique attributed to 
Jones. *“* 

A complex output wave vector £out is found by pre- 
multiplying the input wave vector E\s by a matrix [A/] 
representing the birefringent filter 

/-out = [- 1 / ]/-in- ( 8 ) 

The wave vectors are two-clement column vectors and M is 
a 2X2 square matrix. Thus 

7W-(j?) .-,,,<1 R»-(£). 


The X- Y and V-H axes arc independent, with the X axis at 
an angle dp to the V axis. Expanding (15). we obtain 



F, = Mnl 

ir ■+• M i sFu 

l‘J) 

and 





Fy = Mul 

-V + .1/ 23 Fll. 

( 10 ) 

Tb\ 
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For a vertically polarized input wave of unit amplitude 
(£ 1 = I, E,i - 0 ) the output wave components are seen to he 

* A.v = .1/ ii I'.y — Mu. 1.1 I) 


The matrix for a plate is given by 



(!•_') 


where, as before, 2y is the dilferenlial phase shift of the two 
orthogonal waves on the principal axes of the plate. The 
matrix for a rotation by an angle d is 



(13) 


The [5] matrix rotates the wave vector and plate (as a sys- 
tem) so that the plate axis is aligned with the vertical axis, 
and then rotates them back again to the original angle, so 
that the vertical and horizontal complex components of the 
output vector are obtained. This is done for a single plate 
through a combination of premultiplication and post- 
multiplication by the [S] matrix as follows. 


2out = [-S(d)]U J ][-S(-/3)]£« N . (14) 


For several plates we obtain a chain matrix, which— after a 
simple substitution — can be put in the following form. 


£out = [£(— p,)][/'][£(— p.v)][i , ][<b'(~Piv-i)J[/ > ] • • • 
• [<b'( — Pi)][£][£( — pi)]£i.N" 


(13) 


Here the p, are the plate difference angles. Equation (15) is 
easily programmed, and it has been used to compute filter 
responses. Since the independent variable in the [/*] matrix 
is 7 , the frequency response of the filter was obtained by 
substituting frequency values corresponding to values of 7 
used in the filter response calculations, that had been cal- 
culated by Collin’s theory 1141 for the specific plate structure 
of the filter. 


B. Synthesis of Optimum Response Filters 

1) General: Harris ct «/. m described a general procedure 3 
for the synthesis of lossless birefringent networks. 

The first step is to find a Fourier series representation of 
the desired response. Dolph’s 1171 method of obtaining a 
Fourier series with equal-amplitude ripples is employed 
here as the first step in the synthesis procedure, then the 
Harris method 171 is used to obtain birefringent filters with 
equal-amplitude stopband ripples. It has been found con- 
venient to construct a Fourier cosine series with passband 
at zero, leading to a fan-type filter. 

2) Finding the Fourier Series: Dolph’s 1 ' 71 design method 
is to take the coefficients of a Chcbyshcv polynomial term 
by term and make them the coefficients of a polynomial in 
the variable (cos 7) 4 with the same equal-ripple behavior as 
the Chcbyshcv polynomial; however, the new function is 


1 This shall he known throughout the reporPtas the Harris pro- 
cedure or method. 

* Pan of the Chcbyshcv function is discarded in this process. 


periodic in 7 and of course, unlike a Chcbyshcv polynomial, 
n is always finite. I he power series is then rewritten in the 
form of a Fourier series, as required for the I larris synthesis 
procedure. A scaling procedure must also be used. This is 
done before the substitution of the variable, described 
above, is made. Its purpose is to transform the equal-ripple 
region of the Chcbyshcv polynomial from |icak values of 
±1 to ±t where * i> the peak amplitude of the wave in the 
stopband, relative to the input wave, and to simultaneously 
lix the width of the passband at the t level. The two results 
are interdependent. 

We will not go into the details of the Dolph method since 
this has been covered very adequately in the literature. The 
cosine series is next converted to an exponential series as 
illustrated for the ease N=5. 

-i/w(7) = + (~)^ y + (4 L ) c * 

+ C- + e-' 3 > (16) 

+ 

Equation (16) is in a form suitable for use with the remainder 
of the Harris procedure, which is given in outline form in 
the following section. 

J) Network. Synthesis (Finding the Plate Angles): The 
next step is to find the orthogonal output. (We assume, at 
this point, that the coefficients of Mn(y) have been com- 
puted for a particular value of e.) By conservation of energy 

| J/n|*+ | J/«| 8 - 1. (17) 

This equation states that the total output power normalized 
to the input power is unity at all frequencies in a lossless, 
nonreflective, birefringent filter. Equation (17) is then solved 
for | A/n|* 

| -l/=, |= = I - i -l/ii | ! - ( 18 ) 

Mu is in the form of an exponential series. How to find that 
series from \Mn\ i is explained by Harris , 171 using a pro- 
cedure described by Pegis that includes complex root-finding 
methods. (During this process, one-half of a set of 2 N roots 
are chosen for use in ensuing operations, and the remaining 
roots are discarded. The correct roots to choose arc those 
with absolute magnitude less than or equal to one.) 

After the exponential series ,V / :1 has been found, a matrix 
multiplication method is used to sequentially find the plate 
difference angles p,. This series of steps starts with finding 
the output polarizer difference angle p r = d r —d\ . and then 
works backwards from the last plate difference angle, p.v, to 
the first, pi. thereby obtaining the p, of every pair of adjacent 
elements of a fan-type filter. Then, by changing the signs 
of alternate p, of the fan-type filler, we obtain the design of 
a folded-type filter, and finally, the plate angles [)<■ As ex- 
plained earlier, this implies a change of the output plane of 
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polari/.:iliou from l lie iliiccl to tlic oilhogouni wave, bill 
this change is automatically accomplished by the sign re- 
versal of all the allot unto p„ including pr. 

4) An Equal-Rippht Design (N—5): The response shape of 
an optimum design is shown in Fig. 14 for a folded-type 
filter with N= 5. The abscissa is the variable 7. Since the 
response is symmetucal with icspecl to 7 = 90 degrees, only 
the lower stopband and half of the first passband are shown.- 
Tiie edge of Lite stopband is 7/ = 43.4 degiees, and (lie 
ripple level is e = 0.02. The exact plate angles obtained from 
the synthesis by computer arc 

0\ — 0& — 4.90210 degrees 

02 — 0\ — — 10. 1005 degrees 

03 = 14.9221 degrees 

0j — 90.0 degrees. 

The input for the computer synthesis was 71= 46.6 degrees 
for the fan-type filter, corresponding with 7/ = 90— 46.6 
=43.4 degrees, the edge of the stopband of the folded-type 
filter response of Fig. 14. 

5) Formulas for Equal-Ripple Filters with Any Value of N: 
In order to compute the plate angles for any value of N and 
various values of 71, the following iterative formulas were 
developed. These formulas give the Chebyshev coefficients, 
the coefficients of the two Fourier exponential series M n 
and | Mu \ 2 , and the coefficients of the polynomial (A8) of 
.the Pegis procedure, as described in Harris. [7] 

a) Chebyshev Coefficients: The coefficient of y J: of the 
iVth-order Chebyshev polynomial of the first kind T x (y) is 
given the notation txs for N both even and odd. An iterative 
formula for the t XL is then 

i.v*. = 2f.v_ l ,t_i - ix-i.k, for lc = l to N (19) 
with the following initial conditions: 

/.v 0 = (— l)- v/2 , for N even, 

Ixo = 0, for N odd, 

ill = 1) 

Z.v-s.t = 0, for k > (A r — 2). 



Fig. 14. Computed relative power output of a folded type of equal- 
npple live-element filter. 

The Ax-l values are lo be computed for even values of k , 
over the range A = 0 to N— 1. Note that if A = 0 in this equa- 
tion, the summation term is understood to be zero. The 
coefficients of the exponential series Mn ((16) in general 
form) are then obtained from Ax-k- values as follows 

(iV - 1) 

a, = = k Ay-2), J = 0 to ( 22 ) 

These are analogous to the coefficients of C(u) in Harris’ 
eqs. (2) and (20) ,?I and arc given in the same order. Here, 
unlike its function in the previous cosine series, the sub- 
script j does not directly indicate the power of the exponen- 
tial variable. 

c) Coefficients of the Exponential Series ] Mn \ 2 : 

Oo=l-I& : (23) 


b ) Coefficients of the Fourier Exponential Series M^: 
First compute t from the Chebyshev coefficients 5 . 

t~ l = 2 Avil/rS for k odd. (20) 

r-i 

We then have for the coefficients of the cosine series, 


A.y-j. — 


t 

tx-L.X-k 


( lx.x-k ' \ 

(e — S Ax-2(j-2)t.V-2(S-2).X-k)- 

\ U l ,w ,-2 / 


(21) 


5 An alternate procedure, replacing (20), would be 10 choose 
siread of y\ and then compute 


!/»' 


= cosh co-di -1 — J , mid 71 = cos~ l ui- 


in- 


D k = - S Cfitoto for k = 1 to N. 

Here, again, the D k coefficients are analogous to those of 
D(<S) m Harris’ eqs. (8) and (21). and they are given in the 
same otder. 171 

cl) Coefficients Be of eq. (AS) in Harris' Method: First, 
construct the following set of numbers. 

R,k = r-i + Ri. 1 - 2 , j = 0 to .V, k = j to .Y, (24) 

excluding those R, k in which (j+k) is an odd number, with 
the initial conditions 

R„ = 1 for all j 
Rvk — 2 for k ’A 0. 
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The cocnicients of the Pegis polynomial (coefficients of / in 
eq. (AS) in Harris ct al. m ) tire then computed for A- = 0 to n 

Ik = E (-1 125) 

1-0 

with the summation over j to be made only for even values 
of j<(N—k). 

The remainder of the synthesis procedure is as given in 
Harris ct al. r ‘ l It requires complex root-finding procedures, 
tiie reconstruction of the polynomial M- n from half of the 
root factors of | and matrix multiplications for deter- 
mining plate angles. As mentioned in. Section IV- B-3) of 


this paper, the proper roots of | M lv \ - to use in the synthesis 
procedure are those with absolute magnitude less than or 
equal to one. 

t>) Discuwmn : Of further interest are the computer- 
determined distributions of the one real zero and the 
(/V— 1)/2 pairs of conjugate zeros of the Pegis eqs. (A8) and 
(A 10) in llariis, 171 of the- fan-type filter. Here, the variables 
are Y and A\ where Y= X+X~ x . The zeros of eq. (AS) are 
found to lie on an ellipse, the major axis of which lies on the 
real axis of the /-plane. The roots are equispuced on the 
ellipse in the sense that they are projections (toward the real 
axis) of N equispaced points on the circumscribing circle,; 
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with conjugate rools in both the right and left half-planes, 
and the one real root at Lite vertex of the ellipse Y~ 2. The 
sentimajor diameter of the ellipse is «=2+/t> where 0</i<2. 
Hie point Y— — 2 appears to be the opposite foeus of the el- 
lipse. Furthermore, the center of the ellipse is at Y=—li. 
The locus of the half-cycle in 7, 0<y<x/2 (see the lower 
left sketcli of Fig. 3, which shows a full cycie of the 01 thogo- 
nal response of the fan-type filter) seemingly is transformed 
in the variable Y to — 2< T<2 on the real axis. The equa- 
tion for such a displaced ellipse in the (Y u y 5 ) plane is 


(Yi + h)'- YS 

(2 -f- h) - Sli 




where Y= Yi+jY 2 . This distribution of zeros is to be com- 
pared with the zeros of | j 2 in -the variable y/y x 


Mu [ 2 = 1 - « 2 ?V 



(27) 


Here, the zeros can be shown to lie on an ellipse centered on 
the origin, with 2A zeros (2 of which are real) that are equi- 
spaced on the ellipse in the same sense as stated above. The 
locus 0 < y <-/2 is transformed to 0<y/y x <l/yi on the 
real axis of y/y t . The exact location of the zeros, derived by 
a method illustrated by Weinberg, 1181 are 


©.■ eos (^)“ 5hr ‘“ ysin © sh,hr ‘ 


for k = 0, 1, 2, • • • , 2A r - 1. 


(28) 


It should be possible to find the coefficients of M«\ by 
formula, rather than by general (polynomial) foot-finding 
procedures, as was done here for the tabulated optimum- 
response filter designs. The two zero distributions are linked 
by eq. (A8)t ?1 whose zeroes were found to lie on a pear-shaped 
curve. The vertex of the curve is at X=1 and there is one 
real zero at X - 1, and ( N — 1)/2 pairs of conjugate complex 
' zeros 1 (absolute magnitude less than one) arrayed around the 
origin, on the rounded portion of the curve, which is almost 
circular in shape. The locus of the half-cycle in 7, 0<7<^/2, 
is here the unit circle starting at X= 1(7 = 0) and ending on 
X= — l. As explained in Harris, 171 these zero locations are 
obtained from those of eq. (A8) by the solution of a qua- 
dratic equation. 


tile tables were computed, arc within 0.1 tl It of the nominal 
values for most of the cases listed, the greatest deviation 
from the nominal value being 0.22 dB, and these exact 
values are given directly below the last given value of ft for 
each case. Since the folded-type filter is symmetrical about 
a central plane, only the first half of the ft values, including 
/=(AM-l)/2, is given in the tables. Tiic angle 7/ [from 
which L, (exact) was computed! is also given for each 
design. v 

The approximate values of attenuation (nominal values) 
were found by interpolation m published tables of the 
squared Chcbyshev function 1131 listed against values of N 
and jy’. A more direct approach would have been to solve 
the equation in footnote 5 for exact values of _j - i for given 
values of e. Several of the designs, including M— 25, were 
analyzed by the matrix multiplication technique of (15), and 
the responses at the ripple peaks were found to be within a 
few hundredths of a dB of the exact value of attenuation. 
The /S,' values (/= I to N ) were computed in sequential 
order from ft v ' to ft' and were found to be symmetrical to 
better than 0.001 degree for the N— 25 designs, and to bet- 
ter than 0.000 1 degree for the designs with lower values of 
N, with increasing symmetry as A decreases. Since the tables 
give /S' values that arc rounded off to the fourth decimal 
place (in degrees), all listed values except for tV=25 retain 
the full accuracy of the computations; for N= 25 there is 
some (but not complete) loss of accuracy in the last decimal 
place. In any case, the precision of the tables generally ex- 
ceeds the state-of-the-art of setting devices to precise angles. 

A previously unsuspected feature of equal-ripple designs 
that is brought out by the tables is the fact that many of the 
designs.(those with the smaller L, values) have ft values that 
do not alternate in sign. They do, howes'er, alternate in posi- 
tion about some average (nonzero) value of ft and arc there- 
fore of the foided-type design. The corresponding fan-type 
filters have monotonically increasing^ values, and both types, 
of course, are symmetrical, or antisymmetrical, about a cen- 
tral plane. 

A formula for computing the plate angles of the fan-type 
filter from those of the folded-type design is given below. 

ft = ft' 

ft = ft + (0i ~ ft') 

ft = ft — (ft' — ft') 


V. Design Tables for Optimum Response Filters 

The design tables in this section give the plate angles ft' 
of the folded-type filter for all odd values of N from N— 5 to 
19, and for N= 25 (see Figs. 3 and 14). In each case, five 
separate designs arc given for various values of the stopband 
ripple parameter €. Tables I-IX give the value of e in terms 
of attenuation L„ defined by ^ 

L, = 20 logio e~ l dB. .(29) 

The output wave is orthogonal to the input wave "tor these 
designs. Heading each column are nominal values of£, 
from 10 to 40 dB. The exact attenuation values, from which 


«. = ft + (W-W> (30) 

H, = + os'.-,' - IS.') 

dp = ft' + (ft' - ft') 

where the prime indicates the folded-type filter. The output 
polarizer angle ft, will be found to equal zero, and the filter 
response for the fan-type filter will be identical to that of the 
folded-type filter but shifted by n-/2 in 7. 

The value of y' for a 3-d B loss in the passband may be 
computed from the following formula. 
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Fig. 15. Equivalent circuit for a birefringent fitter. 


73<Ib' = sin -1 


, 0.115 , ) 1 

(sin 7 i') cosh <[ — (L, -f- 3) > . (31) 


The primed values of y denote the folded-type filter, and the 
values of y\ and L, (attenuation) are given in the design 
tables. 

Equation (31) is accurate for ripple levels of 10 dB or 
greater and may therefore be used with all the design tables 
in this report. 

VI. Conclusion 

Extrapolation of the results of research on the microwave 
scale model (reported herein) to millimeter wavelengths 
should not be difficult. The necessarily smaller size and 
greater fragility of the resulting structure would then de- 
mand different methods of manufacture from the standard 
machining techniques used for the scale model. 

The optimum-response birefringent-filter design tables, 
their derivation, and the numerical tables, represent an im- 
portant advance in the state-of-the-art. The analytical tech- 
niques and the numerical results should prove useful at opti- 
cal as well as millimeter wavelengths. Topics relating to arti- 
ficial anisotropic dielectrics that are worthy of investigation 
include: 1) improved methods of construction aimed at 
making them light, compact, and inexpensive, and 2) study 
of the effects of reflections from interfaces between plates 
and between a plate and free space, and means of dealing 
with such effects. 


Appendix 

Transmission Line Equivalent Circuit 

An equivalent circuit for a birefringent filter is shown in 
Fig. 15.*" It could be constructed in waveguide, for instance, 
using cascaded forward directional couplers. To make the 
correspondence exact, the coupling of the directional cou- 
plers should ideally be independent of frequency (corre- 
sponding to the difference angles between adjacent optical 
crystals, which are independent of frequency). 

The difference in line length between each upper and 
lower connecting line is equivalent to the difference in path 


length between the two polarized components in each opti- 
cal crystal. The amplitude coupling coefficient is equivalent . 
to cither the sine or to the cosine of the difference angle be* • 
tween adjacent optical crystals. 
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Achromatic Wave Plates for the Visible Spectrum* 

C. M. McIntyre and S. E. Harris 
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We report the experimental demonstration of an optical quarter-wave plate having a retardation of 
90°— 1° in the region from 4000 to 8000 a. The device is based on the synthesis procedure of Harris, Am- 
raann, and Chang and consists of six sapphire wave plates with appropriately oriented principal axes. The 
device does not suffer from thermal or angular problems as do longer, narrow-band birefringent networks. 
Results comparing a 10-piate unit with the above 6-plate unit are given. 

Index Headings: Wave plate; Birefringence; Sapphire; Crystals; Filters 


O PTICAL networks having prescribed transmit- 
tance-vs-frequencv characteristics can be syn- 
thesized by using recently reported procedures. 1-5 The 
procedure for the synthesis of networks consisting 
of cascaded, equal-length, birefringent crystals between 
an input and output polarizer, 1 is also applicable to the 
design of certain networks which do not contain 
polarizers. In particular, wave plates which are nearly 
achromatic over a large portion of the spectrum may- 
be synthesized. 

In this paper we present theoretical considerations 
and experimental verification of the design of such 
achromatic wave plates. A quarter-wave plate consist- 
ing of six sapphire wave plates which has a retardation 
of 90°~1° in the region from 4000 to 8000 A is de- 
scribed. We include a systematic method for the syn- 
thesis of wave plates of any desired retardation as a 
function of optical frequency. The degree of approxi- 
mation of the synthesized wave plate to the desired 
transfer function is determined by the number of plates 
employed in its construction. 

Achromatic combinations of birefringent plates have 

* Work was supported wholly by the U. S. Army Research. 
Office, the U. S. Atr Force Office of Scientific Research, and the 
Office of Naval Research under the Joint Services Electronics 
Program under Contract Nonr-225(83). 

1 S. E. Harris, E. O. Ammann, and I. C. Chang, J. Opt. Soc. 
Am. 54, 1267 (1964). 

5 E. O. Ammann and I. C. Chang, J. OdL Soc. Am. 55, 835 
(1965). 

: E. O. Ammann, J, Opt. Soc. Am. 56, 943 (1966). 

* E. O. Ammann, J. Opt. Soc. Am. 56, 952 (1966). 

5 E. O. Ammann, J. Opt. Soc. Am. 56, 1081 (1966). 

5 E. O. Ammann and J. M. Yarborough, J. Opt. Soc. Am. 57, 
349 11967). 


been discussed previously by several authors. Combina- 
tions of plates having different dispersions of bire- 
fringence are considered by- West and hlakas, 7 who also 
cite references to earlier related work. Destriau and 
Prouteau. 3 and Pancharatnam 3 - 10 describe achromatic 
combinations of two and three birefringent plates, 
respectively, where the plates are of the same material 
but different thickness. These procedures are however 
far less accurate than those reported here. As an 
example, Destriau and Prouteau give results for an 
achromatic quarter-wave plate with a retardation which 
varies from 83° at \=6100 A to 95° at \=5890 A to 
84° at X— 4360 A. Achromatic retardation may also be 



Fig. 1. Basic configuration of achromatic wave plate. 


7 C. D. West and A. S. Makas, J. Opt. Soc. Am. 39, 791 (1949). 
* M. G. Destriau and J. Prouteau, J. Phvs. Radium 10, 53 
(1949). 

5 S. Pancharatnam, Proc. Indian Acad. Sci. A41, 130 (1955). 
10 S. Pancharatnam, Proc. Indian Acad. Sci. .4.41, 137 (1955). 
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Tig. 2. Basic configuration of optical network including polarizers. 


obtained by means of a Fresnel rhomb 11 which makes 
use of the phase difference between orthogonal polariza- 
tions upon total internal reflection. A disadvantage of 
the Fresnel rhomb is that the optical beam is displaced 
laterally during passage through the device. 

The physical configuration of our achromatic wave 
plate is shown in Fig. 1. Four crystals are shown here, 
but any number may be used. In the figure, a set of 
reference axes, the x. y axes, are shown as solid lines for 
each crystal. The broken lines indicate the principal 
axes of the crystals. The angles to which the principal 
axes of the crystals are rotated are the variables of the 
synthesis procedure. 

ANALYTICAL CONSIDERATIONS 
A. Review of Synthesis Procedure 

The examination of the impulse response of optical 
networks composed of birefringent crystals is the basis 
for the development of a synthesis procedure for these 
networks. 1 The crystals are assumed to be dispersion 
free and to have their end faces flat, parallel, and normal 
to the incident light. Under these conditions, the net- 
work shown in Fig. 2, consisting of A' equal-length 
crystals between an input and output polarizer, has an 
impulse response given by 
w 

/F(7)= X C„o(t—mr), 

m— 0 

~—L(An)/ c, ( 1 ) 

Cm= 

where L is the crystal length, An is the difference of 
index of refraction between the orthogonal principal 
axes of each crystal, a, is the angle to which- the slow 
axis of the ith crystal is rotated, <p P is the angle to which 
the transmission axis of the final polarizer is rotated, 
and c is the velocity of light. 

In Eq. (1), the time origin has been chosen such that 
the first im pulse appears at the output at 1=0, This 

11 See, for example, M. Born and E. Wolf, Principles of Optics 
(Pergamon Press, Inc., New York, 1964), p. 51. 


choice is arbitrary; a more convenient choice is 

A(0— Z C m S(t—mr), (2) 

m— - V/2 

where the impulse response is centered around 1=0. 

The frequency-domain transfer function for this net- 
work is the Fourier transform of Eq. (2) 

//(/)= Z . (3) 

m— .V/2 

Here H(f) is a periodic function of frequency with a 
period r determined by the crystal length and bire- 
fringence. The desired arbitrary transfer function must 
first be made periodic by extending it outside of the 
frequency range of interest. The transfer function is 
then expanded in the form of Eq. (3) and the synthesis 
procedure 1 is used to determine the crystal angles to 
yield the coefficients C m . n If n is the number of crystals 
used, then the exponential series approximation to the 
desired function may have n+1 terms. 

B. Achromatic Wave Plates 

In applying the synthesis procedure of Harris, 
Ammann. and Chang, 1 the transfer function II (/) is 
obtained between an input and an output polarizer. In 
general, the transmission axes of these polarizers are 
not parallel, and the angle between them is tp„. This 
angle is determined by the synthesis procedure and is 
dependent on the .value of H(f) at /= 0 (see Appendix 
B). Though achromatic wave plates do not have either 
an input or an output polarizer, they may be synthe- 
sized by using the procedure of Ref. 1. by correctly 
choosing the desired transfer function, and then simply 
leaving the polarizers out of the finished network. To 
understand this, it is convenient to look at the two- 
dimensional descriptions of an optical network without 
polarizers, using the conventional Jones calculus. 13 

In order to utilize earlier results, 1 we define an .v-y 
coordinate sxstem where the x axis is parallel to the 
transmission axis of the input polarizer and a u-v 
coordinate system where the « axis is parallel to the 
transmission axis of the output polarizer. We define 
H{J) as the transfer function relating incident light 
which is linearly polarized along the x axis to output 
light which is linearly polarized along the u axis. We 
also define G(f) as the transfer function relating inci- 
dent light which is linearly polarized along the x axis to 
output light which is linearly polarized along the v axis. 
By conservation of energy, these transfer functions must 
satisfy the relation 

3(f)H*(f)+G(f)G~(f)^ 1. (4) 

Appendix A shows that the Jones matrix for the 
network of crystals without polarizers can be written in 

u Experimental results for networks of this type are reDorted by 
J. M. Yarborough ancl.E. O. Ammann, J. Ont. Soc. Am. 58, 776 
(1968). 

u R. C. Jones, J. Opt. Soc. Am. 31, 4S8 (1941). 
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the factored, form 


"cos <p p — sinppir 3 (/) G* (/)' 
-simp,, cos^y JL —G(f) B*(f)- 


(5) 


when expressed in the x~y coordinate system. The first 
matrix represents a rotation through the angle <p 7 and 
is independent of frequency. The second factor depends 
only on the desired transfer function 3(f). 

To synthesize an achromatic wave plate of retarda- 
tion 6, we take 


3 d (f) = e'°* }\<]<h, (6) 


where 8 is independent of frequency. From Eq. (4) we 
have G(f) — 0, and thus 




rcoscjp — 

1 

00 

<*J 

1? 

0 1 

Um^p cos<jSp — 

L o 

CO 

2 

<*> 

i3 

\ 


/»</</* 


(7) 


The second factor is identical to the Jones matrix for a 
conventional wave plate except that here 8 is indepen- 
dent of frequency over the interval f\ to /». The first 
factor in Eq. (7) represents an achromatic rotation of 
the principal axes of the wave plate. 

Note that, unlike the conventional wave plate, the 
achromatic wave plate includes a rotation through the 
angle «?„. For many’- applications of .wave plates, for 
instance the conversion of linearly to circularly polarized 
light or vice versa, this rotation is of no consequence. 
However, Appendix B shows that by placing a restric- 
tion on 3 (/), namely 3(0) — 1, then <p v will equal 0 and 
there will be no rotation. In general, this restriction 
will require more crystals in the network in order to 
achieve a desired degree of approximation. In the special 
case of an achromatic half-wave plate, the network may- 
have principal axes at no cost, in the desired degree of 
approximation. 


C. Approximation Problem 

The coefficients, C m , in the network transfer function 
of Eq. (3) are chosen to give the best approximation to 
the desired transfer function of Eq. (6). These coeffi- 
cients must be real since they are the magnitudes of 
the delta functions in the impulse response of the net- 
work. Because of this, the real part of 3 (/) must be 
even and can therefore be expressed as a cosine series 

.Y/2 

ReQ7(/)J= Y. B„ cosMfJT. (8) 

m *"0 

Comparing this with Re C^e(/)X we see that the choice 
£o=cos0/2, B m ~ 0 for m> 1 is exact; therefore, 

Co— Bo— cos0/2. (9) 

The Im £ B(f)~] must be an odd function and can be 
represented as a sine series 

Y K m smmwr. (1(9) 

m— t 


We now choose the 3 m ’s to give the best rms approxi- 
mation to Im i3 d (/)J. To do this, we could incorporate 
Im C3d(/)J into a periodic function and compute the 
usual Fourier-series coefficients. However, specifying a 
particular function outside the interval f t < /< / 2 which 
would give the best approximation within the region of 
interest b difficult and unnecessary. The optimum 
approximation is obtained by minimizing the rms error 
only over the region of interest. With Im [#*(/)] 
= sin$/2, we have 


<3 

dK t 


r 1 - 

- e .v,= 

t 

/ 

sin — Y 3 m sin mar 

df 

J/i 

_ 2 nt“l _ 



= 0. 


(ID 


Thb leads to -V equations in X unknowns for the K m ’s 
-ArbY K m B„,= 0. (12) 


where 


and 


c 1 '- 

8 

Ai— / 

sin- siruWi/ f 

Ja 

2 

r>- 


Bml = / 

simitar sin Iwrd f. 

Jfi 



The solutions to Eq. (12) give the coefficients K m 
which minimize the rms error over the range fi < /< /«. 
For a wave plate of retardation 0, the coefficients in the 
exponential series (3) are 

Co=cos0/2 

C m =-bK m m > 0 (13) 

' C„=kK m m< 0. 


The system of Eq. (12) could include another 
equation 

d ( rff 8 .V! 1 

— ] I sin — Y K m smma!T \dt =0 (14) 

dr\J fl L 2—i J ') 

to optimize the period of 3(f). This b a transcendental 
equation and does not lend itself to normal solution 
techniques. Numerical results show that the optimum 
period lies in a very broad minimum. Intuitively-, we 
expect that the optimum period would correspond to a 
crystal length such that each -crystal would have a 
retardation 8 at the center of the band. Because of the 
rms criterion, thb b not precbely the case but is very 
nearly so, and thb choice of cn-stal length b very dose 
to optimum. 


EXPERIMENT 
A. Example 

An achromatic quarter-wave plate covering the. 
region from 4000 to 8000 A was chosen as an important 
example of the procedure. To synthesize thb particular 
network, we chose r so that the individual crystab 
have a retardation of rr/2 (not x/2=h2>rr) at the 
center of the band. Thb interval of interest extends 
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Table I. Coefficients in the expansion of 8(f) for a 6- and 
10-element achromatic quarter-wave plate. 


Quarter-wave plate 


6 Crystal 10 Crysttl 


Ca 

—0.052707 

-0 011329 

c, 

0.000000 

0.000000 

c, 

-0.405376 

-0.077093 

c , 

0.707107 

0.000000 

c 4 

0.405376 

-0.419377 

C 5 

0.000000 

0.707107 

c< 

0.052707 

0.419377 

c. 


0.000000 

c, 


0.077093 

c. 


0.000000 

Cio 


0.011329 


from /i=3.75X10 14 hertz to /o=7.5X10 w hertz: there- 
fore 2jr/oT— t/ 2, where / 0 =5.625X10 U hertz corre- 
sponds approximately to the center of the band; thus 
r= 0.444 X10 -15 sec. Equations (12) and (13) were used 
to calculate the coefficients of the exponential series 
that approximates the desired transfer function over 
the region f\ to />. These coefficients are given in Table I 
for two networks, one containing six elements and the 
other containing ten elements. 

The procedure of Ref. 1, was then used to calculate 
the crystal angles. These angles are tabulated in Table 
II for both the six- and ten-element networks. 

Finally, the resulting networks were analyzed using a 
computer program which includes dispersion. The 
results of this analysis show that for the six-crystal 
network, 0=9O°zbl° from 4000 to 8000 A; and for the 
ten-crystal network 6>=90°=hl5' from 4000 to 8000 A, 
(These results are indicated -by the solid curve in Fig. 5.) 

B. Preparation of Crystals 

The material used for both the six- and ten-element 
wave plates was sapphire. This was chosen from a 
consideration of the periodicity requirements. From 
r=L (Ak)/c, we obtain L (An) = 1.333 X10 -3 cm. Cry- 
stals 1 mm thick were chosen for experimental con- 
venience, yielding An= 1.33 XIO -4 . One method of 
obtaining this small An is to cut the crystals so that 
light propagates in a direction which makes an angle 

Table II. Crystal angles for a 6- and 10-element 
achromatic quarter-wave plate. 


Quarter-wave plate 
6 Crystal 10 Crystal 




74°0' 

42°6' 

Vt 


73 c 36' 

93°10' 



15°36' 

98°56’ 

04 


-29° 18' 

25°43' 

©3 


28°42' 

19°57' 

06 


29°6' 

— 25°02' 

<?7 



- 19°16' 

0S 



53°57' 

03 



4S°11' 

010 



— 2°53' 


with the optic axis. For sapphire, ad of approximately 
7° gives (Am) = 1.333 X 10 -4 . 

Crystals 1 mm thick and 8 mm square were ground 
and polished. The retardation was measured with a 
Senarmont compensator, using a He-Ne laser (6328 A) 
and a conventional quarter-wave plate for that line. 
The grinding and measuring process was continued 
until all crystals were within l/100th wave of the 
desired retardation. 

The individual crystals were then held as shown in 
Fig. 3. This gimbai-type mounting provides a rotation 
adjustment around three orthogonal axes for aligning 
the crystals. These were mounted in an index-matching 
oil bath. The overall length of the device is 457 mm. The 
size was for experimental convenience only and has been 
reduced to 51 mm in recent work. 

C. Measurements 

The measurements on the achromatic quarter- wave 
plate employed a xenon arc iamp in conjunction with a 
Leiss prism monochromator having 50-A resolution to 
scan the visible spectrum. If linearly polarized light is 
incident at 45° to the principal axes of a quarter- wave 
plate, then this light is circularly polarized after passage 
through the plate. For the achromatic quarter-wave 
plate, this property should hold approximately true 
from. 4000 to 8000 A. To confirm this, the wave plate 
was placed between two polarizers, with the input 
polarizer at 45° to the principal axes of the plate. At 
each wavelength, the output polarizer was rotated 
through 360° and the ratio of maximum to minimum 
transmittance was recorded. This ratio mav vary from 
one for circularly polarized light to infinity for linearly 
polarized light. A plot of this ratio vs wavelength for 
our 10-element achromatic quarter-wave plate is shown 
in Fig. 4. The computed ratio is indicated by a solid 
line. The broken line indicates the equivalent ratio for 
a single crystal which is a quarter-wave plate at 6000 A. 
In this figure, the measured transmittance ratio is 1.13 
or less, throughout the range of interest. 
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Fig. 4. Eccentricity (a/b) vs wavelength for 10-element quarter- 

nave plate. single-crystal X/4 plate at 6000 A. theory. 

*• experiment, 10-crystai \^4 plate. 


From the transmittance data, the retardation of the 
networks can be inferred. The results of this calculation 
are shown in Fig. 5. Again, the broken line corresponds 
to a single crystal which is a quarter-wave plate at 
6000 A. The retardation of this single-crystal wave 
plate varies from 60° at 8000 A to 130° at 4000 A. or 
70° over the portion of the spectrum where the retarda- 
tion of the achromatic quarter-wave plate is approxi- 
mately constant. The solid line indicates the computed 
retardation, which is 90°rfcl5' from 4000 to 8000 A. The 
experimental points shown agree with the theory within 
the expected experimental error. The computation lead- 
ing to the solid curves takes dispersion into account. 



Fig. 5. Retardation vs wavelength for 10-element quarter-wave 

plate. single-crystal X/4 plate at 6000 A. theory'- 

experiment, 10-crystal X/4 plate. 



{Fig. 6. Rate of change of retardation- with crystal length vs 
wavelength for 6-element quarter-wave plate. 


and we believe that the small discrepancies between 
theory and experiment result from experimental errors. 

DISCUSSION 

Because of the Hat transfer function of the achromatic 
wave plate, changes of the variables that affect the 
period of the transfer function [explicitly, l and (Ah) : 
and implicitly, temperature] will not significantly affect 
the retardation except near the ends of the interval 
/i </</». Small changes of these parameters simply 
result in small shifts of the interval over which the 
retardation is constant: regions away from the edges of 
the interval are unaffected. 

For example, consider the variation of retardation 
with respect to crystal length. For a single crystal, 
we have 

S=2x/i(A»)/c 

<16/ dl— 2 t /(Ah)/, c= 15.7 (rad/ cm) 
at 

/o= 5.625 X10 w Hz. 

For the achromatic wave plate, we have 

86 d Im [#(/)] 

— = — tan -1 . 

dl dl Re[ff(/)] 

This expression has been evaluated numerically for the 
6-crystal network (see Fig. 6) for all wavelengths 
throughout the region from 4000 to 8000 A. With the 
exception of 200 A at each edge of the band, vre find 

dO rad 

—<0.5 5200 A<\<7800 A. 

dl cm 
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The sensitivity of the retardation to crystal length is 
therefore better by a factor of 30: 1 as compared to the 
sensitivity of a single-crystal wave plate. 

The methods presented here are applicable to the 
synthesis of achromatic wave, plates of any desired 
retardation over any portion of the spectrum. The 
number of crystals necessary is determined by the 
required degree of approximation and the interval over 
which the network is desired to be achromatic. 
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APPENDIX A 

If the x, y coordinate system is chosen with the x axis 
parallel to the transmission axis of the input polarizer, 
then the Jones matrix for the network of Fig. 2 is 

■ ■ 'S(v,XYS-'(<?t)P 
-S(*JPAP t (Al) 

where iV is the Jones matrix for a birefringent plate 
with its fast axis parallel to the x axis, P is the Jones 
matrix for a polarizer with its transmission axis parallel 
to the x axis, S(<?) is the unitary matrix for rotation 
through an angle <p, and the matrix A with elements 
o-.yis defined by the above relation. Then the frequency- 
domain relationship between the input and output light 
vectors is 

Da— M-.gDi. (A2) 

In order to express the matrix representing an identical 
network, but without polarizers, in terms of H(f) and 
G{f) as previously defined, it is necessary to determine 
the elements a,.,- in terms of these transfer functions. 
By definition of the transfer function H(f) we have 


~Dqz~ 

r coso„q 

-Doiz- 

= 3(f)D u 

Lsin^p- 


where cos<x p =ff(0). From Eqs. (Al) and (A2), we 
obtain 



r cos<0 p " 


— anDi X 

Lsincjp- 


and therefore % *</)• 

By definition of the transfer function Gif), if the 
output polarizer in the network of Fig. 2 is rotated 90° 
clockwise, we have 

rDo = j f sintCj, ~| 

=G(/)dJ 

LDtvJ L— coSKpJ 

If this 90° rotation of the output polarizer is included, 


then from Eqs. (Al) and (A2) we obtain 


~T>0rl 


~ CnDu 

-Do v J 

- COS Sfp _ 


and an —-G(f). With the polarizers in their original 
positions and if all of the crystals are rotated 90°, the 
Jones matrix of the network becomes 

M,r;=S('?»)PS-'(? p )S(<e n )N*S-H<P n )S(<p n - 1 ) 


where iV* is the complex conjugate of N, Then we have 


Do-" 


-E*(f)D 


s 


'C059?p"l 


LstnwpJ 


In terms of the elements of the matrix A, we find 



and a 2 ;= In a similar manner, it can be shown 

that G * (/). Then the Jones matrix for the identical 
network, but without polarizers, is 


M~Siv P )A 


"COS^j, 

— sin«3 P " 

-3if) 

G * (/)" 

-sin^p 

C05«?p - 

--Gif) 



APPENDIX B 

The requirement that an achromatic wave plate have 
principal axes (i.e., axes such that light which is polar- 
ized along them at the crystal input, remains linearly 
polarized in the same direction at the crystal output) 
is equivalent to the requirement that the Jones matrix 
for the network have linear eigenvectors. For an 
achromatic wave plate, G(f)Q s0 over the frequency 
interval of interest and the Jones matrix may be 
written in the form 

[3 if) cos «„ —3* if) sint?p" 

-3 if) sine?., H*(f) co%<(r p _ 

where 3 if) and «>„ are defined in the text. The require- 
ment that this matrix have linear eigenvectors leads to 
the condition 

ReCff(/)]sin^=0. 

For the special case of an achromatic half-wave plate, 
H (J)^e‘ Tl - is purely imaginary and thus this case will 
automatically have principal axes. Achromatic wave 
plates with any other retardation will have principal 
axes only if 0. 

Referring back to the network of Fig. 2 with a transfer 
function B(f), we notice in the long-wavelength limit, 
when /— ► 0, that the phase difference between the fast 
and slow- axes goes to 0. In this limit, the network 
transfer function is determined by only the input 
polarizer, i.e., i/(0) = cosc p . u Therefore, if we require 
that H (0) = 1, the input and output polarizers must be 
parallel an d the wave plate will have two principal axes. 
u E. O. Ammann, private communication. 
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Improvement of Birefringent Filters, 
2:Achromatic Waveplates 

Alan M. Title 


By use of Jones’ matrix techniques, nine-element achromatic waveplates are developed. These combina- 
tion plates are achromatic to within 1° throughout the visible (3,500-10,000 A). In addition, a two-section 
general retarder rotator is demonstrated. The retardation of the combination is twice the complement of 
the angle between the halves, while the rotation is equal to the angle between the halves. For a 90° retarda- 
tion, the dual five-element combination is also achromatic to within 1° throughout the visible. 


Introduction 

The ability to readily produce good scatter-free 
waveplates from polyvinyl alcohol makes it useful to 
investigate properties of multielement achromatic 
combination waveplates. 1 A number of authors have 
previously investigated properties of achromatic 
combinations of simple waveplates. In particular, 
Pancharatnam 2 developed a procedure for three-ele- 
ment combination waveplates. Further, Harris and 
McIntyre 3 have developed a scheme for achromatic 
combinations of n waveplates. The Harris scheme, 
however, does not always produce a pure waveplate, 
but rather a retarder plus a rotator. 

In this paper, combinations of three and nine ele- 
ments that can yield achromatic waveplates and 
four- and ten-element combinations that can yield 
achromatic rotator waveplate combinations will be 
discussed. Jones’ matrices will be used to develop 
the conditions for achromaticity. 

Pancharatnam assumes that for three-element 
combinations, the first and third waveplates must be 
equal and parallel, and the center plate must be a 
half wave at the center frequency. With matrix 
techniques it will be demonstrated that these as- 
sumptions are consequences of achromatic retarda- 
tion and stability of the axis of retardation. 

More importantly, the matrix form shows that the 
three-element half waveplate is extendable to supera- 
chromatic nine-element waveplates. Also, the ma- 
trix form makes clear that it is possible to construct 
four- and ten-element achromatic rotator waveplates. 
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The four- and ten-element combinations are espe- 
cially interesting because of their use as variable re- 
tardation plates. It will be shown that if the combi- 
nations are made in two halves, that is, a pair of two- 
element plates or a pair of five-element plates, all re- 
tardations can then be achieved by rotating the 
halves with respect to each other. The retardation is 
just twice the complement of the angle between the 
plates. 

Mathematical Preliminaries 

In order to simplify mathematical operations, it is 
useful to state some mathematical relations. Fol- 
lowing the notation of -Jones, 4 a retardation plate of 
retardation 2y at angle 9 with respect to the x axis is 
represented by the matrix product 

M(y,d) = R(-6)G(y)R(S) . (1) 

The product of Eq. (I) can be rewritten in the form 

.V(y, e) = cosy/ - { siny£R(20), (2) 

where 

, » 

' - G ?)■ 

«-(;.?)• 

- (T " v) °«p (6 > 

The matrix E behaves like a mirror, thus: 

£R(tJ] = R{-d)E. (7) 

and 

£ 2 = /. ( 8 ) 

It has been shown by Jones that any combination 
of retardation plates is equal to a retardation and a 
rotation. That is 
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(17) 


TTjW(y,-,0 f ) = R(u)M(y,n). (9) 

1*1 
or 

u 

TT-U(y^ { ) = cosyR(w) i smy£R{2Sl -u). (10) 

where y f are an arbitrary set of retardations and 0 ,- 
are an arbitrary set of angular positions, u is the 
amount of rotation, fi is the position angle of the re- 
tardation axis, and y is the retardation of the combi- 
nation. Since the 7 ,- are functions of frequency, 7 , w, 
and fi will in general vary with frequency. It will be 
our aim in this paper to demonstrate waveplate com- 
binations for which 7 varies more slowly with fre- 
quency than it does for a single waveplate, while 0 , 
the tilt of the retardation axis, remains nearly fixed. 

For the purpose of this paper, we will assume that 
the birefringence of an individual retarder is con- 
stant, so that the variation in retardance of a single 
plate can be written 

vie) = y»(l * e). (ID 

where 7 0 is the half retardation at the design (center) 
frequency i>° and 

Au = v - ( 12 ) 

e - AivV>. (13) 

Epsilon will be referred to as the relative frequency 
difference. The superscript zero will denote retarda- 
tion at the design frequency. 

Three-Element Combinations 

It is easy to show that there are no achromatic 
waveplates with only two elements. The general 
three-element combination M 3 can be written as 

M3 = M( y Jt 0 3 ).U(y 2t 8 2 )M(y j. S t ) 

— COSy 3 COSyj COS yil 

— { cosyj sin> 2 sinyj A[2(0j - 0 2 )\ 

- cos y 2 siny 3 sinyj it[2(0j - a 3 )] 

- cosyj smy 3 siny 2 R[2(0, - 0,)]} 

— lE (-siny, sinyj sinyj R{2(6 3 — 9, — o' j ) 1 
— siny 3 cosy 2 cosyj R (2 0 3 ) 

- 1 - siny 2 cosy 3 cosyj R(2ft>) 

-r sinyj cosy 3 cos> 2 R(20j)}. (14) 

Although Eq. (14) looks formidable, it really has a 
quite tractable form. The requirement that the 
combination be a pure waveplate means from Eq. 
( 10 ) that 

Real (:W3 12 ) = Real 0V/3 21 ) = 0. (15) 

With no loss of generality, 8 j can be set equal to 
zero, since choosing 8 \ only locates the combination 
in space. Then, from Eqs. (14) and (15) 

sin2(0, - 9 3 ) — (tany t /tany 3 ) sin2e, 

- (tanyj/tany 2 ) Sin20 3 . (16)- 

The result of Eq. (16) has the form of the sine ad- 
dition relation, which implies / 


cos(20 3 ) = tanyj/tany 3 , 

and 

cos(20 2 ) = -(tanyj/tany 2 ). (18) 

Both 81 and d 3 are fixed in space and are thus inde- 
pendent of frequency. In order that the relation of 
Eq. (16) hold, either the ratio of the tangents given 
by Eq. (17) and (18) must be constant and equal to 
plus or minus one or the relation of Eq. (16) must be 
independent of Eq. (17) or (18). If 

yj = =r 3 . (19) 

cos ( 203 ) has magnitude unity and the sine of 20 3 is 
zero. Hence, the relation of Eq. (16) holds. If 

V\ = =y 2 - (20) 

similarly the sine of 20o will be zero and the relation 
of Eq. (16) will also hold. But Eq. (20) represents a 
redundant solution in that the first and second plates 
are parallel and could be replaced by a single plate. 

For the purposes of this paper, it will be assumed 
that all plates are of the same material. Only the 
positive solution of Eq. (19) will be used. The rela- 
tion of Eq. (17) then implies 

h = t? v ( 21 ) 

Thus, it has been shown that the parallelism and 
equality of the input and output plates is a conse- 
quence of the requirement that the combination be a 
waveplate and be made of materials with the same 
sign index difference. 

Then, with Eqs. (20) and (21), the matrix Eq. (14) 
becomes 

.1/3 = (cos2yj cos> 2 -sin2>j sm- /2 cos2A)R(0) 

— r£(-sin 2 y { siny, R(-2 a) — cos 2 > ( siny 2 R(2A) 

- sin2y, cos-,,R(0)| (22) 

where A = 8 <>. 

From Eq. (22) it is possible to calculate the condi- 
tions under which the combination is achromatic. 
For a simple waveplate, the first derivative of gamma 
with respect to epsilon is non zero. At the least, for a 
waveplate combination to be achromatic, it is re- 
quired that 



From Eqs. (22) and (10), . 

cosy = cos2-/j cos-.i - sin 27 t sm> 2 cos2A. (23) 
so that 

— = — ^fsin27, cos-,,(>, cos2a - 2-,,) 

oe ij.0 sln l ‘ 

- cos2> j siny, (2>j cos2a — ; 2 )] (24) 

= 0 . 

Equation (24) has three groups of solutions: 


(1): 

(1) cos2A = 2 -/i fl /> 2 4 

(25) 


(2) cos2-, sm; 2 5 = 0: 

(26) 

(2): 

(1) cos2A = — ,'’). 

(27) 


(2) sin2y t ,J cosy, 9 = 0: 

(23) 
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(3): (1) 2y t » = -/2, 
(2) y 2 # = sf/ 2 . 


(29) €3 = {$ tan ( 7 5 * 3/2)/((2 yi ) 2 - (-/ 2 ) 2 !} 1 ' 2 , (37) 

(30) where 71 0 and A are obtained from 


All of the solutions, (1), (2), and (3) yield wave- 
plates that are independent, to first order, of the rel- 
ative difference. However, the location of the retar- 
dation axis O may vary to first order. The condition 
that the retardation axis be stationary to first order is 


an 

3e 


l 




0. 


(31) 


From the imaginary part of Eq. (10), 

tan2n = Imag {3i3 21 )/Imag (V/Sjt). 


(32) 


so 

an . 

5=0 


cos 2 2n f „ 

= IWS^L 72 cos '2 sin2i 


•VJ3 ?1 

■U3„ 


= 0. 


X [-sin2y, Stn>3 (2y t COS2A 4- }' 2 ) 

COS2y t COSy 2 (y 2 COS2A - 2y t )l] (33) 


Only solution (2) and the condition 

y 2 ° = ~/2 (34) 

cause the first derivative of to be zero for all values 
of achromatic retardation. There are, however, iso- 
lated solutions for specific values of 7 0 that also 
yield a zero value of Eq. (33). Thus, it is seen that 
the requirement that the middle element be a half 
waveplate is necessary so that the retardation axis be 
.stationary and the solution be general. 

With solution (2) and Eq. (34), the second deriva- 
tives of 7 and Q can be calculated by Taylor’s formu- 
la to second order. 


and 


7 = 


n = n° + 


2 Vtany 0 / 1 


(ff/ 2) 2 




(35) 

(36) 


From Eqs. (35) and (36). it can be seen that for all 
retardations other than a half wave, a three-element 
plate can be made with the desired retardation at two 
frequencies. For a half waveplate, the second-order 
term in the retardation is identically zero. 


Achromatic Range of Three-Element Waveplates 


For waveplates other than half wave, it is clear 
from Eq. (35) that for frequencies near the design 
frequency, the retardation decreases quadratically 
with the relative frequency difference. Hence, if the 
retardation at the design frequency is chosen to be 
greater than the desired retardation, the desired re- 
tardation will be attained at two frequencies; one 
above and one below the design frequency. With Eq. 
(35) it is .simple to calculate the range in the relative 
frequency e, so that the retardation is within a toler- 
ance of ±/3- By recalling that 7 is half the retarda- 
tion of the combination, at the design frequency the 
retardation should be 7 0 + j3/2, while at ej the .retar- 
dation should be 7 0 — /3/2. So, 


cos (-7° * 0/2) = (7r/2)(sin2y 1 V2y 1 °), (38) 

and 

cos2A = (39) 

Equation (38) is derived by evaluating Eq. (23) at the 
design frequency and by substituting for cosine 2A 
with Eq. (39). 

Plotted in Figs. 1 and 2 are the differences in retar- 
dation and tilt, respectively, from their values at the 
design frequency for several values of 2 7 0 as a func- 
tion of epsilon, the relative frequency difference. 
The values for the figures were calculated with the 
program WPLATE, which can calculate properties of 
up to one hundred waveplate combinations. Pro- 
gram WPLATE uses the Jones matrix equations to 
exactly calculate the properties of combination wave- 
plates. However, for retardation tolerances of 2° or 
less, the Taylor series solutions are adequate. 

For retardation of other than a half wave, from Eq. 
(38) the outer waveplates will have a retardation less 
than a half wave. For example, for a quarter wave- 
plate 2X\° = 115.5°. Because of the availability of 



Pig, 1. Retardation difference vs relative frequency difference r 
for 180°, 90°, and 60° three-element combinations. For 180° re- 
tardation 2-n = 180°, 2-/2 = 180°. A = 60°; for 90° retardation 2-/i 
= 115.5°. 2-/2 = 180°, A = 70.6°; for 60° retardation 2~/i = 101.75°, 
2y 2 = 180°, A = 76.096°. 
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r 

c 

Fig. 2. Tilt difference vs relative frequence difference t for the 
above three-element combinations. 


quarter and half wave material, the use of four-ele- 
ment designs discussed below should be considered, 
since any retardation can be achieved with only quar- 
ter and a half wave material. 

For half waveplates, the coefficient of the quadrat- 
ic term in Eq. (35) vanishes, because S-yj 0 is a half 
wave at the design frequency. Evaluation of the 
third derivative combination shows that the variation 
in retardation is cubic. For nonhalf wave combina- 
tions. range adjustment was accomplished by adjust- 
ing the center frequency retardation. For the half 
wave case there is no advantage to this. However, 
another possibility exists: A can be varied to allow a 
first-order term that can cancel the third-order term 
in the vicinity of the tolerance range frequency. 

It is quite straightforward to calculate the effect of 
adjusting A. By expanding Eq. (23) in terms of epsi- 
lon, 


cosy = sin(;r/2k[A cos 2 (^/2)e - sin 2 (-/2)e], (40). 

where 

A = (1 + 2 cos2A). (41) 

By expanding the sines and cosines to third order, 

COSy = (;r/2k{A - [l ^ (7/6)A][(-/2k] 2 }. (42) 

In general, A will be small compared to 1. This can 
be seen by evaluating A in terms of small changes in 
plate angles. For a half waveplate the unadjusted 
delta is tt/3. So if 


A = («/3) — o-. 

(43) 

where S is the small variation, 


A = 2/36 . 

(43) 

For S equal to 1°, 


A = 0.061. 

(44) 


With the assumption that 5 is small, Eq. (41) be- 
comes 

cosy = 0r/2k{A - [(-/2)e) 2 }- (45) 

The retardation is ~/2 when 



c 


Fig. 3. Retardation difference vs relative frequency difference t 
for three-element combination half waveplates for several adjust- 
ments of the central plate. The dashed curves indicate negative 
values of the relative retardation differences. All three waveplates 
have 180° retardation. The angle from the central plate is 60° 
minus o. 
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€ > e« * j8/4 A . (51) 

Hence, the range in which the retardation is within 
some tolerance (3 can be rewritten as 

e 4 * 1.0403/2) 173 . (52) 

Shown in Figs. 3 and 4 are the retardation and tilt 
differences from the values at the design frequence vs 
epsilon for several values of 5. In Fig. 5 is shown the 
tolerance (3 vs the change in angle of the central plate 
5. In Fig. 6 is the tolerance vs range in frequency dif- 
ference iR. 

In order to get an idea of the improvement in 
range obtained by adjusting 5, note that if A is zero, 
the first derivative equals zero. Then a glance at Eq. 
(40) shows that 

e 3 * (2/v)(fS/2) 1 ' 3 

e g = 0. 637(0/2) 1/3 . (53) 

Thus, by optimizing 5 for a given tolerance, the 
range for that tolerance increased by 57%. 

The price paid for nonzero values of <5, as seen in 
Fig. 3, is that for small values of e the retardation dif- 
ference is greater than for zero o. 

Nine-Element Plate 

Since the half waveplate of three elements has a 
cubic retardation variation and is made of three half 
waveplates that have a linear retardation variation, 


10’ 2 1 < X , l , l , 1 . J. 

•I .2 .3 .4 .5 

€ 

Fig. 4 Tiit difference vs relative frequency difference £ for three- 
element combination half waves for several adjustments of the 
central plate. 


e lr/2 = ~ A l/2 ( 2 /tt) 

= ± (2/t;)(2/3'5) 1/2 (46) 

= * 1. 185o 1/2 . 


The local extremal value of the retardation occurs 
when 


= = (2/ «)((1/ vll )A l /2 1 
= ± 0.6846 ly2 

(47) 

and the extremal values are 


cos7« = = 2 5/2 3' 3/4 S 3/2 
= * 2.482 5 3/2 . 

(48) 

Now. if the retardation tolerance is j3, 


(3/2 = cos-‘[(2/3/3)(2v^6) 3/2 ]. 
or 

(49) 

a = 0. 55(3/2) 2/3 . 

(50) 


The tolerance will be exceeded when 
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Fig. 6. Tolerance 0 vs the range of the relative frequency differ- 
ence eg for (a) three-element and (b) nine-element combination 
half waveplates. 


there is reason to suspect that a combination of three 
three-element plates may be superachromatic. The 
matrix for the three-element half waveplate is 

A/3 = cos 3 y 2 1 -f i smy 2 £[-R(— 2A - cos 2 y 2 .R(Q)] , (54) 

where 70° = tr/2 and A = ~/3, which has an appear- 
ance similar to that of a simple waveplate, except for 
the third-order dependence of the real (retardation) 
term and an additional second-order term in the 
imaginary (tilt) term. 

There are two possibilities for the nine-element 
plate. The center three-element group may be rotat- 
ed in the same direction as the central element of the 
three-element group, or in the opposite direction. 
The two nine-element matrices axe 

A/ 9S = :V/34(— ff/3)lA/3fi(7r/3)liW3, (55) 

and 

.V/90 = M2R(Tt/3\M2R[-(u/Z)]M3 . (56) 

With appropriate rotations the matrices can be put 
in the form 

A/9S = cos s y 2 l ~ 1 siny 2 £[i?(0) - cos 2 y 2 Zt(120)(l 

- cos 6 yj) ” cos- 3 y 2 /t(— 120)] , (57) 

and 


A/90 = cos 9 y,l - i siny 2 E[R(Q) - cos 2 y 2 R(120) 

COS S y 2 /i(0) -r COS 8 y 2 i2(0)j . (58) 

For both systems the retardation variation will be 
ninth-order in epsilon: 

cosy = sin J (ir/2)e. (59) 

So, for a tolerance 0, the range in epsilon is 

€ s = (2/-) sin' 1 (sin (0/2)] I/9 . (60) 

As with the three-element plate, the range for a 
given tolerance can be increased by varying 5. A 
computer evaluation shows that either all the angles 
between plates can be changed by <5 or the angle of 
the central group alone can be adjusted. There is a 
slight advantage in range to adjusting all the plates. 
However, if the nine-element system is made of three 
three-element subsystems, there is a significant prac- 
tical advantage to adjusting just the central group. 

The value of <5 for a given tolerance 0 is the same 
for nine-element systems as for three-element half 
waveplates (see Fig. 5). However, the value e s for a 
given 0 is greatly increased. To show the increase 
more clearly, 0 vs (.$ for a nine-element system is 
shown in Fig. 6(b), while the curve for a three-ele- 
ment system is in Fig. 6(a). In the calculation for 
Fig. 6(b), the angle of the center three-element group 
was varied. 



Fig. 7. Retardation difference vs relative frequency difference e 
for nine-element combination half waveplates for several adjust- 
ments of the central gtoup of three elements. 
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Fig. 8. Tilt difference vs relative frequency difference for the S 
and 0 configurations of the central group of three-elements. 


From Fig. 6(b), e = 0.48 for a tolerance of 1°. If 
the design wavelength is X 5200 A, the range in wave- 
length for 1° tolerance band extends from 3514 A to 
10,000 A. For a 2° tolerance the band is from 3510 A 
to 10,947 A. 

The difference in retardation vs e for several values 
of 5 is shown in Fig. 7. 

Although the retardation variation for M9S and 
M90 are the same, the variation in tilt is not. 
Shown in Fig. 8 are plots of difference in tilt vs « for 
the S and 0 cases, for 5 = 0. Both the S and the O 
cases have less tilt variation than the three-element 
half waveplate, as can be seen by comparison with 
Fig. 4. 

Four-Element Waveplate Rotators 

The three-element half waveplate has a very sym- 
metric structure. 

.1/3 = .W(-/2. 0).V/<77/2. -/3).\I(-/2. 0). (61) 

If this structure is split in half and two halves ro- 
tated with respect to each other, the resulting matrix 
has the form 

,U4 = R(-a)M(«/2. 0).U(j 7/'4. -/3)J?(a) 

x MW/4 . «/3).U(rr/2. 0). (62) 

This equation can be put in the form 


jV/4 = sina R(90 - a) - sin 3 (jr/2)e cosa R(-a ) 

- (f/2) simre cosa E {-R[a - 2 (jt/3)] 

— sin 2 (it/2)e i2(a)}. (63) 

From the real part of Eq. (63), the retardation and 
rotation can be obtained, since by Eq. (10), 
sinw cosy = Real (M4 2l ). 


COSOJ 

cosy = 

Real (iV/4 u ). 

(64) 

After some algebra, 





y = cos' 1 ! 

sin 2 a + 

cos 2 a 

sin s (;t/2)g]. 

(65) 

So that when 





• 8 
siir 

(ir/2)e 

« sura , 

(66) 

cosy =* cos(90 — 

a)jl - 

2 V‘ 

(77/2)€/tan 2 a]j-, 

(67) 

tanw =* tan (90 

- a){l 

- [sin 3 

(-/2)e/sin 2 a3}. 

(68) 


Equation (67) indicates the particularly pleasant 
result that all retardations can be achieved by merely 
rotating a pair of combination plates with respect to 
each other. The resulting retardation is simply twice 
the complement of the angle between the plates. Ac- 
companied by the retardation, as shown by Eq. (68), 
is a rotation by the complement of the separation 



Figure 9. Retardation difference versus relative frequency differ- 
ence for 3(a), 4(b), and 10(c). element combination quarter 
waveplates. 


24 \ 


January 1975 / Vol. 14, No. 1 / APPLIED OPTICS 235 




£ 


Figure 10. Rotation difference (a), and tilt difference for positive 
(b), and negative (c), values of a versus relative frequency differ- 
ence, t. 

angle. The behavior of the retardation axis can be 
obtained from the imaginary part of Eq. (63). Thus 

tan(2G - (90 — a)] ~ can[(2-/3) + a] 

x[l- sin z (s-/2)e/sin2 -h (69) 

Note that in Eq. (69) to second order the location of 
the retardation axis is independent of a, while from 
Eqs. (67) and (68), it is clear that the magnitude of 
the retardation and the rotation variations are unaf- 
fected by the sign of a. The retardation differences 
vs e for three- and four-element quarter waveplates 
are shown in Fig. 9(a) and (b). Shown in Fig. 10(a), 
(b), and (c) are the differences in rotation and tilt 
with positive and negative values of a, respectively, 
vs e for the four-element quarter wave retarder. 

Equation (62) was written down with only a short 
plausibility argument. However, it is possible to 
show, with arguments similar to those for three-ele- 
ment combinations, that there are no other combina- 
tions of four half and quarter waveplates that are 
achromatic in both retardation and tilt. 

Ten-Element Systems 

Since the three- element half waveplate was direct- 
ly extended to. a superachromatic nine-element plate, 
it is reasonable to expect that by splitting the nine- 


element half waveplate in a manner similar to thi 
three-element combination, a superachromatic wave 
plate rotator may be constructed. In fact, such i 
ten-element combination is quite successful. A ma 
trix representation of a ten-element plate is 

M10 - R(-a) M3 M(it/Z , -/3 )M (tt/4 , 2v/Z)R(a) 

x A/( ir/4, 2ff/3)iVT(7r/2, (~/3)M2. (70 

The mathematical verification of properties of thf 
ten-element plate will not be carried out here, but th< 
results will be stated. The retardation is 

cosy = cos(90 — a){l + [sin 18 (ff/2)e/2 taira]}, (71 
and the rotation is 

tanui =* tan (90 — cs){l ■=- [sin 8 (fr/2)€/sin : o:]} . (72 

Shown in Fig. 9(c) is the retardation variation of < 
ten-element quarter waveplate vs. e. As can be seei 
from Fig. 9(c), the ten-element quarter waveplati 
gives = 0.59 for 0 = 1°. If the center wavelength i: 
5500 A, the waveplate is within a degree from 3400 .- 
to 13,500 A. 

Equation (70) represents a split of M9S, the cen 
tral three-element group rotated in the same direc 
tion as the central plate; a split of M90, the centra 
group rotated opposite to central plate, also gives ris< 
to an achromatic rotator retarder. However, the pos 
itive and negative rotation of the two halves ha: 
slightly different effects on tilt. 

Experimental 

A number of sets of three-element half waveplate: 
have been constructed of Polaroid Retarder plasti< 
waveplate with the procedure described in Ref. 1 
They are quite achromatic and appear to agree gen 
erally with theoretical predictions. Nine-elemen' 
combinations have been constructed from threi 
groups of three-element plates. While it is clear tha' 
they are more achromatic than the three-elemen 
combinations, precise measurements have not ye; 
been made. There is some difficulty because sucf 
plates, made of the standard plastic plates, are withii 
a degree in retardation from 3510 A to 10,000 A. Ar 
rangements have been made to use an accurate polar 
imeter in order to measure the nine-element plates 
This work will be reported on as soon as completed. 

The transmission of three group combinations i: 
typically 99% throughout the visible. 

Combinations of four- and ten-element groups 
have also been constructed. These also generally be 
have as predicted. But again, they are impossible tc 
measure accurately without a more accurate polari 
meter. 

Discussion 

The prime goal in this series of papers is to im 
prove Lyot filters. A key aim is to achieve tunabilit 
over a wide spectral range. Tunability requires (1 
achromatic half waveplates; (2) achromatic quarte 
waveplates; and (3) broad-band polarizers. 
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With nine-element half waves and ten-element 
(uarter waves, it is possible to achieve achromaticity 
o within a degree from 3500 A to 11,000 A. The 
nly remaining problem is polarizing materials that 
an operate over the entire visible spectrum. The 
problem of polarizers will be discussed in some of the 
ollowing papers in this series. 

The matrix method described above is very useful 
or searching out achromatic plate combinations. 
Tie form of the achromatic three-element matrix 
/as the suggestive clue for the superachromatic nine- 
lement combination. The three-element matrix 
plit in half formed the basis for the four- and ten- 
lenient achromatic waveplate rotator combinations. 

Evaluation of three-element systems also shows 
hat achromatic rotators cannot be formed. How- 
■ver, systems that are achromatic rotators with re- 
pect to a single fixed axis can be formed. Koester 5 


has described such single-axis 90° achromatic rota- 
tors. The Koester-type devices' do not work as rota- 
tors for Lyot wide-field elements, since they only ro-- 
tate one axis of polarization achromatically. 

I would like to thank H. E. Ramsey for the con- 
struction of the three-, four-, nine-, and ten-element 
plates and for tests on Lyot filter elements. 

This work was supported by Lockheed indepen- 
dent research funds. 
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Improvement of Birefringent Filters. 3: Effect of Errors on 
Wide Field Elements 


Alan M. Title 


The properties of nontunable and tunable Lyot wide field elements are examined when the components of 
the elements deviate from their proper values. Special emphasis is put on determining what variations 
cause light to be transmitted at the transmission minima. The analysis shows that the nine- and ten-ele- 
ment plastic waveplates described in Paper 2 of this series can be used to make a Lyot filter that is tunable 
from 3500 A to 10,000 A. 


Introduction 

This is the third in a series of papers dealing with 
the improvement of birefringent filters. The princi- 
pal purpose of this paper is to critically examine the 
effects of deviations from perfection of tunable and 
nontunable wide field elements. The method of the 
analysis is to expand the error effect terms in powers 
of the sine while retaining the analytic form of the 
wavelength-dependent terms. The value of such an 
analysis is that it clearly distinguishes between those 
classes of imperfections that cause asymmetric trans- 
mission functions .and those that cause additional 
transmission at the transmission minima. A pure 
aower series analysis such as carried out by Jefferies 
and Giovanelli 1 does not distinguish so clearly be- 
tween the asymmetry and transmission minima ef- 
fects. In general, asymmetry errors introduce less 
ight outside the primary maximum than do trans- 
nission-minima errors. 

The prime goal of this paper is to provide the de- 
sign tradeoffs for widefield Lyot elements that use 
achromatic waveplates such as those discussed in 
Paper 2 2 of this series. F or multielement achromatic 
waveplates the properties that vary are the retarda- 
;ion, the rotation, and the location of the fast axis. 
The analysis that follows will allow deviations in re- 
;ardation and in the fast axis location. Rotation is 
leglected because half waveplates have none; for 
quarter waveplates rotation is unimportant. In this 
md all successive papers in the series the word tilt 
will be used to describe deviation of the fast axis 
iom its nominal position. 
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In the first section below, a standard wide field ele- 
ment whose halves may not have exactly the same re- 
tardation and whose central half-waveplate may not 
have exactly 180° retardation or be exactly aligned at 
equal angles to the two halves of the element will be 
discussed. This configuration is examined for three 
basic reasons. First, the two halves of a wide field el- 
ement are seldom exactly the same in real elements. 
Second, the central half-waveplate will in general de- 
viate from 180° as a function of wavelength. Third, 
when multiple plate achromatic half-waveplates are 
used, the retardation axis of the combination plate 
can vary. 

The following section concerns tunable elements. 
It is current practice to tune Lyot elements by rotat- 
ing a polarizer with respect to a quarter-waveplate at 
the end of the element. The quarter-waveplate’s re- 
tardation axis is at 45° to the element’s axis. The 
tuning properties will be examined as a function of 
deviation from quarter-wave retardation and exact 
angular location with respect to the element. Again 
the rationale for the investigation is the under- 
standing of the error effects so that achromatic plates 
can be used most effectively. 

There are other methods for tuning elements that 
involve additional waveplates. In one the entrance 
linear polarizer is replaced by a circular polarizer. 
Then each element can be tuned individually. In the 
single quarter-waveplate method rotating the exit 
polarizer forces all succeeding elements to be rotated. 
A second method of tuning is accomplished by rota- 
tion of a half-waveplate between the exit polarizer 
and the quarter-waveplate. With this technique 
only the half-waveplate need be rotated. 

Wide Field Element 

With the notation of Jones, 3 the matrix for a wide 
field element with the variances noted above is 
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M = R(-45)G(a)R(45)R(-6)G(r)R(6)R(45)G(|3)R(-45), (1) 
where 


-■era, 

(2) 


(3) 

a = 2??A?id a A, 

(4) 

(3 = 2?r C^nd.J\, 

(5) 

y - (w/2) - e. 

(6) 


d a and dg are the thickness of the two halves of the 
element, X is the wavelength. An the index difference 
of the crystal, e the half deviation from half-wave re- 
tardation, and 5 the deviation from correct location 
of the axis. In this analysis it will be assumed that 
the birefringence is wavelength-independent. The 
matrix mathematics simplifies somewhat if the ex- 
pression for a retardation plate at angle 6 is written 
in the form 

R(-0)G(y)R(e) = cosyl + zsinyER(20), (7) 

where 



Note that 

E 2 = 1, (9) 

and 

ER(e) = R(-9)E. (10) 

Rewriting Eq. (1) using the form of Eq. (7), the ma- 
trix for the element is 

M — [cosal — i sina ER(90)][eosy 1 + i sinER(25)j 

x [cos (31 + i sinj3ER(-90)]. (11) 

Let /? = « + £, and 17 = 2a + £, then the total retarda- 
tion of the eiement is 77 and the difference in retarda- 
tion of the two halves is £. 

When used between parallel perfect polarizers, the 
transmission amplitude of the element is just M u . 
Direct evaluation of Eq. (11) shows 

(V/ u = cosy cos? + siny sin25 sin? 

+ i siny cos25 cos??, (12) 

It is also reasonable to operate a wide field element 
with crossed polarizers, in which case the transmis- 
sion amplitude is 

A/,, = -simj cos26 siny - i[cos? sin26 siny 

■ (13) 

— cosy sm?j. 

Since the main region of concern is when the retarda- 
tion of the central element is nearly a half-wave, it is 
reasonable to expand in terms of <=. Then 


T, = M u M n 4 _ 

= cos 2 ?} cos 2 e cos 2 2o - 1 - sin 2 e cos 2 ? 

+ cos 2 e sin 2 ? sin 2 26 — g sin2e sin2? sin2o (14) 

and 

T l = M„M a * 

= sin 2 7} cos 2 e cos 2 26 - 1 - sin 2 e sin 2 ? 

1 

+ cos 2 € cos 2 ? sin 2 26 — g sin2e sin26 sin2?. (15) 

Before a further expansion is made, we must deter- 
mine which terms are small. If waveplates whose bi- 
refringent axes and tilts are not wavelength-depen- 
dent are used, the terms in 5 can be made small. For 
the polarizers used in normal Lyot filters, the crossed 
transmission is between 10 -3 and 10 -4 . For the re- 
mainder of this paper, tolerable errors will be on the 
order of the cross polarizer leakage. In order to 
make the terms in <5 that small, 0.344 min of arc <8 < 
3.44 min of arc. This limit is placed by the linear 
terms. In fact, at least t and probably £ will be small, 
and 5 can be at least ten times the minimum value. 
The effect of 6 will be negligible if 5 is less than 2 min 
of arc. 

If we neglect the effect of 8, 

r„ = r l cos 2 77 + sm 2 e(l - sin 2 ?), (16) 

7\ = T l sin 2 ?? 1 - sin 2 e sin 2 ?, (17) 

where 

T l = (1 - sin 2 e). (18) 

If £ is close to a multiple of ir/ 2 , there will be a clear 
advantage to Eq. (16) if £ is nearly an odd multiple or 
Eq. (17) if £ is an even multiple. For quartz elements 
it is quite straight forward to make £ nearly zero, 
since the ratio of the index difference to the index is 
5.8 X 10 “ 3 at 6000 A. Hence if the two quartz ele- 
ments are equal to within 1.72 waves (1 n) the bire- 
fringence difference will be Vioo wave. That is, £ = 
1 . 8 °. Hence, for well-matched (<1 n difference) 
quartz elements it is much wiser to use crossed polar- 
izers on the wide field element. 

For calcite the ratio of the index difference to the 
mean index is 0.109 at 6000 A. To get '/ioo wave bire- 
fringence difference requires that the individual 
thicknesses be the same to within %o wave. This is 
not impossible, since the two element halves can be 
crossed and polished for a black center fringe in 
white light. But even if the calcite element halves 
are only the same to a wave, the errors introduced by 
the haif-waveplate are down by a factor of 9 with 
crossed polarizers. Another possibility is to make £ 
nearly an odd or even multiple of ir /2 at the wave- 
length of the filter and then to choose the appropri- 
ate polarizer configuration. 

To demonstrate the symmetry between 8 and s of 
the error situation, suppose that e and not 8 can be 
neglected. Then from Eqs. (14) and (15) 



T,i = T l cos 2 ?? - sin 2 ? sin 2 26. 

(19) 

and 




7\ = T l sin 2 ?? - sin 2 2S(l - sin 2 ?), 

(20) 

where 
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T l = (1 - cos 2 26). 


( 21 ) 


So by the same arguments used above, the crossed 
polarizer mode is again the most insensitive to tilt er- 
rors when the thickness error is minimal. 

When the element is used in the crossed polarizer 
mode [Eq. (15)], the dominant error term will be sin 2 e 
sin 2 ? if 


6 « € < ?. (22) 

It is desired that 

sin 2 e sin 2 ? ^ 10" 4 . 

If | is a %o wave or less, 

sin 2 e rs. 10' 3 , 

e s 1.8°. (23) 

This implies that an element could be tuned thermal- 
ly ( Sn is a function of-temperature) over a range of 
±34 A near 6000 A. 

In Paper 2 it was shown that a nine-element half- 
waveplate could be made achromatic to within a de- 
gree from 3500 A to 10,000 A. However, the tilt axis 
varied by as much as several degrees at the ends of 
the range. It is therefore necessary to have mechani- 
cal adjustment for tilt when achromatic multielement 
half-waveplates are used. If mechanical adjusters 
are not used, there is no advantage to greater than 
three-element waveplates. 

Tunable Elements 

In the standard tuning configuration, a quarter- 
waveplate is placed behind the wide field element 
and a polarizer rotated for tuning. If the matrix for 
the ordinary wide field element is denoted by M, the 
tuned element is 

Q = PR(e)R(-Z)G(p)R(l)M, (24) 

where 



p = (tt/ 4) -r q, (2S) 

where 8 is the angle of the polarizer, q is half the re- 
tardation error and l is the tilt error of the quarter- 
waveplate. In Eq. (24) R( — 6) is omitted and when 
this is done, Qu is the proper transmission ampli- 
tude. 

In order to understand the basic operation of the 
quarter-waveplate, suppose for the moment q and l 
are zero and the tuned element is fed by linearly po- 
larized light. Then it can be shown that the trans- 
mission amplitude is 

Q„ = (1 -r i)//2[cose cos25 sin(? — 9) 

- sine cos(? - 9) -e i cose cos26 cos(?) + 0)]. (27) 

The transmission is 

T = Q„ Q: 1 , 


T = cos 2 (jj - 9) cos 2 e cos 2 26 + cos 2 e sin 2 26 sin 2 <? + 9 ) 
«r sm 2 e cos 2 (s *r d) — ^sin2e sin26 sm2(? -5- 9). (28) 

Comparison of Eq. (28) with Eqs. (14) and (15) shows 
that varying 8 tunes the element and that as 8 goes 
from zero to it the dominant error producer changes 
from 5 to c. The error term in e dominates when (? + 
8) is an even multiple of x/2. By making 8 < 2' the 
dominant error will come from e , so that if « ^ 1.8° 
the error will always be below 10~ 4 . If achromatic 
waveplates are used, the angular variation of the tilt 
must be adjusted out if the tilt errors are not to dom- 
inate. 

If 6 is made small, as the exit polarizer is rotated 
the transmission at a minima caused by the inaccura- 
cy in the half-waveplate will modulate between zero 
and sin 2 e. The minima will occur at 

(£+£) = nb r/2), » Odd, (29) 

or 

9 = ni.Tr/2) — ?. (30) 

By measuring the angle modulo (-tt/ 2) at which the 
minima and/or maxima occur, the thickness differ- 
ence error ? can be easily measured to better than Viao 
wave. This measurement can be used in a produc- 
tion technique for precisely matching element halves. 

The ability to make accurate element halves is use- 
ful if the elements are temperature-tuned or the filter 
works at a fixed wavelength. For tunable wide/ield 
elements, exactly matched halves is of marginal utili- 
ty, since the thickness error only changes the angle at 
which the maximum half-waveplate error occurs. 

In order to understand the errors introduced when 
q and l are nonzero, it is convenient to write 


Q = 


1 /cos 9 sin# 
'll \ 0 0 




1 


0 


,0 


- sin Q 1 _ x ° - 2/ sin/isin? 

, /-sin/ cosAl/cos?; -i sinq 
C0SCI> \ cosZsinZ/JV-i- i snip -cost? 



Here the error terms of the wide field element have 
been neglected because they are already second- 
order. 

The transmission amplitude is 


/2Q U = (!•*- Z)[cos <7 cos(77 - 9) - i sin q cos (?7 t 9)] 

- 2Z sinZ(sin<? - cos<?)(cosi 7 sin(9 - Z) 

- Z sin77 cos(9 — Z)]. (32) 

The transmission is the complex square of Qi i- Un- 
fortunately, the complex algebra for the transmission 
is rather messy. To clarify the algebra, note that 

v r 2Qu = (1 + i)ia - ie ) t ib(c - id). (33) 
So 

2Q„$/ = 2(a 2 4 e 1 ) - cr(c 2 - d l ) -5- 2aZ>(c - d) 

t 2 beic - d), (34) 


where 

255 " 
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and 


a = cos ? cos(? — 9), 
e = -sun? cos(r! + 9), 
b — 2 sinKsin? + cos?), 
c = cost} sin(0 — Z), 

d = sin 7} cos (.9 — Z). 


(35) waveplate should therefore be adjusted at least as 

(36) well as the half-waveplate, or about 2 min of arc. 

(37) When both nonzero tilt and retardation are consid- 

( 38 ) ere d> additional second-order terms occur from the 
expressions ba(c — d) and be(c + d). The addition- 
al tilt and retardation terms are to second order 


The transmission can be put in the form 

T = a- + e 2 -j- b(c — d)[a + (b/2)(c + d )] 

+ be(c + d). (40) 

From Eqs. (35) through (40) the effect of a pure error 
in retardation (no tilt) -is 


— 2 cos 2 {? — 6 ) sin Z sin? — sinZ sin?[2 cos J 2 6 sin 

x 2 (? - 9) - sin4S] (49) 

Here again both asymmetry and transmission at min- 
ima occur. The error term in sine2 (? — 8) causes 
pure asymmetry, and the cosine2 {? — d ) term allows 
additional transmission at minima. Finally then, the 
transmission effects of the quarter-wave errors are 


T = a 2 + e 2 

— cos 2 ? cos 2 (tj - 9) + sin 2 ? cos 2 (tj + 9). (41) 

Writing the cosine of q in terms of the sine of q and 
expressing 

(? + 9) = (? - 9 + 29), (42) 

expression (41) becomes 

T = cos 2 (? - 9j+ sin 2 ?[-cos 2 2(? - $) sin 2 2 9 

-r sin 2 (? - 9) sin 2 2 8 - |sin2(? - 9) sin40], (43) 

or 

T = T l cos 2 (7? — 9) 

- sin 2 ?[sin 2 29 - 2Sm2(? - 9) sin4s], (44) 

where 

T l = (1 — 2 sin 2 ? sin 2 20). (45) 

Result (44) demonstrates that transmission asymme- 
try can be introduced by an imperfect quarter-wave- 
plate. The term in sine 2(? -8) is zero when cosine 
(v-8) is zero. Therefore, the term does not add trans- 
mission at the minima, but rather transmission 
asymmetry. The term in sine 2 20 does introduce ad- 
ditional transmission at the minima. 

If the retardation error is zero but a tilt of the 
quarter-waveplate exists 

T = cr ¥ b{c - d)[a + (b/2)(c + rf)]. (46) 

After some algebra and expansion in terms of (? — 6) 
to second order, 

T = T'- cos 2 (7j — 9) — sinZ sin2(i} — 9) 

* — sin 2 /[2 cos2<? - sin20 sin2(? — 9)], (47) 

where 

T l = (1 — 4 sin 2 / sm 2 £?). (48) 

Note that tilt of the quarter-waveplate causes a first- 
order error. Fortunately, the error causes an asym- 
metry of the transmission profile and does not create 
additional transmission at the minima. The second- 
order terms in the tilt cause both asymmetry and 
transmission at the minima. The term in sine2{? — 
8) only introduces asymmetry, while the term in co- 
sine20 causes transmission at minima. The quarter- 


T = T 1 cos(r; — 9) -~sm2 1 sin2(? — 8) 

x sin 2 ?[2 cos20 sin20 sin2(? - 0)] 

t sin 2 ?[sin 2 20 — ~ sm40 sin2(? - 0)] 

-sinZ sin?[2 cos-’20 sin2(7j - 9) - sm40], (50) 

where 

T' = (1 - 2 sin 2 ? sin 2 20 - 4 sin 2 / sin 2 0 

— 2 sin / sin? sin40). (51) 

Using a single quarter-waveplate to tune requires 
that the exit polarizer rotate with respect to the ele- 
ment. But since the exit polarizer for one element is 
the entrance polarizer for the following element, the 
entire following element must rotate in order to 
maintain an angle of 45° between the entrance polar- 
izer and the fast axis of that element. In order to ob- 
viate rotating entire elements, a quarter-waveplate is 
often attached at 45° to the entrance polarizer on the 
side toward the first section of an element. In this 
case circularly polarized light enters the element, so 
the properties of the element are independent of ori- 
entation of the entrance polarizer. The exit polariz- 
er still allows tuning because the linear polarizer 
faces the last portion of the second quarter-wave- 
plate. 

An analysis of the errors that can be introduced by 
a quarter-waveplate on the entrance polarizer pro- 
ceeds in the same manner as for the quarter plate on 
the element. The same order of errors is introduced 
by the second quarter-waveplate. The analysis will 
not be carried out here. Instead an alternate method 
to tune elements independently is suggested. In- 
stead of rotating the final polarizer, it is equivalent 
(except for a plate factor) to rotate' a half-waveplate 
between the quarter-waveplate and the exit polarizer. 
The half-waveplate need only rotate by half the angle 
at which the polarizer must rotate, in matrix nota- 
tion, 

PR(0) = — iPR[—(0/2)]G(u/2)i?(0/2). (52) 

The left-hand side of Eq. (52) represents a rotated 
polarizer and the right-hand side represents a half- 
waveplate at an angle 8/2 in front of a fixed polarizer. 
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he — t in Eq. (52) removes the arbitrary plate factor. 
Use of the half-waveplate does not introduce any 
Iditional first-order errors. Another advantage of 
ie half-waveplate occurs if prism polarizers are 
;ed, because rotating the half-waveplate eliminates 
ie necessity of rotating the mass of the prism and 
tnplifies the problem of eliminating the rejected 
;ht from the prism. 

scussion 

The analysis of a single wide field element shows 
at the nine- and ten-element achromatic half- and 
larter-waveplates described in paper 2, it is possible 
construct a tunable filter over the range 3500- 
),000 A if appropriate correction of tilt is accom- 
ished. When tuning is accomplished by rotation of 
ilf-waveplates, all the normally nonrotating ele- 
ents could be coupled to a single shaft, which could 
j used to adjust the angles of all the fixed wavep- 
tes. The rotation variation of the quarter-waves 
id the axis location of the tuning half-wave ele- 
ents can be corrected for by the programming sys- 
m used for tuning the filter. 


Besides mechanical tuning of filter elements, elec- 
trical timing by electrooptical crystals is also possi- 
ble. If a wide field element that has a nine-element 
achromatic half-waveplate is tuned by a pair of elec- 
trooptical crystals, complete tuning throughout the 
visible would be possible without any mechanical ad- 
justments. This would occur because the entrance 
and exit polarizers could be placed in a configuration 
that minimizes the effect of rotation of the retarda- 
tion axis of the half-waveplate. Good electrooptical 
crystals are now available. Their use in Lyot filters 
will be discussed in a subsequent article in this series. 

This work was supported by Lockheed Missiles 
and Space Corporation independent research funds. 

The author is deeply indebted to H. E. Ramsey for 
construction of a large family of wide field elements 
with known errors. These provided experimental 
verification of the calculations presented here. 
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Improvement in birefringent filters. 4: The alternate 
aartial polarizer filter 


Man M. Title 


A design for a birefringent filter is proposed in which alternate polarizers are partial polarizers Calculated 
performance characteristics of alternate partial polarizer filters (APP) are compared with those of Lyot and 
contrast element Lyot filters. These calculations show that the APP design has significant advantages in 
both transmission and profile shape. Using pulse techniques, partial polarizer systems are shown to be a 
natural evolution from the standard Lyot and contrast element Lyot systems. The APP filter using achro- 
matic waveplates discussed in earlier papers of this series has been used to construct a universal alternate 
partial polarizer filter. This filter has a measured full width at half-maximum (FWHM) of 0.09 A at 5500 
A and a transmission in polarized light of 38%. It is tunable from 4500 A to 8500 A. The measured charac- 
teristics of the filter agree well with theoretical predictions. 


ntroduction 

In previous papers of this series, 1-3 components of 
oirefringent filters have been discussed. Here a new 
iesign is suggested that utilizes partial polarizers. The 
:haracteristics of birefringent filters with intermediate 
martial polarizers have not had much attention, al- 
though the cases of filters with perfect or no interme- 
iiate polarizers have been studied extensively. 4-10 The 
standard birefringent filter, the Lyot-Ohman, has 
Derfect intermediate polarizers. The Sole filter, which 
ras seen significant but much less use, has no interme- 
diate polarizers. In this paper the properties of several 
liter configurations with imperfect intermediate po- 
arizers shah be investigated. It will be shown that such 
liters have significant advantages m transmission and 
orofile shape to both the standard Lyot and the contrast 
dement Lyot filters. These theoretical advantages are 
demonstrated by the measured properties of an actual 
filter that uses partial polarizers. 

It has been analytically shown by Giovanelli and 
Jefferies, 11 and verified using a computer technique by 
3eckers and Dunn. 12 that interior imperfect polarizers 
lo not have deleterious effects on Lyot filter perfor- 
mance if the ratio of polarized to unpolarized light is 
greater than (ION 2 - 1):1, where N is the number of 
ntermediate polarizers. The physical reason for this 
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effect has been explained by the author. 13 For the Lyot 
case, it was shown chat the partial polarizers between 
the longest and next longest element are helpful while 
all other partial polarizers have a deleterious effect. 

The Lyot and contrast element Lyot filters are dis- 
cussed from the point of view of their pulse response. 
This is done to provide a basis of comparison with the 
partial polarizer systems. Partial polarizer filters are 
then shown to be a natural evolution from the previous 
designs. Finally, the measured performance of an al- 
ternate partial polarizer filter is shown to agree with 
theoretical prediction. 

Lyot Systems 

A Lyot filter is formed by two or more modules, each 
of which consists of an entrance polarizer, a birefringent 
crystal, and an exit polarizer. When a pulse of light is 
incident on the first polarizer, pulses are propagated 
down the fast and slow axis of the crystal with ampli- 
tudes 

Af = .4,- cost), 

A, = A; sint). 

where A„ Af, and A, are the amplitudes of the incident, 
fast axis, and slow axis pulses, and theta is the angle the 
entrance polarizer makes with the fast axis of the crys- 
tal. Exiting from the final polarizer are two pulses with 
amplitudes 

.4,,, = .4; cost 1 cost)', 

.4„, = A, sinf) sin#', 

* 2 ^ 
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Fig. 1. Pulse diagram of two Lyot modules with length ratios of 1: 

1 / 2 . 

where theta prime is the angle the exit polarizer makes 
with the fast axis of the crystal. Both outgoing pulses 
have the same polarization state. In order that the two 
pulses have equal amplitudes, theta and theta prime 
must be equal in magnitude, to 45°. The time differ- 
ence between the fast and slow pulses is 

t = pd/c, (1) 

where n is the difference of the indices of refraction of 
the crystal, d is the crystal length, and c is the speed of 
light. 

Lyot modules have equal output pulses, and hence 
they have parallel or perpendicular polarizers, and the 
crystal fast axis is at ±45 deg to polarizer axis. 

For convenience, the origin of time is usually rede- 
fined so that one pulse is delayed by half of the time 
difference while the other is advanced by the same 
amount. The pulse response and frequency response 
are Fourier transform pairs, so the transmission am- 
plitude of a Lyot module that gives rise to a pair of 
pulses separated by the time given in Eq. (1) is 

AM = cos(2j ndv). (2) 

The simplest Lyot filter consists of two modules. If 
the crystals are not of equal length, for every input pulse 
to the first module four pulses emerge from the second. 
The situation is shown in Fig. 1 for the case in which the 
crystal lengths are 1:1/2. The 1:1/2 length ratio has the 
effect of making the output pulses equally spaced in 
time. 

The number of modules in a Lyot filter can be in- 
creased indefinitely and equal pulse spacing main- 
tained, if the length ratios of adjoining elements are 
1:1/2, that is, equal pulse spacing occurs when the 
crystal lengths are in the ratio l:l/2:l/4: . . . 

The output pulse structure for a single input pulse 
into an N element filter is 

P(t) = R t (t)W(~j, (3) 

where 

Kt(f) = i|t| 

= 0|i[ >— (4) 

and 

- v d\ 

(5) 


t N = 0idi)/(c2' v - 1 ), 

where di is the length of the longest crystal, that is, the 
pulse response can be considered as the product of an 
infinite series of pulses with a time separation equal tc 
the time delay of the shortest crystal times a functior 
that is unity for times less than twice the time delay oi 
the longest crystal and zero at all other times. The 
pulse response is written in the form given by Eq. (3] 
because the Fourier transform of Eq. (3) is just a con- 
volution of the sine function and a dirac comb. The 
amplitude frequency response, the Fourier transforn 
of the pulse response, is 

= sincCLWill ( — \ (7 

From Eq. (7) the Lyot filter has a series of transmis- 
sion maximum, each of which is separated in frequence 
by i>ty. [The separation of successive transmissior 
maxima is called the free spectral range (FSR).] Nea: 
each transmission maximum, the transmission intensity 
has the form of sine squared. 

Because of the substantial secondary maxima of sim 
squared, it is desirable to modify the standard Lyo 
profile. In terms of the pulse response, this require: 
introduction of a tapering or apodizing function. Thi 
adjustment of the pulse amplitudes can be done in tw< 
ways: by adjusting the angles of the entrance and exi 
polarizers with respect to the crystals which adjusts thi 
relative amplitude of the fast and slow pulses and/or b; 
adjusting the crystal lengths such that pulse overiaj 
occurs. 

Normally, the technique used to reduce the trans 
mission side lobes of Lyot filters is to add anothe 
module with a crystal whose length is equal to the sec 
ond longest crystal in the filter. 14 - 15 Figure 2 shows th< 
pulse response tree of a series of modules with lengtl 
ratios l:I/2:l/2:l/4:l/8. 

From the figure there are only five pulses emergin: 
from the contrast element instead of the eight tha 
would normally occur from the third module of a norma 



OUTPUT TJiU 


Fig. 2. Pulse diagram for a contrast element Lyot module. Not 
that the second and third Lyot modules have equal lengths, and thr 
pulse overlap occurs ac the output of L3. 
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Pig. 3. Transmission vs wavelength (solid) and contribution function 
(dotted) from a transmission peak for a pure Lyot filter. The graph 
is plotted to half of the FSR. 
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Fig. 4. Transmission (solid) and contribution function (dotted) vs 
wavelength for a contrast element Lyot. 


Lyot filter. Because pulses that arrive at the same time 
are indistinguishable, the effect of more than one pulse 
arriving at a given time is to create pulses whose am- 
plitudes are the sum of pulses that arrive at that time. 
Here the time overlapping pulses have the same am- 
plitude: thus center three pulses from contrast element 
have twice the amplitude of the outer two. 

After the contrast element each successive module 
doubles the number of output pulses and preserves the 
amplitude distribution. As can be seen from Fig. 2, the 
contrast element tapers the pulse response. 

The analytic form of the contrast element pulse re- 
sponse is 

pu) = (f? Lt {t> + fit,(oinr (8) 

where 


and 



-v di 




(9) 


( 1 ) 


The amplitude frequency response is then 


.4(i>) = [sinc(Lii') +sinc£i(i' 



( 11 ) 


The transmission vs wavelength for Lyot and a contrast 


element Lyot are shown in Figs. 3 and 4. The dotted . 
curve in the figures is the contribution function, the 
ratio of the light outside the wavelength to the total light 
in half of the free spectral range (FSR), that is, 

..FSR/2 f FSR/2 

c(X) = T(\)d\/ j o (12) 

The main design points of a Lyot system are (1) the 
±45° angle the fast axis of the crystals make with re- 
spect to the parallel entrance and exit polarizers, which 
is to obtain equal amplitude pulses from a single mod- 
ule. and (2) the 1:1/2 length ratios of adjoining crystals, 
which is to obtain equally spaced equal amplitude 
pulses. 

Alternate Partial Polarizer Systems 

The basic Lyot module produces two output pulses 
for each input pulse. Hence, the first logical extension 
is to examine properties of filters built from modules 
that have three or four output pulses for each input 
pulse. Such modules must have at least two crystals 
with an intermediate element and/ or a relative orien- 
tation of the two crystals. Here only the case of a par- 
tial polarizer intermediate element shall be discussed. 
The designs that have either an intermediate perfect 
polarizer or no polarizer have already been handled by 
the general techniques in the literature. 

A single partial polarizer module consists of an en- 
trance polarizer, a crystal, a partial polarizer, a crystal, 
and an exit polarizer. Ail the polarizers are parallel, 
while the crystals have their fast axis at plus and minus 
45° from the polarizer axis, that is, the crystals fast axis 
are orthogonal. The reason for the orthogonality of the 
crystals will be made clear below. The configuration 
is shown- in Fig. 5. Because a sequence of modules 
would form a filter with alternate partial polarizers, the 
basic partial polarizer module shall be called an alter- 
nate partial polarizer (APP) module. 

Unless the two crystals of the APP have equal 
lengths, there will be four output pulses for every input 
pulse. The relative amplitude of the pulses is easy to 
estimate because the pulse response of the partial po- 
larizer is just the pulse response of a perfect polarizer 
plus a neutral density filter. The perfect polarizer gives 
rise to four equal intensity pulses, since it makes the 
configuration just a pair of Lyot modules. The relative 
orientation of the crystals has no effect for Lyot mod- 
ules. The neutral density filter, however, allows the 
orthogonal crystals to subtract birefringence which has 



Fig. 5. Optical schematic of an alternate partial polarizer module. 
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Fig. 6. Pulse diagram of an APP module illustrating the perfect 
polarizer and neutral density concept. 



Fig. 7 Pulse diagram for an APP module followed by two Lyot 
modules with length ratios of 1:1/2: 1/4: 1/8, 


the result that the system behaves like a single Lyot 
module whose length is equal to the difference of the 
two crystal lengths. Relative to the perfect polarizer 
pulses, the neutral density pulses are decreased in am- 
plitude proportional to the neutral density factor. In 
the case where the two crystals have 1:1/2 length ratios, 
the neutral density pulses coincide in time with the 
inner Lyot pulses. The situation is illustrated in Fig. 
6. 

The argument above can be carried out quantita- 
tively. The Jones matrix for a partial polarizer is 



where 

T x = Pz \ 

7\ = p y \ (14) 

T x and T y are the transmissions of the partial polarizer 
in the high and low transmission directions. The ma- 
trix can be rewritten as 

PP = (Px - Py) [Q + Py/(Pr ~ Py ) {#)]. (15) 

The terms in brackets are the matrices for perfect po- 
larizer and a neutral density filter. The transmission 
amplitude then can be written as 


AM = (PM(at.45)PPM(a,,-45)Pj ll , (16) 

or using Eq. (15), 

A(v) — (p x — py)[PM(ai,45)PM(a2,— 45)P 

+ tPM(ori,45)M(a5,— 45)P)n, (17) 

where 

t = pjipx - pJ, (18) 

M(«,±4o) — cos«I + i smaER(±S0), 

«, = 2~pd,v, 

E = (£,). 

R is the rotation matrix, and I the unit matrix, so 
that 

A(f) = (p r — p v )(cOSOti COS «2 + f COs(a[ — «2)]. (19) 

which is the expected result. Expanding the cosine 
product term, Eq. (19) becomes 

.4(i>) = (p x — p, )[cos(«i + ao) + (1 + 2«) cos(«i — a.)!- (90) 

Equation (20) demonstrates that the response of the 
single partial polarizer module is also identical to the 
sum of the responses of a Lyot module of length d\ plus 
do and one of d i minus d 2 and that the amplitude of the 
inner pulses are greater by a factor of (1 + 2e) than the 
outer pulses. From Eq. (20) equal pulse spacing occurs 
when the crystal length ratios are 1:1/2. The relative 
pulse amplitude time sequence is 1, 1 + 2e, 1 + 2e, 1. 

Since the pulse output of the APP is tapered, a ta- 
pered pulse sequence quite similar to that of a contrast 
element Lyot can be achieved by using Lyot modules 
in conjunction with an APP module. The pulse re- 
sponse of a filter consisting of an APP module and two 
Lyot modules in which the crystal length ratios are 1: 
l/2:l/4:l/8 is shown in Fig. 7. For the figure, the partial 
polarizer factor epsilon is % A comparison of Figs. 7 
and 2 shows that the pulse response, and hence the 
amplitude response, of a Lyot filter plus an APP module 
are very similar to a contrast element Lyot filter. The 
transmission vs length near a transmission peak of an 
APP plus Lyot is shown in Fig. 8, which should be 
compared to the transmission of the contrast Lyot 
shown in Fig. 4. 

Note that an APP plus Lyot can be made from a pure 
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Fig. 8 Transmission (solid) and contribution function (dotted) vs 
wavelength for APP-Lyot system. 
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Fig. 9. Pulse diagram for a pair of APP modules with Lyot filter 
length ratios. 
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Fig. 10. Pulse diagram for a pair of APP modules with length ratios 
1:1/2:173:1/6. 


crystal lengths are l:l/2:l/3:l/6. The relative pulse 
amplitude sequence is 1, (1 + 2eo), (1 + 2« 2 ), (2 + 2f 2 ), 

(1 + 2 n ) (1 + 2« 2 ), (1 + 2«i) (1 + 2r 2 ), 2.(1 + 2«j) ’ 

In order that the pulse amplitude sequence does not 
oscillate, it is required that e 2 = Epsilon one-half 
causes the overlapped pulse to have an amplitude that 
is the mean of the pulses immediately preceding and 
following the overlapped pulse. An APP filter can be 
made of an arbitrary number of APP modules when 
crystals on either side of a perfect polarizer are in the 
ratio of 1:2/3, and all partial polarizers after the first 
have epsilon equal to one-half. As more modules are 
added, the taper of the pulse sequence becomes 
smoother. The transmission amplitude of the APP 
is 


and the crystal lengths are 

dodik = (f)/ 3 M 


and 


= (|ii) /s k/ \ 


(22) 


where and d tven are the lengths of the odd and even 
numbered crystals. The transmission near a peak of 
a four-module (eight-crystal) APP filter is shown in Fig. 
11 . 

The desire for equally spaced pulses has caused all 


Lyot by removing the perfect polarizer from between 
the longest and next longest crystal and replacing it by 
a partial polarizer and rotating the first two crystals so 
that their fast axis are orthogonal. It is tempting to 
imagine that the pulse response of the Lyot could be 
tapered even more advantageously by replacing the 
polarizers between the other crystals with a partial 
polarizer. The pulse sequence for the case of a pair of 
APP modules with length ratios of 1:1/2: 1/4: 1/8 is shown 
in Fig. 9. 

The relative amplitudes of the time sequence of six- 
teen pulses are 1, (1 + 2e 2 ), (1 + 2<= 2 ), 1, (1 + 2«i), (1 + 
2«i) (1 + 2e 2 ), (1 4- 2ti) (1 + 2t 2 ), (1 + 2ei), . . ., where 
is the partial polarizer factor of the first module, and e 2 
is the factor of the second. Unless eo is zero, the pulse 
amplitude sequence amplitude oscillates in magnitude, 
which gives rise to objectionable secondary maxima in 
the filter’s transmission. 

A monotonic taper can be easily restored, however, 
by increasing the lengths of the crystals in the second 
module relative to the first. Figure 10 illustrates the 
case where the crystal lengths have been adjusted so 
that output pulses from the second APP modules due 
to successive input pulses just overlap. 

In the situation illustrated by Fig. 10, there are three 
net output pulses from the second APP module of the 
filter for every input pulse instead of four. Thus, the 
interpulse space is 4/3 the interpulse space of the Lyot 
case. Since in each module the crystal lengths are 1:1/2, 
the ratio of the lengths of crystals that adjoin a perfect 
polarizer must be 1:2/3. Therefore, the ratios of the 
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Fig. 11. Transmission (solid) and contribution function (dotted) 
for a four module APP filter. Half of the FSR occurs at 6 wavelength 

units. 



Fig. 12. Optical schematic of double partial polarizer module. 
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Fig. 13. Transmission (solid) and contribution function (dotted) 
for a DPP plus two APP module filters. The half FSR occurs at 6 
wavelength units. 


previous analysis to be limited to birefringent networks 
in which alL crystals are multiples of a constant length; 
however, as seen above, equally spaced pulses can be 
achieved without common multiple length crystals. 

Three Crystal Modules 

Having obtained a useful configuration with a single 
partial polarizer, it is worthwhile to investigate how 
many partial polarizers can be in a single module. 
Using pulse sequence diagrams, it appears that only the 
system of three crystals and two partial polarizers pro- 
vide useful pulse tapers. The three crystal system 
consists of entrance polarizer, crystal, partial polarizer, 
crystal, partial polarizer, crystal, and exit polarizer. All 
polarizers are parallel while the fast axis of the outer 
crystals is at 45° and the inner at minus 45°. The 
configuration is shown in Fig. 12. The module shall be' 
called a double partial polarizer (DPP). 

The transmission amplitude for the module is from 
the Jones matrix calculus: 

A(lt) = {(p, Py ) (pz Py ) 

[PM(ai,45)PPM(p2-45)PPM(a 3 d5)P] 1 ,, (23) 

where 


a; = 2—pd;v (24) 

Writing the partial polarizer matrices as the sum of 
perfect polarizer and neutral density filter and ex- 
panding, Eq. (23) becomes 

A (A = c[PM(a t ,45iPM(or 2 ,-45)PM(a3,45)P 

+ f PM(ai,45)M(a 2 ,-45)PAf(a 3 ,45)P 
+ «'P M (ax,45)PM(a 2> — 45)M(a 3 ,45)P 

+ «'PM(ai,45)M{or2,— 45)M)ot3,45)P]u, 

(25) 

where 

C = (fix - fiy)(px' ~ Py'), 

t = fiylfiy ~ fix. 

t’ = Py’/fiy' - fix’- 

The expression in brackets represents just a sum of 
different numbers of Lyot modules. Hence, by in- 
spection, Eq. (25) is 

A(p) = c(cosai cosuw cosa-j + « cos(aj — Pry) casay 

+ (' cosai cos (cry — “ 3 ) -r se' cos(ai — az + 03 )]. (26) 


Expanding Eq. (26) into a series of sums of cosines, 
sines. 


A(j 4 = - (cos(ai + a 2 + 0 : 3 ) + (1 + 2e0 cosfai + ctj — < 13 ) 


-r (1 + 2f) cos(«i — ax — ar-i) 

+ (1 + 2(f 4- e) t 4et'] cos(ai — ao + as)]. (27) 

In order to create eight equally spaced pulses, the ratios 
of d^.d^.d 3 must be some permutation of (1,2,4). If e > 
e' in order for the pulse response to taper, the ratios of 
di:do:d 3 must be 1/2: 1:1/4, the relative pulse amplitude 
sequence is 1. (1 + 2e'), (1 + 2e), 1 + 2(e + e') + <ied, . . . 

. Using a similar analysis one can show that a network 
of four crystals and three partial polarizers does not 
result in a tapered pulse response. 

Regardless of the amount of pulse overlap allowed, 
a monotonic taper cannot be achieved with more than 
one DPP module. However, the taper can be carried 
on by indefinitely adding APP modules with epsilon 
one-half. The transmission near a peak vs wavelength 
for DPP module followed by several APP modules is 
shown in Fig. 13.* 

Pulse Interleaving • 

In the sections above, pulse amplitude shaping and 
pulse overlapping have been investigated. Another 
useful operation on the puh • structure is pulse inter- 
leaving. Using pulse interleaving, it is possible to 
double the number of pulses and half the pulse spacing 
and hence double the FSR without using shorter crys- 
tals^ This'is a 'significant advantage because very thin 
crystals ar,e botppifficult to manufacture and extremely 
•fragile. Consider a string of pulses separated by t i/2‘ v , 
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Fig. 14. Segment ot a pulse diagram illustrating end and taper elfects 
introduced by pulse interleaving. 



wavobwih 

Fig. 15. Transmission (solid) and contribution function (dotted) 
vs wavelength for a seven element Lyot filter in which the last element 
is three times normal length. The length ratios are 1:1/2: 1/4: 1/8: 
1/16:1/32:3/64 
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Mg. 16. Transmission (solid) and contribution function (dotted) 
>*s wavelength for three module APP plus two Lyot modules, the last 
>f which is three times normal length. The length ratios are 1:1/2: 
1/3:1/6:1/9:1/18:1/32:3/64. 


theoretical maximum transmission of the filter is 0.43 
of the incident polarized light when the losses due to the 
transmission factors of the perfect and partial polarizers 
are taken into account. When the Fresnel reflection 
loss of the index matching fluid-calcite interface is 
added, the theoretical transmission becomes 0.41. 
Thus, the filter has 93°fa of its theoretical transmission. 
The use of four partial polarizers raises the maximum 
transmission by a factor of (0.94/0.86) 4 = 1.43. compared 
to a Lyot. 

The APP filter constructed is designed as an opera- 
tional filter for use on a solar telescope. In addition to 
the partial polarizers, it contains achromatic-half wave 
and quarterwave plates made of polyvinyl alcohol. The 
filter can be tuned to any wavelength from 4500 A to 
8500 A on command from a teletype console. The filter 
can be stabilized to 0.01 A by referencing the X6328 
Helium-Neon laser line. The filter is tuned by stepping 
motors that are commanded by a PDP11/10 minicom- 
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Fig. 17. Measured filter transmission in the neighborhood of \5324. 
The FWHM is 0.1 1 A. The spectrograph instrumental profile is 0.02 
A wide, so that the measurement agrees with the theoretical 
FWHM. 

if the next crystal has a time difference of t i/2- v ( 1 + 2p), 
interior pulses will be separated by f i/2- v+1 . and only 
the pulses at the ends of the string will be missing. The 
effect of interleaving is shown in Fig. 14. Unfortu- 
nately. pulse interleaving also affects the taper, so that 
for apodized systems there is some disadvantage. A 
pure Lyot filter transmission profile in which the sev- 
enth module introduces interleaving is shown in Fig. 15. 
An APP filter with two Lyot modules, the second of 
which introduces interleaving is shown in Fig. 16. 
Figure 15 should be compared with Fig. 3 which is the 
corresponding filter without interleaving. Similarly, 
Fig. 16 should be compared with Fig. 4. 

Experimental 

A four module, eight crystal. .APP filter has been built 
using Polaroid HN-38 for the perfect polarizers and two 
laminated sheets of HN-55 for the partial polarizers. 
The largest crystal of the filter is 79.312 mm long. At 
;\5324. the filter has a full width at half-maximum of 
0.09 A. The transmission vs wavelength at X5324 is 
shown in Fig. 17. 

The measured maximum transmission is 0.38 of the 
incident polarized light at \6328 (He-Ne laser). The 


Fig. 18. Photograph ot' LAPPU filter before installation of outer 
corner. 


Fig. 19. Photograph of complete LAPPU filter. 
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Fig. 20. Explode view of an APP 
module that is both wide field and 
tunable. 



Fig. 21. Transmission vs finesse for APP. Lyot, and contrast element 
Lvot filters. 
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Fig:. 22. Number of crystals vs finesse for APP. Lyot, and contrast 
element Lvot filters. 


puter. The filter is shown without its case in Fig. 18. 
The completed filter with stepping motor drivers is 
shown in Fig. 19. Figure 20 shows an exploded view of 
a typical partial polarizer module. 

Discussion 

From measurements above, a filter using the alter- 
nate partial polarizer design operates substantially as 
predicted. The partial polarizers yieid an increase in 
maximum transmission, and the nonstandard crystal 
length ratios result in an apodized transmission profile. 
For a filter with the same number of crystals, the APP 
is clearly superior in transmission to the Lyot. How- 
ever. the pulse overlap of the APP diminishes the fi- 
nesse. the ratio of FSR to FWHM. of the APP compared 
to the Lyot. This diminition. however, is not sufficient 
to remove the transmission advantage. The maximum 
theoretical transmission vs finesse for the APP, Lyot, 
and contrast element Lyot is shown in Fig. 21. The 
data for the figure were obtained by using 0.86 and 0.94 
as the transmission factors of perfect and partial po- 
larizers. The plot shows there is a transmission ad- 
vantage to the APP design that increases with finesse. 


The reason for the behavior illustrated by Fig. 21 is that 
the contrast element filter adds a polarizer to achieve 
apodization. whereas the APP uses higher transmission 
polarizers to achieve apodization. 

If one measures apodization quality by the ratio of the 
light outside the first zero of the transmission profile to 
the total light transmitted to the FSR. again the APP 
is superior to the contrast element Lyot. The ratio for 
the APP is 0.0095, while for the contrast element Lyot 
it is 0.035. A pure Lvot has. for comoarison. a ratio of 
0.085. 

From the standpoint of both transmission and profile 
shape, the APP is clearly a superior design to a Lyot 
system. However, the design does have some practical 
disadvantages. More crystals are required in the APP 
for a required finesse. The number of crystals vs finesse 
for the APP, Lyot, and contrast Lyot is shown in Fig. 22. 
Also, slightly more calcite is required for the .APP than 
the contrast Lyot. But since extra calcite is required 
only in elements after this third, there is not a signifi- 
cant disadvantage. By far the most serious drawback 
of the APP is the problem of compensating any residual 
birefringence of the partial polarizers. A detailed 
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malysis of the effect of birefringence on partial poiar- 
zers modules will be discussed in a later paper. How- 
;ver, anyone attempting to build an APP should be 
uvare that Polaroid polarizing material is birefringent, 
md birefringence at the location of the partial polarizer 
.urprisingly quickly destroys the apodization taper. 

The concept of pulse response and its great utility was 
ntroduced to me by Larry Mertz. I gratefully ac- 
cnowledge his patience and understanding. All the 
jptical elements of the LAPPU were made by Harry 
Ramsey. The mechanical structure was designed and 
instructed by Ralph Reeves, the electronics and logic 
jy Russell Lindgren. The computer design and pro- 
gramming was done by Stephen Schoolman. I grate- 
'ully acknowledge the skill, patience, and tenacity used 
n solving the construction problems of the filter. 

The theoretical analysis of birefringent systems has 
)een supported by Lockheed Independent Research 
unds. The filter was constructed under NASA con- 
tact NAS5-20783. The aid and cooperation of Goetz 


Oertel and John Mangus of NASA are gratefully ac- 
knowledged. 
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